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Now when the little Dwarf heard that he was to dance a second time before the Infanta, and by her 
own express command, he was so proud that he ran out into the garden, kissing the white rose in an 


absurd ecstasy of pleasure, and making the most uncouth and clumsy gestures of delight. 
"The Birthday of the Infanta" 
by OSCAR WILDE 


What inspired us to write this book 


In the last five years, following the publishing of the first book about applying the Mond- 
Pečarić method in operator inequalities, many new results were obtained by using said 
method. That has inspired us write a new book. We have chosen important and interesting 
chapters, which were (mostly) published in many mathematical journals and presented at 
international conferences. 
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Preface 


In the field of operator theory, an inequality due to L. V. Kantorovich provides an exam- 
ple of "sailing upstream", regarding the usual course of development of converse inequali- 
ties. However, we do not understand how L. V. Kantorovich interpreted the meaning of that 
inequality. Actually, the inequality only appeared as a Lemma to solve a certain problem. 
Those who have immortalized that inequality as “the Kantorovich inequality" are Greub 
and Rheinboldt. Based on an inequality due to Kantorovich, they gave a beautiful and 
simple formulation in terms of operators as follows: If A is a positive operator on a Hilbert 
space H such that mI < A < MI for some scalars 0 < m < M, then 


(M +m)? 


(Ax, x) (A lx,x) < 2i 


holds for every unit vector x € H. 

Afterwards, in the course of a generalization by Ky Fan, and a converse of the arithme- 
tic-geometric mean inequality by Specht, Mond and Pe€arié give a definitive meaning to 
"the Kantorovich inequality". Namely, the Kantorovich inequality is a special case of the 
converse of Jensen's inequality: Under the same conditions as above the inequality 


holds for every unit vector x € H and it estimates the upper bounds of the ratio in Jensen’s 
inequality for f(t) — t^. In the 1990’s, Mond and Pecarié formulate directly the converse 
of various Jensen type inequalities. It might be said that, owing to their approach, the po- 
sition of the Kantorovich inequality in the operator theory becomes clear for the first time. 
Furthermore, in the background of the Kantorovich inequality, they find the viewpoint for 
the converse of means, that is to say, the Kantorovich inequality is the converse of the 
arithmetic-harmonic means inequality: Under the same conditions as above the inequality 


(A xax) 


holds for every unit vector x € H. 
In order to carry out a converse evaluation, a considerable amount of laborious manual 
calculation is required, including a complicated calculation depending on each particular 


case. In a long research series, Mond and Pecarié establish the method which gives the 
converse to Jensen's inequality associated with convex functions. This principle yields a 
rich harvest in a field of operator inequalities. We call it the Mond-Peéarié method for 
convex functions. One of the most important features of the Mond-Peéari¢ method is that 
it offers a totally new viewpoint in the field of operator inequalities: Let «b be a normalized 
positive linear mapping on B(H) and f an operator convex function on an interval Z. Then 
Davis-Choi-Jensen's inequality asserts that 


f(®(A)) € @(f(A)) (x) 


holds for every self-adjoint operator A on a Hilbert space H whose spectrum is contained 
in Z. The operator convexity plays an essential role in the result above, that is, (x) would 
be false if we replace operator convexity by general convexity. We have no relation what- 
soever between f(@(A) and ®(f(A)) under the operator ordering, but even so the Mond- 
Pečarić method brings us the following estimate: 


1 
Kon M, f) M A) SFA) < Kn M, f) (AD) 
where 
RUM sf) squat Um (Eoo =m) + fem) ) te m.) 


This book is devoted to the recent developments of the Mond-Peéarié method in the 
field of self-adjoint operators on a Hilbert space. 


This book consists of eleven chapters: 


In Chapter 1 we give a very brief and quick review of the basic facts about a Hilbert space 
and (bounded linear) operators on a Hilbert space, which will recur throughout the 
book. 


In Chapter 2 we tell the history of the Kantorovich inequality, and describe how the Kan- 
torovich inequality develops in the field of operator inequalities. In such context, the 
method for convex functions established by Mond and Pečarić (commonly known as 
“the Mond-Pecarié method") has outlined a more complete picture of that inequality 
in the field of operator inequalities. We discuss ratio and difference type converses 
of operator versions of Jensen's inequality. These constants in terms of spectra of 
given self-adjoint operators have many interesting properties and are connected with 
a closed relation, and play an essential role in the remainder of this book. 


In Chapter 3 we explain fundamental operator inequalities related to the Furuta inequal- 
ity. The base point is the Lówner-Heinz inequality. It induces weighted geometric 
means, which serves as an excellent technical tool. The chaotic order logA > logB 
is conceptually important in the late discussion. 


In Chapter 4 we study the order preserving operator inequality in another direction which 
differs from the Furuta inequality. We investigate the Kantorovich type inequalities 
related to the operator ordering and the chaotic one. 


In Chapter 5 as applications of the Mond-Peéarié method for convex functions, we dis- 
cuss inequalities involving the operator norm. Among others, we show a converse of 
the Araki-Cordes inequality, the norm inequality of several geometric means and a 
complement of the Ando-Hiai inequality. Also, we discuss Hólder's inequality and 
its converses in connection with the operator geometric mean. 


In Chapter 6 we define the geometric mean of n operators due to Ando-Li-Mathias and 
Lowson-Lim. We present an alternative proof of the power convergence of the sym- 
metrization procedure on the weighted geometric mean due to Lawson and Lim. We 
show a converse of the weighted arithmetic-geometric mean inequality of n opera- 
tors. 


In Chapter 7 we give some differential-geometrical structure of operators. The space 
of positive invertible operators of a unital C*-algebra has the natural structure of a 
reductive homogenous manifold with a Finsler metric. Then a pair of points A and B 
can be joined by a unique geodesic A #, B for t € [0, 1] and we consider estimates of 
the upper bounds for the difference between the geodesic and extended interpolation 
paths in terms of the spectra of positive operators. 


In Chapter 8 we give some properties of Mercer's type inequalities. A variant of Jensen's 
operator inequality for convex functions, which is a generalization of Mercer's result, 
is proved. We show a monotonicity property for Mercer's power means for operators, 
and a comparison theorem for quasi-arithmetic means for operators. 


In Chapter 9 a general formulation of Jensen's operator inequality for some non-unital 
fields of positive linear mappings is given. Next, we consider different types of 
converse inequalities. We discuss the ordering among power functions in a general 
setting. We get the order among power means and some comparison theorems for 
quasi-arithmetic means. We also give a refined calculation of bounds in converses 
of Jensen's operator inequality. 


In Chapter 10 we give Jensen's operator inequality without operator convexity. We ob- 
serve this inequality for n—tuples of self-adjoint operators, unital n—tuples of pos- 
itive linear mappings and real valued convex functions with conditions on the op- 
erators bounds. In the present context, we also give an extension and a refinement 
of Jensen's operator inequality. As an application we get the order among quasi- 
arithmetic operator means. 


In Chapter 11 we observe some operator versions of Bohr's inequality. Using a general 
result involving matrix ordering, we derive several inequalities of Bohr's type. Fur- 
thermore, we present an approach to Bohr's inequality based on a generalization 
of the parallelogram theorem with absolute values of operators. Finally, applying 
Jensen's operator inequality we get a generalization of Bohr's inequality. 
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Notation 


R 


C 


AsH, V, etc. 


H,K,L, etc. 


X, y, £, etc. 


the set of all real numbers 

the set of all complex numbers 

scalars 

Hilbert spaces over C 

vectors in H 

the inner product of two vectors x and y 
the norm of a vector x 


the C*-algebra of all bounded linear operators 
on a Hilbert space H 


linear operators in (H — H) 

the operator norm of an operator A 
the absolute value of an operator A 
the identity operator in B(H) 

the zero operator 

the spectrum of an operator A 

the kernel of an operator A 


the range of an operator A 


[A] the range projection of an operator A 


r(A) the spectral radius of an operator A 

A20 a positive operator, (Ax,x) > 0 for all x € H 

A20 a strictly positive operator, A is positive and invertible 
AB the usual operator ordering among operators A and B 
AB the chaotic ordering among operators A > 0 and B > 0 
AV,B the weighted arithmetic operator mean 
A[n,t](A1,...,A,) the weighted arithmetic operator mean of n operators 
AlB the weighted harmonic operator mean 
H|n,t(Ai,...,An) the weighted harmonic operator mean of n operators 
A#, B the weighted geometric operator mean 

AR B the binary operation of A > 0 and B for t ¢ [0, 1] 
G[n,t|(A1,...,An) the weighted geometric operator mean of n operators 
A,B the weighted chaotically geometric operator mean 
eflns|(logA....l0¢4n) — the weighted chaotically geometric operator mean 


of n operators 


S(A|B) the relative operator entropy of A and B, A,B > 0 
A my B the interpolational path from A to B, A,B > 0 

Da (A,B) &-operator divergence, A,B > 0 

d(A,B) the Thompson metric on the convex cone 


of positive invertible operators A and B 
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unital C*-algebras 

the identity element in unital C*-algebra 
positive linear mappings on C*-algebras 
the set of all fields (®,);<r of positive 
linear mappings 9, : .e/ — Z, such that 
fr &:(1) du (t) = K1 for some scalar k > 0 


the power operator mean of order r € R 


the quasi-arithmetic operator mean generated by 
a function @ 


Mercer's power operator mean of order r € R 


the quasi-arithmetic operator mean of Mercer's type 
generated by a function 9 
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Chapter 


Preliminaries 


In this chapter, we review the basic concepts of a Hilbert space and (bounded linear) oper- 
ators on a Hilbert space, which will recur throughout the book. 


1.1 Hilbert space and operators 


Definition 1.1 A complex vector space H is called an inner product space if to each pairs 
of vectors x and y in H is associated a complex number (x, y), called the inner product of 
x and y, such that the following rules hold: 


(i) Forx,y € H, (x,y) = (y, x), where the bar denotes complex conjugation. 
(ii) Ifx,y and z € H and a,B € C, then (ox - By,z) = a(x, z) + B(y,2). 


(ii) (x,x) > O for all x € H and equal to zero if and only if x is the zero vector. 


Theorem 1.1 (SCHWARZ INEQUALITY) Let H be an inner product space. If x and y € 
H, then 


IG») P € G3) (y,y) (1.1) 


and the equality holds if and only if x and y are linearly dependent. 
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Proof. If y = 0, then the inequality (1.1) holds. Suppose that y Z 0 and put 


Then we have 


and hence |(x, e) |? < (x, x). Therefore it follows that | (x, y)? < (x,x) (y, y). 

If the equality holds in the inequality above, then we have x — (x,e)e = 0, and so x and 
y are linearly dependent. Conversely, if x and y are linearly dependent, that is, there exists 
a constant a € C such that x = ay Z 0, then it follows that 


I6»)? = Kay, y)? = lef 10,3) P = (ay, o) (y, 9) = 6:3) (y,9). 


We can prove it in the case of y = ox in the same way. 


Let H be an inner product space. Put 
llx]] = y Gr, x) for all x € H. 
Then it follows that || - || is a norm on H: 
(i) Positivity: ||x|| > 0 and x = 0 if and only if ||x|| = 0. 
(ii) Homogeneity: ||ox|| = |@|||x|| for all œ € C. 
(iii) Triangular inequality: |[x4- y|| € ||x|| + ||y]]- 


In fact, positivity and homogeneity are obvious by Definition 1.1. Triangular inequality 
follows from 


lIx+yl|? = lxi! + 2ReGs y) + [ly]? 
< [xl + 20bll yl + lly? = Call + Ill)? 


by Schwarz's inequality (Theorem 1.1). Therefore, ||x|| is a norm on H. 


Definition 1.2 /f an inner product space H is complete with respect to the norm derived 
from the inner product, then H is said to be a Hilbert space. 


Some examples of Hilbert spaces will now be given. 
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Example 1.1 The space C" of all n-tuples of complex numbers with the inner product 
between x = (04,00,--- , Qn) and y = (Bi, Bo,--- , Bs) given by 


i= Sen 
i=l 


is a Hilbert space. 


Example 1.2 The space l of all sequences of complex numbers (06, 06: :- , On, ) with 
Y lo; ? < oo 
i-l 


and the inner product between x = (04,00,:-: ,05,:::) and y = (B1, Bo, , a7) given 
by 


(x,y) = Y o 
i=l 


is a Hilbert space. 


A linear operator A on a Hilbert space H is said to be bounded if there exists c > 0 such 
that ||Ax|| € c||x|| for all x € H. Let us define ||A|| by 


|A|| =inf{c > 0: ||Ax|| < c||x|| for all x € H.) 
Then ||A|| is said to be the operator norm of A. By definition, 
\|Ax|| < ILATL Tx] for all x € H. 


In fact, for each x Æ 0, el 


Ax|| € c||x|| implies X c. Taking the inf of c, we have 


[Ax] < \|Al. 
A . 

We begin by adopting the word “operator” to mean a bounded linear operator. 

B(H) will now denote the algebra of all bounded linear operators on a Hilbert space 
H # {0} and Iy stands for the identity operator. 

The following lemma shows some characterizations of the operator norm. 


Lemma 1.1 For any operator A € B(H), the following formulae hold: 


Al = suptlAx]| : [lal] = 1, x € Hj 
A 
= sup! al ino seni] 


Ixl 


= sup{|(Ax,y)] : fx] = ll =1, x,y € H} 
Proof. Put 


Ax 
yı = sup{ ||Ax|| : |x|| =1} and p= sup{ Lel aso. 
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For ||x|| = 1, we have ||Ax|| < ||A||||x|| = ||A|| and hence y, < ||A||. For x Z 0, we have 


lax] x 
— = ||A—|| < 
lp 7 Amen 


and hence y? € yı. For an arbitrary € > 0, there exists a nonzero vector x € H such that 
(A|| — e)llxl| < ||Ax|] and hence 


-e< El <y. 
I 


This fact implies ||A|| € 7». Therefore we have ||A|| = yi = ys. 
Put 
35 = sup(] (Ax; y)] : [lal] = Lll = 1}. 
Since |(Ax,y)| < ||Axl|lly] = ||Axl| < for lix] = [lv] = 1, we have 74 < 1. Conversely, 


for Ax Z 0, we have 
Ax 


Ax] 


and hence yı < 73. Therefore the proof is complete. 


||Ax|| = |(Ax, NS 


Theorem 1.2 The following properties hold for A,B € B(H): 
(i) IfA Z O, then ||A|| > 0, 


(ii) ||«A|| = |a|||A]| for all œ € C, 


(iii 

(iv 
Proof. 

(i) IfA Z O, then there exists a nonzero vector x € H such that Ax z 0. Hence 0 < ||Ax|| < 


[A || || x], therefore |[A || > 0. 
Gi) If o — 0, then ||A| = || Ol] 20 = Jar |A||. If o: 0, then 


||A + Bl| € ||Al] + ||B 


, 


) 
) 
) 
) 


[ABI  l|ATL BT]. 


|eA]| = suptl(etA)x] : ]lxl| = 1} 
= sup{|@|||Ax|] : lx] = 15 
= |@| sup{||Axl] : lx] = 15 = lotlllA]|. 
Gii) If ||x|] = 1, then ||(A + B)x|| = ||Ax + Bx|| € ||Ax|| + ||Bx|| < |[A|| + ||B||, therefore we 


have 
[A + B|| = supt] (A + B)x]| : [|x|] = 1} € [AT] + ||BI- 


Gv) If |x]| = 1, then ||(AB)x]] = ||A(Bx)|| < [ATIBx]| < ANB 


, therefore we have 


[AB|| = sup{||(AB)x|| : |x|] = 13 S IATILBII. 
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Theorem 1.3 (RIESZ REPRESENTATION THEOREM) For each bounded linear functional 
f from H to C, there exists a unique y € H such that 


f(x) = (x,y) for all x € H. 


f| = bil. 


Proof. Define Jf = (x € H : f(x) = 0). Then JJ is closed. If .W =H, then f = 0 and 
we can choose y = 0. If + H, then + + {0}. For xo € ^X (0), we have f(xo) #0. 
Since 


Moreover, 


so- Èw) = p) - 2 pa) =0 for all x € H, 
it follows that x — T8 x9 € M. Hence we have 
(x— Aran) =0 


and (x,x9) = Le llxoll?. If we put y = £00) x, then we have f(x) = (x,y) for all x € H. 


IIxol| 
For the uniqueness, suppose that f(x) = (x,y) = (x,z) for all x € H. In this case, 


(x, y — z) =0 for all x € H implies y — z = 0. 
Finally, 
IF) | = y] < lll 


implies || f|| € ||y||. Conversely, 


liv? = 10.3) = FO) < IFI 
implies < . Therefore, we have = , 
plies ||| < ||| IZI = Ill 
For a fixed A € B(H), a functional on H defined by 


xe (Ax,y) EC 


is bounded linear on H. By the Riesz representation theorem, there exists a unique y* € H 
such that 
(Ax,y) = (x,y") for all x € H. 


We now define 
A es, 
the mapping A* being called the adjoint of A. In summary, 
(Ax, y) = (x, A*y) for all x, y € H. 


Theorem 1.4 The adjoint operation is closed in B(H) and moreover 


(i) a*l] - |4 


, 


(i) |A"A[| = IAIP. 
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Proof. 
(i): For y1,y2 € H and 0,05 € C, 


(Ax, 01y1 + 02y2) = Oj (Ax, y1) + Oo (Ax, y2) 
= Qr (x,A*y1) + 02 05, A* y») 
= (x, 0 A*y1 + 05A" y2) for all x € H. 


This implies A* (04 yi + 02y2) = 0 A*yi + 02A*y» and A* is linear. Next, 


layl] = sup{|(x,A*y)| : Ix] = 1} 

= sup{|(Ax,y)| : [|x|] = 1} 

< sup{||Axllllyl] = [Pell = 13 = |All, 
hence A* is bounded and ||A*|| € ||A||. Therefore, the adjoint operation is closed in B(H). 
Since (A*)* = A, we have 

|All = KA" T S14" 
and hence ||A*|| = |[A |]. 
(ii): Since |Ax|] = (Ax, Ax) = (A*Ax,x) < ||A*Al|||x||? for every x € H, we have ||A|? < 
|A'A[. 
On the other hand, (i) gives |A*A|| < ||A*||||A|| = ||A||?. Hence the equality 


||A*Al| = lA I 


holds for every A € B(H). 


1.2 Self-adjoint operators 


We present relevant classes of operators: 
Definition 1.3 An operator A € B(H) is said to be 
(i) self-adjoint or Hermitian if A = A*, 
(ii) positive if (Ax, x) > 0 for x in H, 
(ii) unitary if A*A = AA* = Ig, 
(iv) isometry if A*A = Ig, 
(v) projection if A = A* = A?. 


The following theorem gives characterizations of self-adjoint operators. 


1.2 SELF-ADJOINT OPERATORS T 


Theorem 1.5 /fA € B(H), the following three statements are mutually equivalent. 
(1) A is self-adjoint. 
(ii) (Ax,y) = G4 Ay) for all x,y € H. 
(ii) (Ax,x) € R for all x € H. 
Proof. 

© = (ii): If A is self-adjoint, then (Ax, y) = (x, A*y) = (5, Ay). Conversely suppose 
that (ii) holds. Since (x, A*y) = (x, Ay) for all x, y € H, we have A*y = Ay, so that A = A*. 
(ii) 4> (ii): If we put y = x in (ii), then 


(Ax,x) = (x, Ax) = (Ax,x), 


so (Ax,x) is real. Thus (ii) implies (iii). Finally, suppose that (iii) holds. For each x 
and y € H, if we put w — x 4- y, then (Aw,w) is real, or (Aw,w) — (w,Aw). Expanding 
(A(x+y),x+y) = (xd y, A(x  y)). we have 


(Ax, y) sm (Ay, x) = (x, Ay) sp (y, Ax) 


and Im(Ax, y) = Im(x, Ay). Replacing x by ix, we have Re(Ax, y) = Re(x, Ay). Therefore it 
follows that (Ax, y) = (x, Ay). Thus (iii) implies (ii). 


The spectrum of an operator A is the set 
Sp(A) = {A € C: A — Aly is not invertible in B(H)}. 


The spectrum Sp(A) is nonempty and compact. An operator A on a Hilbert space H is 
bounded below if there exists € > 0 such that ||Ax|| > &||x|| for every x € H. As a useful 
criterion for the invertibility of an operator, it is well known that A is invertible if and only 
if both A and A* are bounded below. 

The spectral radius r(A) of an operator A is defined by 


r(A) = sup{|a| : « € Sp(A)}. 
Then we have the following relation between the operator norm and the spectral radius. 


Theorem 1.6 For an operator A, the spectral radius is not greater than the operator 
norm: 


r(A) < |AI|. 


Proof. If |æ| > ||A||, then Ig — aA is invertible and hence A — ary is so. Therefore 
we have a ¢ Sp(A) and this implies r(A) < ||A||. 


Let A be a self-adjoint operator on a Hilbert space H. We define 


ma = "rs (Ax,x) and Ma- sup (Ax,x). (1.2) 
Bir [xl] t 


8 ] PRELIMINARIES 


Theorem 1.7 For a self-adjoint operator A, Sp(A) is real and Sp(A) C [m4, M4]. 


Proof. If A = œ+ iB with o, real and B 4 0, then we must show that A — Aly is 
invertible. Put B — z4 — aly). Since B is self-adjoint and B — ily = g4 — ÀIg), it 
follows that A — AIg is invertible if and only if B — ily is invertible. For every x € H, we 
have 


I(B £ ilp)x||? = ||Bxl|? — i(x, Bx) + i(Bx,x) + Ix]? 
2 2 2 
= ||Bx||°+ llxll^ > lll 
so B — ily and (B — ily)“ are bounded below. Therefore B — ily is invertible, and hence the 
spectrum of a self-adjoint operator is real. 


Next, to prove Sp(A) C [m,, Ma], it is enough to show that A > M4 implies A ¢ Sp(A). 
If A > Ma and £ =A — Ma > 0, then 


(An — A)x,x) = A(x,x) — (Ax,x) > A 05x) — Ma (x, x) 
= €(x,x) >0 by the definition of M4. 


Hence it follows that ||(A — AIg)x|| > £||x|| for every x € H, so, A — À Iy is bounded below. 
Since A — A Jj is self-adjoint, it follows that A — Ar is invertible and A ¢ Sp(A). 


Definition 1.4 Let A and B be self-adjoint operators on H. We write A > B if A— B is 
positive, i.e. (Ax,x) > (Bx,x) for every x € H. In particular, we write A > 0 if A is positive, 
A > Oif A is positive and invertible. 


Now, we review the continuous functional calculus. A rudimentary functional calculus 
for an operator A can be defined as follows: For a polynomial p(t) = Eto ajt/, define 


p(A) = Oly + 04A + 05A? +---+ 0At. 


The mapping p — p(A) is a homomorphism from the algebra of polynomials to the alge- 
bra of operators. The extension of this mapping to larger algebras of functions is really 
significant in operator theory. 

Let A be a self-adjoint operator on a Hilbert space H. Then the Gelfand mapping es- 
tablishes a *-isometrically isomorphism ® between C*-algebra C(Sp(A)) of all continuous 
functions on Sp(A) and C*-algebra C* (A) generated by A and the identity operator J on 
H as follows: For f,g € C(Sp(A)) and a, B € C 


(i) Paf + Bg) = o«b(f) + Bo(g), 
(ii) B(fg) = Pf) P(g) and &(f) = O(f)*, 


) 


(iv) ®(fo) = Ig and ®(f;) = A, where fo(t) = 1 and fi (rt) =t. 


(iii) [E= IF (- sup |f(r) 
tESp(A) 
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With this notation, we define 


for all £ € C(Sp(A)) and we call it the continuous functional calculus for a self-adjoint 
operator A. It is an extension of p(A) for a polynomial p. The continuous functional 
calculus is applicable. 


Theorem 1.8 Let A be a self-adjoint operator on H. 
(i) f € C(Sp(A)) and f > 0 implies f(A) > 0. 
(ii) f,g € C(Sp(A)) and f > g implies f(A) 7 g(A). 
(iii) A > 0 and fij; (t) = vt implies f,)2(A) = A'?. 
(iv) fs(¢) = |t| implies f; (A) = |A]. 


Proof. 
(i) Since f > 0, we can choose g = yf € C(Sp(A)) and f = g? = gg. Hence we have 
F(A) = g(A)*g(A) 2 0. 
(ii) follows from (i). 
(iii) Since A > 0, it follows from Theorem 1.7 that fı /2(t) = Vt € C(Sp(A)). Also, fi = 
fij, implies A = fi (A) = fij (A)". By (i), we have fi (A) > 0 and hence fi (A) =A? 
(iv) f? =f? implies f(A)? — A? = |AP". Since f(A) > 0, we have f(A) = |A|. 


We remark that the absolute value of an operator A is defined by |A| = (A*A)!/?. 


Theorem 1.9 An operator A is positive if and only if there is an operator B such that 
A = B* B. 


Proof. If A is positive, take B = V/A. If A = B*B, then (Ax,x) = (B*Bx,x) = ||Bx||? >0 
for every x € H. This yields that A is positive. 


Theorem 1.10 (GENERALIZED SCHWARZ'S INEQUALITY) /f A is positive, then 
|(Ax y) € (Ax,x) (Ay,y) 
for every x,y € H. 
Proof. It follows from Theorem 1.1 that 


[Ax y)? = (A17, AV?) < Ax? |AU?y[? = (Ax, x) (Ay). 


Theorem 1.11 Ler A be a self-adjoint operator on H. Then 


(i) maly € A < Mal, 
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(ii) ||A]] = max{|ma|,|Ma|} = supt] (Ax,x)] : |x| = 1} 
where ma and M4 are defined by (1.2). 


Proof. The assertion (i) is clear by definition of m4 and M4. 
Next, put K = max{|ma|,|M4|}. It is easily checked that 


K = sup{|(Ax,x)|= [x] = 15 < |A|. 


By (1), we have 
-K|x|? € mix? < (Ax,x) < Mix]? < Klix]f". 


For each x, y € H, since 
(Arty), x+y)|< Klx»l? and. |(A(—y)x-») < Kllx—»lP. 
it follows that 
(A(x ty), x+y) - (Ax y), x») € Kl vl? lx »IP)- 
By the parallelogram identity, we have 
4|Re(Ax, y) < 2K (||x|I? + Ibl). (1.3) 
È 


| 
[Ax 


Put y = pap for Ax Z 0. Then ||x|| = ||y|| and Re(Ax, y) = ||x||||Ax||. Therefore, by (1.3) 


we have 

||Ax|| < Kx. (1.4) 
If Ax = 0, then (1.4) holds automatically. Hence we have ||A|| < K. Therefore we have 
[A|| =K. 


Corollary 1.1 7fA is a self-adjoint operator, then r(A) = ||A|| and ||A"|| = ||A||" for n € N. 


Proof. By Theorem 1.11, it follows that r(A) = ||A||. By the spectral mapping theorem, 
we have p(Sp(A)) = Sp(p(A)) for polynomial p. Therefore, we have ||A||" = r(A)” = 
r(A") = ||4"]l. 


1.3 Spectral decomposition theorem 


We shall introduce the spectral decomposition theorem for self-adjoint, bounded linear 
operators on a Hilbert space H. To show it, we need the following notation and lemma. 


Definition 1.5 /fA is an operator on a Hilbert space H, then the kernel of A, denoted by 
ker A, is the closed subspace (x € H : Ax = 0}, and the range of A, denoted by ran A, is the 
subspace (Ax: x € H}. 
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Lemma 1.2 /f A is an operator on a Hilbert space H, then 
ker A = (ran A*)+ and ker A* = (ran A)+. 


Proof. If x € ker A, then (A*y,x) = (y, Ax) = 0 for all y € H, and hence x is orthogonal 
to ran A*. Conversely, if x is orthogonal to ran A*, then (Ax, y) = (x, A*y) = 0 for all y € H, 
which implies Ax = 0. Therefore, x € ker A and hence ker A = (ran A*)+. We have the 
second relation by replacing A by A*. 


Definition 1.6 A family of projections {e(A) : A € R} is said to be a resolution of the 
identity if the following properties hold: 


(i) à<! => e(A)&€e(A), 
(ii) e(—cc) =O and e(c) — Ig, 


(iii) e(A 4-0) =e(A) (—99 <A < e), 
where e(A +0) =s— lim e(u). 
H—-A+0 


Theorem 1.12 Let A be a self-adjoint operator on a Hilbert space H and m = m4,M = 
Ma as defined by (1.2). Then there exists a resolution of the identity (e(À) : à € R} such 
that 


M 
A= Ade(A), e(m—0)—0 and e(M)-Img. 
m—0 


In particular, 


M 
(Ax,x) = f (AdieQ)xX) — foreveryx e H. (1.5) 


Proof. We prove only (1.5). Put e(A) = proj(ker((A — Aly)*)) for A € R, where 
A* = (|A|+A)/2. Then it follows that {e(A) : A € R} is a resolution of the identity and 
e(m — 0) — 0, e(M) = Ip: 

(i) Leta <A’. Since A — AIg > A — A'Ig, we have (A — AIg)* > (A— A'Igy)* > 0. If 
(A — AIg)* x = 0, then 


0— ((A— AIg)*x,x) > ((A—A'Ig)*x,x) 20 


and hence (A — A'Ig)x = 0. Therefore, we have ker((A — Aly)*) C ker((A — A'Ig) ^) and 
this implies e(A) < e(A^). 
(ii) If x € ran(e(A)) = ker((A — Aly)*), then (A — Aly) *x = 0 implies (A — AIg)x = 
—(A — Aly) x and hence 


((A — AIgn)x,x) = —((A— ÀAIu) x,x) < 0. 
Therefore we have (Ax,x) < A||x||?. 


(ii) If x € ran(Ig — e(A)) = (ker((A — Aly)*)+, then (A — Aly)~x € ker((A — AIn)*) 
because (A — AIg) (A — AIg) = 0. Hence ((A — AIg) x,x) = 0 and ((A — AIg)x,x) = 
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((A — AIg)*x,x) > 0. Therefore we have (Ax,x) > A||x||?. If the equality holds, then 
((A — AIg) *x, x) = 0 and hence (A — AIg)x = 0. Therefore we have x € ker((A — AIg)*) 
and hence x = 0. Summing up, x € ran(Ig — e(A)), x 4 0 implies (Ax,x) > A |[x||?. 
(iv) If A <m and x € ran(e(A)), then it follows from (ii) that m||x|? < (Ax,x) € A||x|? 
and hence x = 0. Therefore we have e(À) = O, so that e(m — 0) = O. 
(v) If >M and x € ran(Ig — e(A)), then it follows from (iii) that A||x|? < (Ax,x) < 
M||x||? and hence x = 0. Therefore we have Ig — e(A) = O, so that e(A) = Ip. In particu- 
lar, we have e(M) = Ig. 
(vi) If À « m or À > M, then it follows from (iv), (v) that e(A) = e(A —0). Sup- 
pose that m < à < M. Put P — e(4 —0) — e(À). For à <A’ < M, we have ran(P) C 
ran(e(A’) — e(A))') — e(A)) = ran(e(A")) n ran(Ig — e(A)). Hence x € ran(P) and x 40 
implies A ||x||? < (Ax,x) € A’||x||? by (ii) and (iii). As A’ — A +0, we get A||x||? < A||x||?, 
which is a contradiction. Therefore we have ran(P) = {0}, so that P= e(A +0) —e(A) =O. 
For all € > 0, we choose 6 > 0 such that 


A:0 =< € «Ans — D, & € [As A] k=1,---,n, 


and 
|A| = max(Ày — Ag 1: k =1,--- ,n} < ô. 


Since A commutes with e(À) for each À € R, it follows that 


For every x € H, we have 


(Ax,x) — Zale (e(Ay) — e(àr-1))x, x) 


Yu (e(Ax) — el (Ax 1) )x,x) AC (e(Ax) )-«( (a 1))x,x) 


k=1 
< Y |((A— &D (eu) — eu) (e(Ax) — e(An_1))2) 
k=1 
€ y (y= Ae alte eA? 
k=1 
<All[xl|2 < e. 


Hence we have the desired result (Ax,x) = f! 9 A d(e(A)x,x). 


Definition 1.7 Let A be a self-adjoint operator on a Hilbert space H and m = m4,M = 
Mg as defined by (1.2). For a real valued continuous function f(A) on |m, M], a self-adjoint 


operator f (A) is defined by 
M 
= f flayae(a) 
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In particular, 


r m r 1 T 
A= A”de(à) forallr »0and A? = A? de(A). 
m—0 m—0 


In the last part of this chapter, we present the polar decomposition for an operator. 
Every complex number can be written as the product of a nonnegative number and a 
number of modulus one: 


z=|zle for a complex number z. 


We shall attempt a similar argument for operators on an infinite dimensional Hilbert space. 
Before considering this result, we need to introduce the notion of a partial isometry. 


Definition 1.8 An operator V on a Hilbert space H is a partial isometry if ||Vx\| = ||x|| 
for x € (ker V)+, which is called the initial space of V. 


We consider a useful characterization of partial isometries: 
Lemma 1.3 Let V be an operator on a Hilbert space H. The following are equivalent: 
(i) V is a partial isometry. 
(ii) V* is a partial isometry. 
(ii) V*V is a projection. 
(iv) 


Moreover, if V is a partial isometry, then VV* is the projection onto the range of V, 
while V*V is the projection onto the initial space. 


VV* is a projection. 


Proof. Suppose that V is a partial isometry. Since 
(I — V*V)x,x) = (x,x) - (V*Vx,x) = |x|? — ||Vx|? forx € H, 


it follows that Z — V*V is a positive operator. Now if x is orthogonal to ker V, then ||Vx|| = 
||x|| which implies that ((J — V*V)x,x) = 0. Since ||1 — V* V) ?x|? = ((I — V*V)x,x) — 0, 
we have (I — V*V)x = 0 or V*Vx =x. Therefore, V*V is the projection onto the initial 
space of V. 

Conversely, if V*V is a projection and x is orthogonal to ker V*V, then V*Vx — x. 
Therefore, 

[Vxl]? = (V*Vx,x) = (xx) = lal’, 

and hence V preserves the norm on (ker V*V)+. Moreover, if V*Vx = 0, then 0 = 
(V*Vx,x) = ||Vx||? and consequently ker V*V = ker V. Therefore, V is a partial isom- 
etry, and hence (i) and (iii) are equivalent. 

Similarly, we have the equivalence of (ii) and (iv). 

Moreover, if V*V is a projection, then (VV*)? = VV*VV* = VV*, since V(V*V) = V. 
Therefore, VV* is a projection, which completes the proof. 


We now obtain the polar decomposition for an operator. 
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Theorem 1.13 /f A is an operator on a Hilbert space H, then there exists a positive 
operator P and a partial isometry V such that A — VP. Moreover, V and P are unique if 
ker P — ker V. 


Proof. If we set P = |A 


, then 
|| Px||? = (Px, Px) = (P*Px,x) = (A*Ax,x) = ||Ax||? forxe H. 


Thus, if we define V on ran P such that VPx = Ax, then V is well defined and is isometric. 
Hence, V can be extended uniquely to an isometry from clos(ranP) to H. If we further 
extend V to H by defining it to be the zero operator on (ranP)+, then the extended ex- 
tended operator V is a partial isometry satisfying A = VP and ker V = (ranP)+ = ker P by 
Lemma 1.3. 

We next consider uniqueness. Suppose A = WQ, where W is a partial isometry, Q is a 
positive operator, and ker W = ker Q. Then P? = A*A = QW*WQ = Q?, since W*W is the 
projection onto 

(ker W)+ = (ker Q)+ = clos(ran Q). 


Thus, by the uniqueness of the square root, we have P= Q and hence WP = VP. Therefore, 
W =V onran P. But 


(ran P)+ = ker P = ker W = ker V 


and hence W = V on (ran P)+. Therefore, V = W and the proof is complete. 


Corollary 1.2 If A is an operator on a Hilbert space H, then there exists a positive op- 
erator Q and a partial isometry W such that A = QW. Moreover, W and Q are unique if 


ran Q = (ker Q)-. 


Proof. By Theorem 1.13, we obtain a partial isometry V and a positive operator P 
such that A* = VP. Taking adjoints we have A = PV*, which is the form that we desire 
with W = V* and Q = P. Moreover, the uniqueness also follows from Theorem 1.13 since 
ran W = (ker Q)- if and only if 


ker V = ker W* = (ran W)* = (ker Q)-— = ker P. 


1.4 Notes 


For our exposition we have used [276], [45], [143], [18]. 


Chapter 


Kantorovich Inequality and 
Mond-Pecaric Method 


This chapter tells the history of the Kantorovich inequality, and describes how the Kan- 
torovich inequality has developed in the field of operator inequalities. In such context, so 
called “the Mond-Peécarié method" for convex functions established by Mond and Peéarié 
has outlined a more complete picture of that inequality in the field of operator inequalities. 


2.1 History 


The story of the Kantorovich inequality is a very interesting example how a mathematician 
creates mathematics. It provides a deep insight into how a principle raised from the Kan- 
torovich inequality has developed in the field of operator inequalities on a Hilbert space, 
and perhaps, more importantly, it has initiated a new way of thinking and new methods in 
operator theory, noncommutative differential geometry, quantum information theory and 
noncommutative probability theory. We call this principle the Mond-Peéarié method for 
convex functions. 


In 1959, Greub and Rheinboldt published the celebrated paper [132]. It is just the 
birth of the Kantorovich inequality. They stated that Kantorovich proved the following 
inequality. 


15 
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Theorem K1 7f the sequence (yy) (k = 1,2,---) of real numbers has the property 
0cmzyzxM 


and (Ek) (k = 1,2,---) denotes another sequence with Y. ., E? < ce, then the inequality 


" 2 
> e (2.1) 


holds. 

It seems to be the first paper which introduced (2.1) to the world of mathematics. More- 
over, they say that Kantorovich pointed out that (2.1) is a special case of the following 
inequality enunciated by G. Pólya and G. Szegó [253]. 


Theorem PS 7f real numbers a; and by (k = 1,- -- ,n) fulfill the conditions 
Ocm; Xa, € MI and 0 <m € by < M5 


respectively, then 
1< Eig Ek bk c (MiM» 4- mm}? 


< (2.2) 
Be aby]? 4m,m2M, M 


To understand (2.1) in Theorem K1 well, if we put & = 1/./n for k = 1,--- ,n, then 
(2.1) implies 
hee A eeu Mim 
n n T 4Mm ` 
Summing up, whenever YS move in the closed interval [m, M], the left-hand side of (2.3) 


2 2 
does not absolutely exceed the constant € At present, the constant n is called 


the Kantorovich constant. 


(2.3) 


Greub and Rheinboldt moreover went ahead with the ideas of Kantorovich and proved 
the following theorem as a generalization of the Kantorovich inequality. 
Theorem K2 Given a self-adjoint operator A on a Hilbert space H. If A fulfills the 
condition 
mly <A<MIy for some scalars 0 < m < M, 
then 
(M +m)? 


(n)? < (Aa) (A7 bx) < 


(x,x)? (2.4) 


for all x € H. 
Though this formulation is very simple, how to generalize (2.1) might be not plain. In 
the case that A is matrix, then (2.4) can be expressed as follows: Put 


"i 0 ái 
% & 
A= E and x=|: 


Yn Ga 
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Then 


and we get 


(Ax,x) — Lael and (A^ EOS = Die 


We shall agree that (2.4) is called a generalization of the Kantorovich inequality (2.1). 


Though Greub and Rheinboldt carefully cite the Kantorovich inequality, they do not 
tell anything about his motivation for considering the inequality (2.1). What is his motive 
for considering (2.1)? Thus, we shall attempt to investigate Kantorovich’s original paper 
in this occasion. It is written in Russian and very old. We read the original paper in an 
English translation [156]. It seems that he was interested in the mathematical formulation 
of economics, as he provided a detailed commentary on how to carry out mathematical 
analysis in economic activities. Now, when we read [156] slowly and carefully, we find 
the inequality (2.1) in question, in the middle of the paper [156]. 


EE os 


holds, m and M being the bounds of the numbers yy 


Lemma K 77e inequality 


zi 
Yu uti 
k k 


0 « m € y, € M. 


The coefficient in the right-hand side of (2.5) seems to be different from the one in 


(2.1). However, since 
ee mr |. 1[M4 m (M 4- m? 
^4 E - |». 14Mm ’ 


the constant of (2.5) coincides with one of (2.1). Following Kantorovich's original paper, 
we know that Kantorovich represents an upper bound as (2.5). Therefore the Kantorovich 


constant HE is deformed by Greub and Rheinboldt. Examining the history of math- 


ematics a little more, Henrici [141] pointed out that in the case of equal weights, the in- 
equality (2.3) is due to Schweitzer [258] in 1914. How Kantorovich proved the inequality 
(2.5) in Lemma K is a very interesting matter: 
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P of Lemma K. We may prove it in the case of finite sums 3; € Y € -+ < y, and 
Ya c= = 1. We shall seek the maximum of 


under the condition that $7 ., ur = 1. By using the method of Lagrange multipliers, if we 
equate to zero the derivatives of the function 


then we have 


loF 1 
~— =O—Us+ GYus—Aus=0, ie us(O+ 67 —AYG) = 
2 dus Vs 


The second factor in the last expression, being a polynomial of the second degree in 7, 
can reduce to zero at not more than two values of s; let these be s = k,l. For the remaining 
values of s, u, must be zero. But then 


1 1 
Gua = u? + yu (<u m 
(% kT i) " k " l 


AE E Tenor VE E 
MET ars] 


Why does Kantorovich need the inequality (2.1)? If we only read the paper due to 
Greub and Rheinboldt, we probably cannot fully understand those circumstances. How- 
ever, having thoroughly read [156], we are able to explain the necessity of the Kantorovich 
inequality. 


Kantorovich says that as is generally known, a significant part of the problems of math- 
ematical physics — the majority of the linear problems of analysis — may be reduced to a 
problem of the extremum of quadratic functionals. This fact may be utilized, on the one 
hand for different theoretical investigations relating to these problems. On the other hand, 
it serves as a basis for direct methods of solving the problems named. A certain method 
of successive approximations for the solution of problems concerning the minimum of 
quadratic functionals, and of the linear problems connected with them, is elaborated — the 
method of steepest descent. 


Let H be a real Hilbert space and A a self-adjoint (bounded linear) operator on H such 
that mly <A < Mlg for some scalars 0 < m < M. 
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We shall consider the method of steepest descent as it applies to the solution of the 
equation 


L(x) 2 Ax — y —- 0, (2.6) 
where x and y are in H. We introduce the quadratic functional 
H(x) = (Ax,x) — 2(y,x). (2.7) 


For a given y € H, a vector x9 € H is the solution of L(x) = 0 if and only if xy € H 
attains the minimum of H (x). 

Indeed, suppose that x € H satisfies H (x) = minyeg H (u). Then for each nonzero z € H 
and a real parameter o € R, it follows that 


H(x+ az) - H(x) 2 0 
and this implies 
H(x-- az) —H(x) = (Ax+ aAz,x4- az) —2(y,x+ az) — H (x) 
= a [(Ax,z) + (4z,.3)] + ^ (Az,z) — 20,2) 
= 2a (Ax — y,z) + o (Az,z) > 0. 


Since A is positive invertible, we have (Az,z) > 0. Since the inequality above holds for all 
& € R, we get (Ax — y,z) — 0 for all nonzero z € H. Therefore we have Ax — y — 0 and 
hence x € H is the solution of L(x) — 0. 

Conversely, suppose that x € H is the solution of L(x) = Ax — y = 0. Then 


H(x-4z) — H(x) = (Az,z) + 2(Ax—y,z) = (Az. z) > 0 (2.8) 


for all nonzero z € H. For each y € H, if we put z = y — x in (2.8), then we have H (y) > H (x) 
and this implies H (x) = minyeg H (y). 


In this way, if the problem of solving an equation (2.6) reduces to the problem of seek- 
ing the minimum of the functional (2.7), then this fact is named the variational principle of 
the equation. 

In seeking the minimum of a functional (2.7) we shall employ the method of steepest 
descent. Now, we consider the following three procedures (0), (1) and (2): 


(0) Fora given initial vector xo € H, we find a sequence {xn} C H such that 


H(xo) > H(xi) >- > A(x) > coo minH(u) = H(x). 


(1) By induction, we construct a sequence {xn} C H such that 
Xp $1 — Xn F OnZn 


for o, € R and z, € H. 
(2) Moreover, we choose c, € R such that 


H (Xn + OnZn) = min H (x, + tzn). (2.9) 
tel 


The following lemma shows that the condition (0) implies the convergence of {xn}. 
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Lemma 2.1 Let x be the solution of L(x) = Ax — y = 0. If a sequence {xn} satisfies 
H (xo) > H(xi) > +++ > H(x) >+ — minH(u) — H(x), 
u 


then x, > x as n — co. 


Proof. 


A (xn)  H(x) = (Axn, Xn) —2(y, Xn) — (Ax, x) + 2(y,x) 
= 2(Ax — y, Xn — x) + (A (Xn — x), Xn — x) 
= (A(X —x),x4 —x) > ml[xa — xl, 


because m(z,z) < (Az,z) € M(z,z) for every z € H by the assumption. Therefore 
lim H(x,) = H(x) implies lim x, = x. 
noo n—co 


The following lemma determines the form of o. 


Lemma 2.2 /f (2.9) holds, then 


where Zn = y — AXp. 
Proof. 


H(xn+ tzn) = (Azn, Zn)? t 2((Axn, Zn) — Y, Zn) t + H (xn) 
= (AZn, Zn)" al 2 (zs, Zn)t +H (xn) 


2 2 
=~ fy) - eS oma 


(Zn <n ) 
AZn Zn 


Therefore, t = 


attains the minimum of H (x, + tzn). 


By the proof of Lemma 2.2, we have 


ibus" 


Hai) ~ Hw) E (Azn Zn) 


< H (xn) 
and hence we have 
H(xy) > H(xi) > > A(X) >. 


Theorem K4 The successive approximations {xn} C H constructed by the method of 
steepest descent converge strongly to the solution of the equation (2.6) with the speed of a 
geometrical progression. 

Proof. Let x* be the solution of equation (2.6) and AH = H (xn) — H (x*). It is obtained 
that the change A,,H of H in passing from x* to x, is 


AnH = H (xn) — H(x*) = (A(x* — Xn), X — Xn). 
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Also, since 
Zn = y — AXn 
and 
Znt1 = Y—AXn +1 = Zn — OnAZn, 
it follows that 
AnH = (A(%n —x*),%n — x") = (A^! en, Zn) 
and 
Anyi H = (A(Xn41 —X") Xn — X^) = AnH — 20 (Zn Zn) + Oy; (AzZn; Zn): 
By the definition of œn, we have 
AnH — AnH _ 20n(Zn,Zn) — 02 (AZn, Zn) 


AnH (A^ !z,, Zn) 
(Zn , £^ 


= 2.10 
Ogun) At) om) 


We notice the form of a generalization of the Kantorovich inequality due to Greub- 
Rheinboldt in the last expression of (2.10). 

For the estimation of this ratio let us make use of the spectral decomposition of an 
operator A: 


M M 
A-[ Ade, and (Azi,z1) af A d(ea zi, zi) = lim Y A (Aegz1,21); (2.11) 
m m 


7 


analogously 


1 
(z,2)-limY(Aejzi,z) and (A72) =limy, i 4922). (2.12) 


Replacing in expression (2.10) the inner product by their approximate value as given by 
(2.11) and (2.12), we have 


AnH — An H [x(Ae1z zi)? 
AnH i XA(Aexzi, zi) E (Aexzi zi) 
3 4Mm 20 
= (M+m)? ` 


The Kantorovich inequality is utilized here to estimate a lower bound! 
The approximate equality here is correct with as small an error as one pleases, and we 
have therefore an exact inequality 
AnH — Ay+1H -" 4Mm 
AnH = (Mam)? 


4M. M—m\? 
Anti < 1— M AnH = 2 AnH 
(M +m)? M+m 


whence 
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Since 0 < c < 1, for a given initial vector xo, we have 


lim A,H —0 


n—oo 


so that lim, .4 H (xn) = H(x*). By Lemma 2.1, we have x, — x* as n — ee and this proves 
the assertion. 


The rapidity of convergence of the process is of the order of a geometric progression 
with ratio q = (M — m)/(M + m). 


It is surprising that the Kantorovich inequality is utilized in the linear problems of 
analysis. We cannot understand this fact by reading [132] only. Also, as mentioned above, 
we think that Kantorovich proved the following form: If an operator A on H is positive 
such that m/g < A < MIy for some scalars 0 < m < M, then 


2 
w o d 


————À——— > — (2.13) 
Ax, x) (A-lx,x - 

(Ax,x)( ) | My Vi 

holds for every nonzero vector x in H. 

Namely, the Kantorovich inequality is not only the form (2.1) shown in Lemma K, but 
also the form (2.13) of the operator version. 

Now, the theorem denoted by K2 is a generalization of the Kantorovich inequality in 
the operator form, as it was derived by Greub and Rheinboldt. In fact, we easily see that 
(2.13) implies Theorem K2. Therefore, one could say that Kantorovich proved Theorem 
K2 in a certain sense. At this point, it is suitable to cite a relevant part of [132]: 


The subject of this paper is the proof of a generalized form of the inequality for lin- 
ear, bounded and self-adjoint operators in Hilbert space. This generalized Kantorovich 
inequality proves to be equivalent to a similarly generalized form of the inequality 
which we shall call the generalized Pólya-Szegó inequality. Our generalized Kantorovich 


inequality is already implicitly contained in the paper of L.V.Kantorovich. However, its 


proof there involves the use of the theory of spectral decomposition for the operators in 
question. The proof we shall present here will proceed in a considerable simpler way. 


Hence, from the underlined sentence we learn that the proof of Theorem K2 was es- 
sentially contained in [156]. Furthermore, we see that Greub and Rheinboldt prefer to 
avoid the spectral decomposition theorem in the proof, as they believe their own proof to 
be considerably simpler. 

However, it turned out that their method of proof had a deep significance for mathemat- 
ics. The impact of Theorem K2 could be compared to spreading of shock waves around 
the world of mathematics. Thus we present the proof of which Greub and Rheinboldt say 
that is simpler. 


Proof of Theorem K2. The left hand side of the inequality follows directly from 
Schwarz’s inequality 


(x, x)? = (Pea Px < (AV? x, AV? x) (A7 V2, AT x) 
= (Ax, x A 1x,x). 
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We shall first prove the right hand side of (2.4) for finite dimensional space H. Then we 
will show that the proof for the general case can be reduced to that of the finite dimensional 
case. 

Suppose that H is a finite dimensional space. Then the unit sphere $ C H is compact. 
Hence, considered on S, the continuous functional 


XX ly x 
(a) = Atos tna) 


(x) 


attains its maximum at a certain point, say xo € S, i.e. 
(xo) = max f(x) = (Axo, x0) (A7 30,29). 


With a fixed vector y € H and the real parameter f (|t| < 1) we consider the real valued 
function 
g(t) = f(xo * ty). 


This function g(t) has a relative maximum at f = 0 and therefore we must necessarily have 
g' (0) — 0. Using the self-adjointness of A and A^! we find 


& (0) = 2(Axo, y) (A 1x0, x0) +2(A x0, y) (Axo,xo) — 4f (xo) (xo. y) = 0 


and thus 
(YAxo LA !xo — xo, y) = 0 
holds for all y € H, where 
1 1 
= _ d EEE EEE 
r 2 (Axo, xo) s 3 


Consequently 
Xo = YAxo + [LA ‘xp. 


Applying A and A^! successively to this equation we find that 
Axo = yA?xo + uxo and A lx = yxo + pA~xo 


or 


to 1—4yu oe TS 1—4yu 
(4- zi) XQ = 4p XO and (^ - stn) xo = 4u? Xo. 


Taking into account the assumption 0 < mIy < A < MIg, we have 


m 2 M 
Vit = (1+0 -4yu)"?) SM s 


It follows 


[avu (1) -2| «40-4m) < faru (= +1) E 
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or 


yu 
M2 
and therefore 


[Ayu (M +m)? —4mM] <0 < = [4yu (M + m)? — 4mM] 


4yu(M +m)? — 4mM = 0. 


On the other hand, since 


1 
4yu = — r, 
TH 7 Taro, x0) (A T3010) 
we finally have 
_ M+m)? 
(Ax0,20)(4~!x9,x9) = Ee li 


which was to be proved. (2.14) shows furthermore that (at least in the finite dimensional 
case) the upper bound in (2.4) can not be improved. 


We now remove the restriction of the finite-dimensionality of H. Let xo be a fixed 
vector of H and let Ho C H be a finite dimensional subspace of H which contains three 
vectors xo, Axo and A^!xg. We denote by P the projection of H onto Ho. For the operator 
B = PA, we have B(Ho) C Ho and 


(Bx, y) = (PAx, y) = (PAPx, y) = (x, PAPy) = (x By) 


for all x,y € Ho. Hence, B is a self-adjoint operator on the space Ho. Furthermore, we find 
for x € Ho 
(Bx,x) = (PAx,x) = (Ax, Px) = (Ax,x) 


and therefore in Ho 
0 < mlm < m' In, < B € M'In, < Mig, (2.15) 


where 

Bx, B. 

m = inf Bax and — M'— sup n a 
x€Ho (x,x) x€Ho (x,x) 


Hence, we can apply the first part of the proof to the operator B in the finite dimensional 
space Ho. By doing that we obtain for all x € Ho 


(Bxx)(B-!xx) (M'rm)? 1/M w 1 
i KK — = -| — + — =. 2.1 
(x, x)? T Am'M'! 4\m M * 2 Pe 
From (2.15) we conclude that 
M' M M m M m 
1<—<— d —+—<—4—., 2.17 
^" m' m ud m M mM ( ) 


This last inequality is a result of the fact that for u > 1 the function f(u) = u+ 1/u is 
monotonically increasing. (2.16) and (2.17) together yield 


(Brx)(B xx) 1/M m 1 (M+m)? 
(5) 4- 


m M 4mM 
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for all x € Ho. Since Hp contains xo, Axo and A^ lxo, we find 
Bxo = PAxo = Axo and xo = Px = PAA~!xo = BA! xo. 


The last relation implies B-!x9 = A7~!xp when one considers that the existence of B^! in 
Ho is a direct consequence of (2.15). Substituting we obtain finally 


(M +m)? 


2 
AmM (xo , Xo) 


(Axo, xo) (A7 "x0, x0} < 


Since xo was arbitrary the theorem is hereby completely proved. 


Moreover, they showed the generalized Pólya-Szegó inequality, which is equivalent to 
the Kantorovich inequality: 


Theorem 2.1 Let A and B be commuting self-adjoint operators on a Hilbert space H 
such that 
0<mly <A < Milg and 0 < molg € B < Moly. 


Then 
(Mi Mz + mmy 


(Ax, Bx)? 
Ammo M, M» 


(Ax, Ax) (Bx, Bx) < 
for all x € H. 


Proof. It is rather obvious that the Kantorovich inequality is contained in Theorem 2.1. 
In fact, let C be any given self-adjoint operator with 


0 « mly € C € MlIg. 
We set A = C!/? and B = (C~!)!/. Since 
0O«m?p <A<M iy and | 0« (M^)? « B € (m)? pg, 
it follows immediately from Theorem 2.1 that 


(Cx,x)(C~!x,x) — (Ax, Ax) (Bx, Bx) : (M +m)? 
(x, x)? —  (AxBx?» 7 4mm 


for all x € H and this is the statement of the Kantorovich inequality. 
Next, we show that Theorem 2.1 is a consequence of Theorem K2. 
From the commutativity of A and B, for the self-adjoint operator C = ABT! we have 


M 
ü cun coe iy, 
M» mo 


Therefore, it follows from Theorem K2 that 


(Cx, XC xx) x (MiM + mm)? 
(x,x)? ~ 4mymM,M» 
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for all x € H. Put x = (AB)!/y, then we obtain (Cx,x) = (Ay, Ay), (C^ 1x,x) = (By, By) and 
(x,x) — (Ay, By). Substituting these relations, we get the statement of Theorem 2.1. 


The proof by Greub and Rheinboldt is very long, spanning over approximately five 
pages. We can feel the strictness of their proof, but, in contrast, Kantorovich's proof is 
simple and only half a page long. However, it was the formulation by Greub and Rhein- 
boldt that brought the first wave of excitement into the world of mathematics. Owing to 
Greub and Rheinboldt, the work of Kantorovich has become an object of research in math- 
ematics, in operator theory in particular. In their own words, their proof is simple. But, it 
is a proof on a grand scale, unexpected and fascinating. Based on a beautiful relation, this 
simple formulation may strike a chord in the heart of a mathematician. Many mathemati- 
cians concentrated their energies on the generalization of the Kantorovich inequality and 
on searching for an even simpler proof. 


2.2 Generalizations and improvements 


In 1960, one year after the publication of [132], Strang [272] shows the following general- 
ization of the Kantorovich inequality for an arbitrary operator without conditions such as 
self-adjoiness and positivity. 


Theorem 2.2 /fT is an arbitrary invertible operator on H, and ||T || = M, ||T-! |! =m, 


then 
reor ys (x,x)(y,y)  forallx,y €H. 


Furthermore, this bound is the best possible. 


Proof. We consider the polar decomposition of T. Let A = (T*T)!/?. Then U = TA^! 
is unitary, and 


KT.) (x, T71)| = UAx, x) GA"! U-1y)| = [(Ax,U*y) (A ,U*y)| (2.18) 
< [(Ax, x) (AU* y, U*y (A7 x.) (A7 M U*y,U*y)] " 


by generalized Schwarz's inequality (Theorem 1.10). Since ||A|| = ||(T* T)! | 
= |T|| = M and [A^ ! |! = ||T-! |! = m, it follows that mly < A X MIg. Therefore, by 
(2.4) in Theorem K2, we have 


2 2 1/2 
RHS in (2.18) € (Sar RD tury, v) 
M4- mp 
= SE xd.) 


by using (U*y,U*y) = (y,y). 
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If H is finite dimensional, the bound is attained for x = U*y = u + v, where u and v 
are unit eigenvectors of A corresponding to eigenvalues m and M. In a general case, the 
bound need not be attained. But a sequence x, = U*y, = Un + Vn, where ||uj|| = ||v;||. 
(e(m 4- 1/n) — e(m — 0))u, = un, (e(M 4-0) — e(M — 1/n))v, = vn shows on calculation 
that the bound is best possible. 


Also, Schopf [257] considered a generalization of the power in the Kantorovich in- 
equality. Moving to the year 1996, there is the following extension due to Spain [270] 
which is totally different from the Kantorovich inequality. But it is surely an extension. It 
does not assume positivity, either. It is slightly long, but we will quote it: 

The Kantorovich inequality says that if A is a positive operator on a Hilbert space H 
such that mly <A < MIy for some scalars 0 < m < M, then 


2 lili 


AmM(A 1x,x) < (m4- M) PES 


holds for every vector x in H. If we replace x by Ax, then 


1 
lata? 
4mM (x, x) < (m+M) Y 


This inequality may be viewed as a conversion of the special case 
(Ax,x) < |[Ax||]|x]| 
of the Cauchy-Schwarz inequality, for it is equivalent to the inequality 


2 /mM ||Ax||||x|| < (m+ M)(Ax,x). 


The methods of operator and spectral theory allow one to generalize the inequality to a 
wide class of operators on a Hilbert space. 


Let T be any nonzero complex number, let R = |I|, and let 0 € r < R. 


Theorem 2.3 Let A be an operator on H such that lA —TlA4] |? < r?[A], where [A] is the 
range projection of A. Let u € B(K,H) be an operator such that w*|A]u is a projection. 
Then 

(R? — r*u* A* Au € R'(u* A*u)(u* Au). 


Proof. Since u*[A]u is a projection, we have 
| (R? — r°)u* [A]u — Tw Aul? 
= (R? — ?yu*A]u — (R2 — r°){Tu*Au + Tu“ A*u} + R'(u* A*u)(u* Au), 
while 
ut (? [A] - |A-TIA] P) 
= —(R? — Py Alu — u*A* Au + Tu“ Au + Tw A*u, 
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and hence 
R?u* A*uu* Au — (R? — r?)u* A*Au 
22) * rau {2 2 
= |(R — r^ )u* [A]u — Tu Au| +u (r [A] — |A — r(A]| IL 
By the assumption of |A — T[A]|? < r?[A], we have 


R?(u*A*u)(u*Au) — (R? — r° )u*A* Au > 0. 


Corollary 2.1 Let A be a positive operator on H such that A is invertible on its range, let 
m = minSp(A) (0) and M = maxSp(A) = ||A||. Let u € B(K,H) be an operator such that 
u* [A]u is a projection. Then 
4Mmu*A7u € (M + m (u* Au}. 
Proof. In the situation of Theorem 2.3, we have 


M = 
p-r- enm and "E dci 
2 2 


By the assumption of A, it follows that 


mjA] < A < MIA] 


and hence |A — T[A]|? < r?[A]. Therefore Corollary 2.1 follow from Theorem 2.3. 
Theorem 2.4 Let A be an operator on H such that |A — T|A]? < r?[A]. Then 
q2-rPPxApx|zR(Gxx|  xEH. 
If A is positive with Sp(A)\{0} C [m,M] (0 < m < M), then 
2v Mm||Ax| || [A]x]| X(m--M)(Axx)  forall x € H. 


Proof. For x € H define ux : C — H : A+ Ax. Then, identifying C and B(C) canoni- 
cally, 
us Au, = (Ax,x) for A € B(H). 
There is nothing to prove if [A]x = 0, otherwise put u = uy /\|[Alx||- The first assertion follows 
from Corollary 2.1. The second assertion is a direct consequence of the the first. 


Remark 2.1 The second assertion in Theorem 2.4 may be proved in one line: 
(m - M) (Ax,x)? —4Mml|Ax\|"||[A]x|? 
= (2mM||[A]x|? — (m+ M)(Ax,x) P 
+4Mm((M — A)(A — m)[A]x, [A]x)||[A]x||” > 0 


? 
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Generalizations of the Kantorovich inequality have made significant progress. The 
Mathematical Society was given a treat in the form of topics for the Kantorovich inequality 
for a while. 

On the other hand, in pursuit of an even simpler proof, in such a flood of papers, Naka- 
mura [237] instantly presents the following result in Proceedings of the Japan Academy. It 
was in 1960, just one year after the paper due to Greub and Rheinboldt was published. It 
is a simple visual proof by using the concavity of f(t) = t^. 


Theorem 2.5 For 0 « m « M, the following inequality holds true: 


[iato [7 Ling) < Mew (2.19) 


for any positive Stieltjes measure u on [m, M] with ||u|| = 1. 


It is easy to see, by the Gelfand representation of the C*-algebra generated by A and 
the identity operator 7, that Theorem 2.5 implies the Kantorovich inequality. 

If Nakamura had the opportunity to read [156] in an English translation and if he asked 
the mathematical community for judgment on the inequality (2.19) and its overwhelmingly 
simple proof, then how would that turn out? In one possible outcome, mathematicians 
would mostly get the impression that it was very easy to prove that result and therefore the 
investigations related to the Kantorovich inequality would be brought to the end. For some 
reason, Nakamura’s paper is overlooked in the mathematical world. 

To the best of this author’s knowledge, there is no evidence that anyone has ever cited 
Nakamura’s paper. Instead, several improvements to proofs of the Kantorovich inequality 
have been independently developed in Europe. 

The origin of the Kantorovich inequality might be the following case of finite se- 
quences. 


Theorem 2.6 /f the sequence {y;} satisfies the conditions such that m < y; € M for some 
scalars 0 < m < M and i= 1,2,::- ,n, then 


(M +m)? 


es (2.20) 


(Ein H+ Enh (E TLecéy) < 


holds for every &; > 0 such that £y +--+ én = 1. 


First of all, we present a direct proof due to Henrici [141]: 


Proof of Theorem 2.6. We may assume that m < M. Determine p; and qi from the 
equations 


| for i=l, 


yu piM--qin and yt = pM Tqun Scan. 


An easy computation shows that p;, q; > 0, i = 1,2,--- ,n. Furthermore from 


H = M — m)? 
1 = (piM + qim)(piM | + qim !) = (pita)? pig Mo 
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it follows that p; 4- q; € 1. Setting p = Y Sipi, q = È &iqi, we thus have p+q = X (pi^ 
qi) € X6; = 1. Hence using the arithmetic-geometric mean inequality, 


(Emm ewe ey) 


EPE 
= (pM + qm)(pM ! + qm") = pta p A ) 
sora" [i+ er Se 


Equality is attained in (2.20) if and only if the following two conditions are simulta- 
neously fulfilled (we assume here 5; > 0,i = 1,2,--- ,n without loss of generalization): 


(i) p+q= 1. This implies that p; 4- qi = 1 or piqi = 0 for i= 1,--- ,n. Thus, for equality 
every 7; must equal either M or m. 


(ii) p-- q — 4pq. This implies that p = q or, Y, ,,6; = Y, Gi. 
Thus, the weights attached to m and M must be the same. oO 


In comparison with Kantorovich’s proof, Henrici’s one relies on an algebraic calcula- 
tion. Inspired by Henrici, Rennie [255] gives the following improved proof with functions 
in 1963: 

Let f be a measurable function on the probability space such that 0 < m < f(x) < M. 
Integrating the inequality 


gives 


[re cena f ae < mM. 


Put u = mM f 7i dx. then we have 


u f fedr < m Mu = - 


W hich is the Kantoro V ich inequality : 
L1 


This is exactly a function version of the Kantorovich inequality due to Nakamura. 
Its emphatic brevity is surprising. Moreover, inspired by Rennie, Mond [209] gives the 
following improved proof with matrices in 1965: 

Let A be a positive definite Hermitian matrix with eigenvalues A, > A. >--- >A, > 0. 
Since three factors in the LHS of below inequality commute, we have 


(A — AnI) (A — Au)A | < 0. 
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Therefore, 
(Ax, xX) + An (AT La) < Ay + An 


for every unit vector x. If we put u = A1A4 (Ax, x), then 


2 
Bite Sie AEN a, 


which implies the Kantorovich inequality: 


(A lxx) (Ax,x) € 


The proof of Mond may be considered one of the generalized Kantorovich inequal- 
ity. But, we present a somewhere different proof by using the arithmetic-geometric mean 
inequality in [164, 144, 158]: 

Since A is positive and 0 < mly < A < MIg,itfollows that MIg — A > 0 and A — mlg > 
0. The commutativity of MI — A and A —mly implies (MIg — A)(m-!Ig — A7!) > 0. 
Hence 

(M -- m)g > MmA ! +A 


and 
(M 4- m)x,x) > Mm(A^!x,x) + (Ax,x) 


holds for every unit vector x € H. By using the arithmetic-geometric mean inequality 


M 4-m — ((M 4-m)x,x) > Mm(A !x,x) + (Ax,x) > 24/ Mm(A- lx, x) (Ax, x). 


Squaring both sides, we obtain the desired inequality 


(M +m)? 


(Ax, x) (A lx,x) < XU 


Finally, we present an extremely simple idea due to Diaz and Metcalf [43]: 


Lemma 2.3 Let real numbers ay 4 0 and by (k = 1,2,--- ,n) satisfy 
m « — «M. (2.21) 


Then 
n n n 
Y bio mM Y a; < (Mom) Y aibi. 
k=1 k=1 k=1 


The equality holds if and only if in each of the n inequalities (2.21), at least one of the 
equality signs holds, i.e. either by = may or by = May (where the equation may vary with 
k). 


32 2 KANTOROVICH INEQUALITY AND MOND-PECARIC METHOD 


Proof. It follows from the hypothesis (2.21) that 


Thus, summing from k = 1 tok — n, 


0< ` (by — mag) (May — bx) 


= (M+m) o m "MY a 
k=1 k=1 = 


(2.22) 


which gives the desired result. Clearly, the equality holds in (2.22) if and only if each term 


of the summation is zero. 


By using Lemma 2.3, we have 


0< (Ea (way) 


k=1 


k=1 k=1 


< (m+M) Xan-ws(Yu) (X 4)" 


k=1 k=1 


and hence 


4mu (> 7) (X aj) € (m+M) "(X abi). 


k=1 k=1 


yields immediately the result of Pólya and Szegó (Theorem PS (2.2)). 


Similarly, we have an operator version of Lemma 2.3: 


Theorem 2.7 Let A and B be self-adjoint operators such that AB = BA and A^ 


and 


mlg < BA < MIy for some scalars 0 < m < M. 


Then 
B? + mMA? < (m+ M)AB. 


The equality holds in (2.23) if and only if (MIg — BA~!)(BA~! — mlz) = 


By using Theorem 2.7, we have 


2 
0x { (Bx, Bx)? — mM(Ax Ax)? 


= (Bx, Bx) — 2v mM (Bx, Bx)! (Ax, Ax)? + mM (Ax, Ax) 


< (m+ M)(ABx,x) — 2v/mM (Bx, Bx)? (Ax, Ax)? 


E ) -2(Y, bj) ^ (mu Y, 4) ema 


! exists, 


(2.23) 
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and hence 
4mM (Bx, Bx) (Ax, Ax) € (m+ M) (ABx, xy? 


yields immediately results of Greub and Rheinboldt (Theorem 2.1). 


Comparing with the proofs of Kantorovich and Greub and Rheinboldt, only algebraic 
calculation seems to belong to a different age. However, when we can prove it plainly and 
simply, devising a new proof stops being an object of interest for mathematicians. 


2.3 The Mond-Peéarié method 


In this section, we present the principle of the Mond-Peécarié method for convex functions. 
Mond and Pečarić rephrased the Kantorovich inequality as follows: The Kantorovich 
inequality says that if A is a positive operator such that 0 < mIy < A < MIg, then 


= M4 my 
Biri cero 2.24 
(Axa) A7 Isa) < T (2.24) 
for every unit vector x € H. Divideing both sides by (Ax,x), we get 
M 2 
a apg EET a et (2.25) 
4Mm 


Also, since 1 < (Ax,x)(A7!x,x), we may extend (2.25) into the following inequality: 


(M +m)? 


(Axx)! «(Ac < 


(Axa, (2.26) 
The first inequality of (2.26) is a special case of Jensen’s inequality. In fact, if we put 
f(t) 517, then 


n 


(ta) 2 aj rau 
B n 


for all positive real numbers a1,- +- ,an. Moreover, if f(t) is a convex function on an interval 
[m, M], then 


f (S) Ss ufu) 
i=l i=l 


for every x1,::- ,Xn € [m, M] and every positive real number f1,--+ ,tn with X7. | t; = 1. This 
inequality is called the classical Jensen's inequality. Moreover, an operator version of the 
classical Jensen's inequality holds: 


34 2 KANTOROVICH INEQUALITY AND MOND-PECARIC METHOD 


Theorem 2.8 Let A be a self-adjoint operator on H such that mly < A < Mlg for some 
scalars m < M and f a real valued continuous convex function on |m, M]. Then 


f((Ax,x)) € (F(Ay x) 


holds for every unit vector x € H. 


Proof. Refer to [124, Theorem 1.2] for the proof. 


From this point of view, (Ax,x)~! < (A7!x,x) is considered as one form of Jensen’s 
inequality. Namely, Mond and Peéarié noticed that 


the Kantorovich inequality is the converse inequality of the so called Jensen's one for the 


function f (t) = 1/t. 


Jensen's inequality is one of the most important inequalities in the functional analysis. 
Many generalizations are developed and many significant results are obtained by using 
Jensen's inequalitiy. 

Here, let us consider a generalization of the Kantorovich inequality. Jensen's inequality 
for f(t) = t? yields 


(Ax,x)? < (A3x,x) for every unit vector x € H. (2.27) 


What is a converse of (2.27)? Unfortunately, it seems to be difficult to apply the same 
method as in the proof of the Kantorovich inequality. We need a new way of thinking. We 
recall Nakamura’s article [237]. It was published too early, as it was ahead of its time and 
later on hardly anyone looked back at that paper. Thirty years later ideas similar to his had 
appeared in Eastern Europe. By then Nakamura had forgotten all about his principle, but 
it had taken root in Eastern Europe and would grow in time. 

Thus, we shall recall the proof due to Nakamura: Let be a normalized positive 
Stieltjes measure on [m,M]. Let y = g(t) a straight line joining the points (m,1/m) and 
(M,1/M). Since 1/t < g(t), we have 


m! 
ne zdu(t) < [^s \du(t) à 


Multiply f? tdu (r) = £3 to both sides, 


M M | M+m M ^m^ M +m)? 
ri uir) f EST. “on m. 


Applying it to a positive operator A with ||A|| = M and ||A!||! 


Kantorovich inequality 


— m, we have just the 


(M +m}? 


(4x2) (A7 x) < E 
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for every unit vector x € H. We remark that the Kantorovich constant equals the arithmetic 
mean of m and M divided by the harmonic one: 


(M 4- m)? 7 Mim 


4Mm (aim) f 
2 


Namely, we know that Nakamura’s proof is actually the origin of the so called the 
Mond-Peéarié method for convex functions by which the converses of Jensen's inequality 
are induced. Moreover, Ky Fan [48] proceeded with a generalization of the Kantorovich 
inequality for f(t) = t? with p € Z. Here, we shall present the principle of the Mond- 
Peécarié method for convex functions: 


Theorem 2.9 Let A be a self-adjoint operator on a Hilbert space H such that mly < A < 
MIy for some scalars m < M. If f is a convex function on [m,M] such that f > 0 on [m, M], 
then 


(f(A)x,x) € K(m,M, f) f((Ax,x)) 


for every unit vector x € H, where 


_ 1 (f(M)-f(m) 
K(m,M, f) =max{ = m 


Proof. Since f(t) is convex on [m, M], we have 


jo) « £00 09 


tm) +S) imis. 


t—m)+ f(m) for all t € [m, M]. 


Using the operator calculus, it follows that 


and hence 


(aag « LOD) 4 


for every unit vector x € H. Divide both sides by f((Ax,x)) (> 0), and we get 


x,x) — m) + f(m) 


(Ay, x) _ PEU E (Ax x) — m) + f(m) 


f(x) ^ fx ay) 
1 (f0)- fe), sanum 
< max { = (Fed P JEF ): ELE 


since m < (Ax,x) € M. Therefore, we have the desired inequality. 


Theorem 2.10 Let A be a self-adjoint operator on a Hilbert space H such that mly < 
A < MIy for some scalars m < M. If f is a concave function on [m,M] such that f > 0 on 
[m, M], then 

K(m,M, f) f((Ax,x)) € (F(A).x) € f((Ax.)) 
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for every unit vector x € H, where 


AM) = fim 
M—m 


K(m,M, f) = min { fco ( 


In particular, if we put f(t) — t? for p € R in Theorem 2.9 and 2.10, then we have the 
Hólder-McCarthy inequality and its converse: 


t-m) +f) ini n. 


Theorem 2.11 Let A be a positive operator on a Hilbert space H such that mly < A < 
Mly for some scalars 0 < m < M. Then 


(Ax, x)? € (APx,x) € K(m,M, p)(Ax,x)? for p € [0,1] (2.28) 
and 
K (mM, p)(Ax,x)? < (APx,x) < (Axx)? for p € [0,1] 


for every unit vector x € H, where 


K(m,M, p) = 


M? — Mm? —1 M?—m^ Y" 
E E (2 S ) (2.29) 


(p-l)M-m)N p mM?—Mm" 
for each p € R. The constant K(m, M, p) is sharp in the sense that there exists a unit vector 


z€H such that 
(A?z,z) = K(m, M, p)(Az,z). 


Proof. We only show the sharpness of K(m,M, p) in (2.28) for p > 1. Let Ax = mx, 
Ay = My, and z = ax+ By, where ||x|| = ||y|] = 1, |o? + |8|? = 1, and h = “. Then we 
have 
(A?z,z) = (am?x+ BM? y, ax+ By) = |o? m? + |B|?M? 


and 
(Az,z)? = (Ja m+ BM)". 


Therefore we want to obtain the unit vector z satisfying the following equality: 
|o m? + |B| M? = K(m,M, p)(\oe|’m+ |BM)", 


that is, 
m" + |B|?(M? — m?) = K(m,M, p){m+ |B (M-m) Y, 


or equivalently 
1+ [B (o? — 1) = K(m, M, p){1+ IBI( 1}. (2.30) 


We can obtain a solution B of the above equation (2.30) as 


(f W=1-plh-1) M 
l eea 


For example, we have z = vum (V Mx ymy) for p = 2. 
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If we put p — —1 in (2.28) of Theorem 2.11, then 


M 2 
K(m,M,-1)— Mtm) 
4Mm 
is the Kantorovich constant and hence 
M 2 
[rta c MEE ed 
4Mm 


for every unit vector x € H. Thus, Theorem 2.11 is an extension of Kantorovich inequal- 
ity and we call K(m,M, p) the generalized Kantorovich constant. We introduce another 
definition of K(m, M, p). 


Definition 2.1 The condition number h = h(A) of an invertible operator A is defined by 
h(A) = |AIIIA"" |l. 


Ifa positive operator A satisfies the condition mly < A < MIy for some scalars 0 < m < M, 
then it may be thought as M = ||A|| and m = ||A! || !, so that 


M 
h=h(4)= 2. 
m 
Definition 2.2 Let h > 0. The generalized Kantorovich constant K(h, p) is defined by 
h?—h —[RAP—1X7 
K(h, p) = ——————À ( 5— (2.31) 
(p-1üh-1)V p =k 


for any real number p € R and K(h, p) is sometimes briefly denoted by K(p) briefly. 


We remark that K (m, M, p) just coincides with K(h,p) by putting h = “(> 1). We 
mention basic properties of K(h, p): 


Theorem 2.12 Let h > 0 be given. Then the generalized Kantorovich constant K(h, p) 
has the following properties: 


(i) K(h, p) = K(h-!, p) for all p € R, 
1 1 
(ii) K(h, 3 +p) = K(h, 5 -p) for all p € R, that is, K(h, p) is symmetric with respect 
to p — 1/2, 
(ii) K(h,0) = K(h, 1) = 1 and K(1,p) = 1 forall p € R, 


(iv) K(h, p) is an increasing function of p for p > 1/2 and a decreasing function of p for 
p «1/2, 


(v) K(h, p) » 0 for all p € Rand 


>1 if p € (0,1) 
K(h, p) k i if pe [01]. (2.32) 
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Proof. Refer to [124, Theorem 2.54] for the proof. 


Next, we present the inversion formula of the generalized Kantorovich constant and a 
closed relation between the condition number and the generalized Kantorovich constant: 


Theorem 2.13 Let h > 0 be given. Then the generalized Kantorovich constant has the 
following properties: 


(i) k(n., 2 = k(n, P) for pr 0, 


(ii) K(h,p) < h?-! for all p> 1 and h » 1. 


Proof. Refer to [124, Theorem 2.54] for the proof. 


Now we present an important constant due to Specht. He estimated the upper bound 
of the arithmetic mean by the geometric one for positive numbers: For x1,::- ,x, € [m, M 
with M > m >Q, 


titan 2 (h- DART 


"X1 * ** Xp, 2.33 
n ^ elogh SESS ( ) 
where h = “(> 1). It is well known that 
TERES a (2.34) 
n 
holds for positive numbers x1,x5,::: ,Xn. Therefore, the Specht theorem (2.33) means a 


ratio type converse inequality of the arithmetic-geometric mean inequality (2.34). 
So we define the following constant. 
Definition 2.3 Leth > 0 be given. The Specht ratio S(h) is defined by 
(h — 1)& T 
elogh 


S(h) = (h#1) and S(1)=1. (2.35) 


Now let us show an operator version of (2.33). 


Theorem 2.14 Let A be a positive operator such that mIly < A < MIy for some scalars 
0 « m € M and put h = LA Then 


(Ax,x) € S(h) exp(log Ax, x) (2.36) 


holds for every unit vector x € H. 


Proof. Refer to [124, Theorem 2.49] for the proof. 


If we put f(t) = exp(t) in Theorem 2.8 and Theorem 2.14, then we have the following 
result. 
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Theorem 2.15 Let A be a self-adjoint operator such that mly < A < MIy for some 
scalars m < M. Then 


exp(Ax,x) € (expAx,x) < S(e@~™) exp(Ax, x) (2.37) 


holds for every unit vector x € H. 


We mention some basic properties of the Specht ratio S(h). 


Theorem 2.16 Leth » 0 and p € R. 


(i) S(1) = lim sh) = 1. 


(ii) S(h)  S(h-). 


(iii) A function S(h) is strictly decreasing for 0 < h < 1 and strictly increasing for h > 1. 


(iv) lim S(h^)5 =1. 


p> 


(v) lim S(h?)? = h for h > 1 and lim S(hP)? — h-! forO< h< 1. 
poe 


pe 


Proof. Refer to [124, Lemma 2.47] for the proof. 


We show also a closed relation between the generalized Kantorovich constant and the 
Specht ratio. 


Theorem 2.17 Leth > 0 be given. Then 


(i) lim K(W', 3 = S(h?), 


r—0 


(ii) lim K (A, =e) = S(h^). 


Proof. Refer to [124, Theorem 2.56] for the proof. 


Moreover, we have the following most crucial result on the generalized Kantorovich 
constant. 


Theorem 2.18 Leth > 1. Then 
S(h) = e-K O = ek’), 


where K(p) — K(h, p) for all p € R. 


40 2 KANTOROVICH INEQUALITY AND MOND-PECARIC METHOD 


Proof. Refer to [124, Theorem 2.57] for the proof. 


We notice that the Kantorovich inequality can be interpreted as a converse of Jensen's 
inequality for f(t) — t^!: 


(M +m}? 


ua < 
4Mm 


(Ax,x) |. 
We consider a difference type converse of the Kantorovich inequality: 


Theorem 2.19 Let A be a positive operator such that mlIg < A < MIy for some scalars 


0 « m € M. Then 
(VM — ym} 


A lxx) — (Ax, x)! < 
(A x, x} — (Ax, x) S Mm 


for every unit vector x € H. 


Proof. Refer to [124, Theorem 1.31] for the proof. 


In a similar way, we have the following result. 


Theorem 2.20 Let A be a self-adjoint operator such that mly < A < Mlg for some 
scalars m < M. Then 

M— 2 

(Ax, x) — (Ax,x)? < arm 


for every unit vector x € H. 


Proof. Refer to [124, Theorem 1.30] for the proof. 


It seems that a generalization of Theorem 2.19 and Theorem 2.20 is very difficult. 
However, as an application of the Mond-Peéarié method, we can show a difference type 
converse of Jensen's inequality for convex functions: 


Theorem 2.21 Let A be a self-adjoint operator such that mly < A < Mlg for some 
scalars m « M and f a real valued continuous convex function on [m,M]. Then 


0 < (f(A)x,x) — f((Ax.x)) < Bn, M, f) 
holds for every unit vector x € H, where 


M) — f(m 
Bn. M, f) = max f LEDA ny + pim) — f) ir € mar]. 
Theorem 2.22 Let A be a self-adjoint operator such that mly < A < MIy for some 
scalars m(M and f a real valued continuous concave function on |m, M]. Then 


B(m,M, f) < (f(A)x,x) — f((Ax,x)) <0 


holds for every unit vector x € H, where 


B(m,M, f) = min LEE Om) + rn) —f(t):t€ n.a 


-mM 
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If we put f(t) = t? for p € R in Theorem 2.21 and Theorem 2.22, then we have a 
difference type converse of the Hólder-McCarthy inequality. 


Theorem 2.23 Let A be a self-adjoint operator such that mly < A < MIy for some 
scalars m « M. Then 


0x (A^x,x) — (Ax,x)P < C(m,M,p) for all p € [0,1] 


and 
C(m,M,p) € (A?x,x) — (Ax,x)? <O forall p € [0,1] 


for every unit vector x € H, where 


p 
-1 


M? — m? yn Mm? — mM? 


PUTENT AT (2.38) 


for any real number p € R. 


We call C(m, M, p) the Kantorovich constant for the difference . Let us collect the basic 
properties of C(m, M, p): 


Theorem 2.24 Let M » m » 0 and p € R. 
(i) C(m. M, p) = =e” (K(m. M, p)? 1 — 1}, 
(ii) 0 € C(m, M,p) x M(M?-! — m?) for all p > 1, 


(iii) C(m,M,1) — 0. 


Proof. Refer to [124, Lemma 2.59] for the proof. 


If we put f(t) = logt, (t) = —tlogt in Theorem 2.22 and f(t) = exp(t) in Theo- 
rem 2.21, then we have the following results. 


Theorem 2.25 Let A be a positive operator such that O < mlg < A < MIy for some 
scalars 0 < m < M. Then 


—logS(h) € (logAx,x) — log(Ax,x) <0 


and 


—logS(h)(Ax.x) € (n(A)x.x) — m((Ax.x)) < 0 
for every unit vector x € H. 


Theorem 2.26 Let A be a self-adjoint operator such that mly < A < Mlg for some 
scalars m « M. Then 


Me" — meM M-e” eM — gn 
0< A — Ax,x) < | — — : 
< (expAx, x) — exp(Ax,x) < ( M—m ia M-m o (S) 


for every unit vector x € H. 
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We shall give an estimate of the difference between the arithmetic mean and the geo- 
metric one: 


Corollary 2.2 For positive numbers xi,--- ,x, € |m, M] with M > m > 0 and h = M. 


m? 


Xp T X2 Xn 


xy X + D(m,M) > ———— —t (2.39) 
n 
where 
D(m,M) = 0M -(1—0)m — M?m'-? and 0-—lo pcs (2.40) 
di d CUM logh / logh: f 


We call D(m,M) the Mond-Shisha difference. Notice that (2.39) represents a differ- 
ence type converse inequality of the arithmetic-geometric mean inequality. Recall that the 
logarithmic mean L(m,M) is defined for M > m > 0 as 


M-—m 


L(m,M) = ——"— 
nM) logM —logm 


(m<M) and L(m,m) =m. (2.41) 


Lemma 2.4 The Mond-Shisha difference coincides with the following constant via the 
Specht ratio: If M >m > 0 and h = “ > L then 


D(mP, M") = L(m” ,M?) log S(h, p) (2.42) 


for all p ER. 


Proof. Refer to [124, Lemma 2.51] for the proof. 


The following result is considered as a continuous version of Mond-Shisha result 
(2.39). 


Theorem 2.27 Let A be a positive operator on H satisfying MIy > A > mly > 0. Put 
h= #. Then the difference between (Ax,x) and exp(logAx, x) at a unit vector x € H is not 
greater than the Mond-Shisha difference: 


(Ax, x) > exp(log Ax, x) < D(m,M), 


where D(m,M) is defined in (2.40) and the equality holds if and only if both m and M are 
eigenvalues of A and 


1-1 h—1 1 m h—i 1 
X-— — 10 1 a €m o A , 
a logh / logh lis 7 logh / logh M 


where em and ey are corresponding unit eigenvectors to m and M, respectively. 


Proof. Refer to [124, Theorem 2.52] for the proof. 


Finally, in a general situation, we state explicitly the heart of the Mond-Pecarié method: 
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Theorem 2.28 Let f : [m, M] — R be a convex continuous function, J an interval such 
that J C f([m, M]) and A a self-adjoint operator such that mIg < A < MIy for some scalars 
m « M. If F(u,v) is a real function defined on J x J, non-decreasing in u, then 


FUA) f (Ana) < max, P [EEA — n) e fim). o) 


= max F 8 f(m) + (1 — 6)/(M).f(6m- (1 — 0)M) 


for every unit vector x € H. 


This book is dedicated to applications of the Mond-Pečarić method for convex func- 
tions. One of the most important points of the Mond-Pečarić method is to offer a totally 
new viewpoint in the field of operator theory. 


2.4 Notes 


The idea of the Mond-Pečarić method is firstly proposed by Nakamura [237] for p = —1 in 
1960, afterwards by Ky Fan [48] for any integer p Æ 0,1 in 1966. Finally the principle of 
the Mond-Pecarié method as Theorem 2.28 is established explicitly by [214] for a vector 
version in 1993, and [216] for an operator version, [221] for Hansen-Pedersen version and 
[222] for multiple vector version. 

Finally, we present the following A.N. Kolmogorov's word. He said in a lecture that 


"Behind every theorem lies an inequality." 


A.W. Marshall, I. Olkin and B.C. Arnold 
Inequalities: Theory of Majorization 
and Its Applications 

Second Edition 


Chapter 


Order Preserving Operator 
Inequality 


This chapter is devoted to explain fundamental operator inequalities related to the Furuta 
inequality. The base point is the Lówner-Heinz inequality. It induces weighted geometric 
means, which serves as an excellent technical tool. The chaotic order logA > logB is 
conceptually important in the discussion below. 


3.1 From the Lówner-Heinz inequality to the Furuta 
inequality 


The non-commutativity of operators appears in the fact that the function t + 1? is not 
order-preserving. That is, there is a pair of positive operators A and B such that A > B and 
A? Žž B?. The following is a quite familiar example; 


21 10 
En. 
This implies that the function t +> ¢? is not order-preserving for p > 1 by assuming the 
following fact. 


45 
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Theorem 3.1 (LÓWNER-HEINZ INEQUALITY (LH)) The function t — t? is order-pre- 
serving for 0 € p < 1, i.e. 
A>B>0 => A’ >P. 


The essence of the Lówner-Heinz inequality is the case p = $: 
A>B>0 => A >B. 
It is rephrased as follows: For A,B > 0, 
ABPA < Iy => AS BA? < Ig. 


The assumption AB?A < Iy is equivalent to ||AB|| < 1. Thus, noting the commutativity 
of the spectral radius, r(XY) — r(YX), we have 


lA? BA? || = r(A3BA*) = r(AB) < |AB|| < 1. 


The above discussion goes to Pedersen's proof of the Lówner-Heinz inequality. As a 
matter of fact, the following statement is true: 
Let P be the set of all p € |0, 5] such that A > B > 0 implies A?? > B??. Then P is convex. 
So suppose that A?B??A? < Iy and A?B?4A4 < Ip, or equivalently ||A?B?|| < 1 and 
||BIA7|| < 1. Then 


pq pq pq pq 


|A peta 3* | = (AP pe*a4*3*) = r(APHIBP+4) = (AP BP BIAT) 
< ||A"B" ||||B^A*|| < 1. 


This implies that if 2p,2q € P, then p +q € P, that is, P is convex. 
Related to the case p — i in the Lówner-Heinz inequality, Chan-Kwong conjectured 
that 
241 2 
A>B>0 => (ABA)? <A’. 


Moreover, if it is true, then the following inequality holds: 
A>B>0 => (BAB)? B. 
Here we cite a useful lemma on exponent. 
Lemma 3.1 For p € R, (X*A?X)? = X*A(AXX*A)"-lAX for A > 0 and invertible X. 


Proof. It is easily checked that Y*(YY*)"Y = Y*Y(Y*Y)" for any n € N. This implies 
that Y* f(YY*)¥ = Y*Y f(Y^Y) for any polynomials f and so it holds for continuous func- 
tions f on a suitable interval. Hence we have the conclusion by applying it to f(x) — x? 
and Y — AX. 


Consequently, the Chan-Kwong conjecture is modified in the following sense: If it is 
true, then 
2 AY 3 
A>B>0 —(AB/A)* € A. 
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As a matter of fact, we have 
(AB2A)? = AB(BA?B)-5 BA = AB((BA2B)-3)3 BA 
< ABB. ! BA = ABA < A’. 
Based on this consideration, the Furuta inequality was established. 


Theorem 3.2 (FURUTA INEQUALITY (FI)) [fA > B > 0, then for each r > 0, 


(ASAPAS)9 > (ASBPAS) 3 (i) 
and . ie : iit 
(B2A?B2)4 > (B2BPB2)4 (ii) 
hold for p > 0 and q > 1 with 
(l+7)q> p+r. (*) 


The domain (x) is drawn as in Figure 3.1. 


»| (l+r)q=ptr 


(0, =r) 


Figure 3.1: The domain (*) 


It is a quite important information on (FI) that the domain defined by (*) is the best 
possible in the sense that it cannot extend. It is proved by Tanahashi [277]: 
If p, q,r > O satisfy either (14- r)q < p+r or q < 1, then there exist A, B > 0 such that 
A > B and 
br r poi 
A'T > (ASBPAS)s., 
Professor Berberian said that Figure 3.1 is "Rosetta Stone" in (FI). Incidentally it is 


notable that Figure 3.1 is expressed by gp—axis: Berberian’s interesting comment might 
contain it. 


Proof of (FI). It suffices to show that if A > B > 0, then 


l+r 


(A2BPA?) pH < AIT", 
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It is proved for arbitrary p > 1 by the induction on r. First of all, we take r € [0, 1]. 


fez 


< A1B5(B5B'BS) Pr BEAD — AT BAS < A3AA$ — Alt’, 


Next we suppose that it is true for some rı > 0, i.e. 


n rj cH 
Bı = (AT BPAT) PFI < Alt =A]. 


Then for r € (0, 1] 


-€— g dtr i 
2 1 ; r 
(Aj By ^AL)AV <A", 


where p, = +. Putting s = ri + (12- ri)r = (14- ri) (14- r) — 1, we have 


Lr} 


(A3 B^A3)78 < ALS, 


This means that it is true for s € [r1, 1 + 27;]. Hence the proof is complete. 


To make clear the structure of (FI), we give a mean theoretic approach to (FI). 
The Lówner-Heinz inequality says that the function £^ is operator monotone for œ € 
[0, 1]. It induces the @-geometric operator mean defined for a € [0, 1] as 


A #a B — AXA-3 BA-3)*A3 
if A > 0, i.e. A is invertible, by the Kubo-Ando theory [165]. 


For the sake of convenience, we cite a useful lemma which we will use frequently in 
the below. 


Lemma 3.2 For X,Y » 0 anda, b € [0,1], 
(i) monotonicity: X < Xy and Y < Y = > X t, Y € Xi ft; Yy, 
(ii) transformer equality: T*XT #a T*YT = T*(X tt, Y)T for invertible T, 
(ii) transposition: X 3t, Y =Y 9t; X, 
(iv) multiplicity: X ,, Y = X #a (X tt Y). 
Proof. First of all, (iii) follows from Lemma 3.1, and (iv) does from a direct computa- 
tion under the assumption of invertibility of operators. 
To prove (i), we may assume that X,Y > 0. If Y < Yi, then X #, Y < X #, Yı is assured 


by (LH) (and the formula of #,). Moreover the monotonicity of the other is shown by the 
use of (iii). 


3.1 FROM THE LÓWNER-HEINZ INEQUALITY TO THE FURUTA INEQUALITY 49 
Finally (ii) is obtained by Jensen's inequality (JI) which is discussed in Theorem 3.45. 
We put Z = X ?T. Then it follows from (JI) that 


T*XT #a T'YT 2 ZZ&, T'YT 
= [zz 'rrrzr uz 


a 
- a(lz! zr actvx-3)zz7) ua 
sofa 
—-T'Xi(x-iyx-iyx?r 
— T'(X $t, Y)T, 


because Z|Z|~! = V is the partial inequality in the polar decomposition of Z and so a 
contraction. 


By using the mean theoretic notation, the Furuta inequality has the following expres- 
Sion: 
(FD) IfA > B » 0, then 


A "41, BP<A for p>landr>0. (3.1) 
ptr 


Related to this, we have to mention the following more precise expression of it. We 
say it a satellite inequality of (FI), simply (SF). 


Theorem 3.3 (SATELLITE INEQUALITY (SF)) IfA > B 0, then 


Ald#iu, BP<B<A for p>landr>0. (3.2) 
pcr 


Proof. As the first stage, we assume that 0 € r < 1. Then the monotonicity of & (o € 
[0, 1]) implies that 
AU # ltr BP < B # lr BP = B. 


ptr ptr 


Next we assume that for some r > 0, 


A>B>0 = A” #ı BB<B<A 
ptr 
holds for all p > 1. So we prove that it is true for s = 1+ 2r. Since A > B > 0 is assumed, 
we have 
As» B'«B 


E ? 


pl 


so that 
1 D. 2e 1 1 p 
B, = (A2 B"A2)»*! < A2BA? < A^ =A]. 


By the assumption, it follows that for p; > 1 


Aj Ha, B? < By < A3 BAT. 


ptr 
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Arranging this for p; = PHL, we have 


-2r l sl 1 1 
A 7 # onu, ATBPA? < By < A? BA?. 
pH 


Furthermore multiplying A^3 on both sides, it follows that for s = 2r+ 1 


A™ #145 BP « B, 


pcs 


as desired. 


3.2 The Ando-Hiai inequality 


Ando and Hiai proposed a log-majorization inequality, whose essential part is the following 
operator inequality. We say it the Ando-Hiai inequality, simply (AH). 


Theorem 3.4 (ANDO-HIAI INEQUALITY (AH)) Jf A #q B < Ig for A,B > 0, then 
A’ #9, B" < Ig for r 2 l. 


Proof. It suffices to show that A" st, B" < Ig for 1 < r < 2. Put p — r— 1 € [0,1] and 
C= A-2BA-2. Then, since the assumption A #g B < Ij is equivalent to C^ < A`! and so 
C * >A, it follows from Lemma 3.1 that 


A73 p'A73 = A-3A3CA3y'A-$ = C3(C3ACS A73 
« C3 (cic-ciyci = chao, 
Hence we have 
AY Hy B" =A? (AP #a A-3B'A-3)A? < A? (CP Hy ch 07r)? 
= A3 c *Pa-opA$ — A3C945 < ATA AI = Ig. 


Based on an idea of the Furuta inequality, we propose two variables version of the 
Ando-Hiai inequality: 


Theorem 3.5 (GENERALIZED ANDO-HIAI INEQUALITY (GAH)) ForA,B » 0and a c 
[0,1], if A #q B € In, then 


A'S. oc | B'zlg for ns2l. 
ar--(1—a)s 


It is obvious that the case r — s in Theorem 3.5 is just the Ando-Hiai inequality. 
Now we consider two one-sided versions of Theorem 3.5: 
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Proposition 3.1 For A,B > 0 anda € [0, 1], if A to B < Ig, then 


A' s ar B<Iy for r21 


Proposition 3.2 For A,B > 0 anda € (0, 1], if A ty B < Ip, then 


AS « .B'xlg for sz l. 


a (1—a)s 


Next we investigate relations among these propositions and Theorem 3.5. 


Theorem 3.6 (1) Propositions 3.1 and 3.2 are equivalent. 
(2) Theorem 3.5 follows from Propositions 3.1 and 3.2. 


Proof. 
(1) We first note the transposition formula X y Y = Y fg X for B = 1 — æ. Therefore 
Proposition 3.1 (for B) is rephrased as follows: 


B itg A € In = Bs Bs Acxlg for sl. 


Bs+a 


Using the transposition formula again, it coincides with Proposition 3.2 because 


Bs wm a 
»pse-a Bsta (l1—a)st+a’ 


(2) Suppose that A #_ B < Ig and r,s > 1 are given. Then it follows from Proposition 3.1 


that A" y, B < Ip for œ = RISE We next apply Proposition 3.2 to it, so that we have 
I>A # a Bo =A’ Sw ^ B, 
aas Gr (1—a)s 
as desired. 


We now point out that Proposition 3.1 is an equivalent expression of the Furuta in- 
equality of the Ando-Hiai type: 


Theorem 3.7 The inequality in Proposition 3.1 is equivalent to the Furuta inequality. 


p . - 1 H . 
Proof. For a given p > 1, we put & = ;. Then A > B(> 0) if and only if 


A`! #a By < Ig, for Bj = A~2BPA-2. (3.3) 


If A > B > 0, then (3.3) holds for A,B > 0, so that Proposition 3.1 implies that for any 
r>0 


Ig > AT Ot) # By = ATO) ay By ATT) 1, A73 BPA- 2, 


ptr ptr 
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Hence we have (FI); 
A’ Hi p? <A. 


ptr 


Conversely suppose that (FI) is assumed. If A^! # By < Ig, then A > (A3 BiA? JH 
where p — i. So (FD implies that for rı =r— 1 > 0 


-n P. fat) : : 
AA 414, BP=A d A23 B,A7. 


peri 


Since we have Proposition 3.1. 


COP lunc QE. 
ptr-l ^ — ltar-a* 

As in the discussion as above, Theorem 3.5 can be proved by showing Proposition 3.1. 
Finally we cite its proof. Since it is equivalent to the Furuta inequality, we have an alterna- 
tive proof of it. It is done by the usual induction, whose technical point is a multiplicative 


property of the index cap 


T of # as appeared below. 
Proof of Proposition 3.1. For convenience, we show that if A y B < Ig,then 


A"9, or B<Iy fo r>1. (3.4) 


Uaj Far 
Now the assumption says that 
C” = (A3 BA3)? < A. 


For any € € (0, 1], we have C% < A* by the Lówner-Heinz inequality and so 


Av (ite) # a(ite) B —A (AE # a(ite) A?BA2)A-? 
Ta) tale) id 


Trae 
Hence we proved the conclusion (3.4) for 1 < r < 2. So we next assume that (3.4) holds 
for 1 < r < 2”. Then the discussion of the first half ensures that 


Qr 
ATP # or B< Igp forl<r, <2, where a, = ——————. 
( ) Tatar] E saat: : (1— a) - ar 


Thus the multiplicative property of the index 


yr, o arr, 


(l-—a@)+oir, (1-a@)+arr 


shows that (3.4) holds for all r > 1. 


Here we consider an expression of (AH)-type for satellite of (FI): Suppose that A^! #4 
1 
B < Ig and put & = 2 It is equivalent to C = (A3 BA3)7 < A. So (SF) says that 


B. 


Namely (SF) has an (AH)-type representation as follows: 
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Theorem 3.8 Let A and B be positive invertible operators. Then 


Afi, B< Iq => A #_or_ B<A#g B(X Ig) for r2 1. 


ar+I—a 


As an application, we have the monotonicity of the operator function induced by 
(GAH): 


Theorem 3.9 IfA tty B <I for A,B > 0, then 


is decreasing for r, s > 1. 


Proof. It suffices to show that f is decreasing for r7 1 because fo A p(r, s) — fi o. B A (s. r). 
So we fix s > 1. 
By (GAH), it follows that for each r > 1 


: ar 

=A’ ity, B«I where | à; = ————— ——. 

f(r.s) [94] > +H; 1 ar+(1—a)s 
For arbitrary r2 > r, we put rı = 2 > 1. Then we have 


f(r,s) =A? # ay B'—(A)!8 e BA B = f (r,5) 


ory +(1—a)s ory +(l—a ) 


by Theorem 3.8. 


3.3 The grand Furuta inequality 


To compare (AH) with (FI), (AH) is arranged as a Furuta type operator inequality. As in 
the proof of (AH), its assumption is that 


Bı =C% = (A-2BA-2)* < A71 = Ay. 


1 


Replacing p = a", it is reformulated that 


AS B>0 — A" > (ai (a ira Sat)? T 


forr » land p» 1. 


Moreover, to make a simultaneous extension of both (FI) and (AH), Furuta added vari- 
ables as in the case of (FI). Actually he paid his attention to A`? in (+), precisely, he 
replaced it to A7? (t € [0,1]). Consequently he established so-called the grand Furuta 
inequality, simply (GFI). It is sometimes said to be a generalized Furuta inequality. 
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Theorem 3.10 (GRAND FURUTA INEQUALITY (GFI)) [fA > B » 0 andt € [0,1], then 


l—rr 
f 


[a8 (a7tBea =+) At] (p—t)s+r < Alr 
holds for r >t and p,s>1. 


Itis easily seen that 
(GFD fort = 1, r=s <=> (AH) 
(GFD for? 20, s= 1 &] > (FD. 


Proof of (GFI). We prove it by the induction on s. For this, we first prove it for 1 € s < 
2: Since (X*C?X)5 = X*C(CXX*CYy'-1CX for arbitrary X and C > 0, and 0 < s—1 < 1, 
(LH) implies that 


AU (act ea PATE =A B?(BIA Bt) I BIAT 


<A‘? Bh (n5 p^! ph y-!pE A =A BOAT, 
Furthermore it follows from (LH) and (FI) that 
1—t+r 1—t+r 
[a2 (A prA7tI2tar) (p—t)s+r < [A poner ) (p—t)s+r < Al-ttr 
by noting that (p —t)s+t+ (r—t) = (p — t)s + r. Hence (GFI) is proved for 1 < s < 2. 
Next, under the assumption (GFI) holds for some s > 1, we now prove that (GFI) holds 
for s+ 1. Since (GFI) holds for s, we take r = t in it. Thus we have 


A> [un (47 2BP a=?) "A" Gu 


1 
Put C = (A'? (A-!/? BPA-t/2ys At/? V P= , that is, A > C. By using that s > 1 if and only 
ifl< sl < 2 and that (GFI) for 1 < s < 2 has been proved, we obtain that 


l—trr 
ALH > {ar (atico nen nmt an {(p—t)s+1—1} (SEL) +r 


= [Arf (atico m ari? | [CEDE 


1—t+r 


= [Arf P qat (atre Py uif AiR E Arf2 | OTH 


B {ar (A peA7TI2yerlanf2 pet 


This means that (GFI) holds for s + 1, and so the proof is complete. 


Next we point out that (GFI) for t = 1 includes both: the Ando-Hiai and Furuta in- 
equality. 

Since the Ando-Hiai inequality is just (GFI; t = 1) for r = s, it suffices to check that 
the Furuta inequality is contained in (GFI; t = 1). As a matter of fact, it is just (GFI; t = 1) 
fors= 1. 
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Theorem 3.11 Furuta inequality (FT) is equivalent to (GFI) fort = s — 1. 
Proof. We write down (GFI; t = 1) fors = 1: If A B > 0, then 


[až (A-2BPA-?)A5| a 
for p,r > 1, or equivalently, 
A CDÜg , B'«A 


p-lcer 


for p,r > 1. Replacing r — 1 by rı, (GFI; t = 1) for s = 1 is rephrased as follows: If 
A > B > 0, then 
A! #i BP SA 


ptr 


for p > 1 and r; > 0, which is nothing but the Furuta inequality. 


Furthermore Theorem 3.5, the generalized Ando-Hiai inequality, is understood as the 
case t = 1 in (GFI): 


Theorem 3.12 (GFI; ¢ = 1) is equivalent to Theorem 3.5. 
Proof. (GFI; t = 1) is written as 
A>B>0 = [at (A~2BPA~1)°A5] HOFF <A" (p,r,s > 1). 


Here we put 


gai beg 
p 
Then we have 


A>B>0 <> Ad, A-3BPA73 < Ig —> A`! iis B < Ig 
p 


and for each p,r,s > 1 


[A3 (A- 3 BPA- 3 A5 | i-e <A’ 

— ATH (A-3BPA-3)5 < In 
p-\)s+r 

— A78 a Bi < Ig. 


ar+(1—a)s 


This shows the statement of Theorem 3.5 (GAH). 


Next we consider some variants of (GFI), which are useful in the discussion of Kan- 
torovich type inequalities. 


Theorem 3.13 /f A > B > 0, then 


(psn)ser r N 


7 > (at (atBras)'a5)' 


holds for all p, t, s, r > 0 and q > 1 with (p+t+r)q>(pt+t)strand(1+t4+r)q> 
(p+t)s+r. 
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Proof. First of all, we may assume p > 0. Now the Furuta inequality says that 
pt t t x 
A; =A% >B, = (428A!) 


holds for t > 0, where qı = max{1, — 1. Applying the Furuta inequality again, we have 


pytr p- 


n nl 
q 7 pD1A2 |4 
A* > (af Biar)’, 


that is, 
(p+)lp n) (Hor, 1 PL tiny i 
A a > (A 7n (AtBPA) aA 7n. )*, 
for all pı, ri > 0 and q > 1 with (1 +r1)q > pı ri. So we take pı = sq; and rj = [ior 
Since (14- ri)q > pı ri is equivalent to the condition that (p +t + r)q > (p +t)s +r and 
(1 - t4 r)q 2 (p  t)s4- r, the statement is proved. 


In the remainder, we reconsider (GFI). For this, we cite it by the use of operator means. 
For convenience, we use the notation hs for the binary operation 


Ah; B—AX(A- 3BA 3yA3 for s [0,1], 
whose formula is the same as £,. 


GRAND FURUTA INEQUALITY (GFI) 


A>B>0,t € [0,1] => A # ir (A'tB^) <A (r >t; p,s > 1) 


Days 
This mean theoretic expression of (GFI) induces the following improvement of it. 


SATELLITE OF THE GRAND FURUTA INEQUALITY (SGF) 


A>B>0,t€ [0,1] — AT # i, (A'BP) <B (r >t; ps? 1) 
(postr 


Here we clarify that the case t = 1 is essential in (GFI), in which SGF) is quite mean- 
ingful. As a matter of fact, we prove that (SGF; t=1) implies (SGF) for every : € [0, 1]. 

For the reader's convenience, we prove (SGF). For this, the following lemma is needed, 
which is a variational expression of (LH). 


Lemma 3.3 [fA > B>0,t € [0,1] and 1 € s € 2, then 
A’ hs C< B hs C 
holds for arbitrary C > Q, in particular, 
A b; BP < p(r-0st 


holds for p = 1. 
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Proof. Since A™ < B™ by (LH), we have 
A hs C—C(C Hit 4A )C &C(C #1 B“)C = P hs C. 
Similarly we have 


A! bs BP = BP (B7? 8, ,A7)B? < B'(B? 8, | B ')BP = BOO, 


Here we give a short comment on the first statement in the above lemma: Suppose that 
A > B » 0andt € [0,1]. Then 
A' bs C < iG 


holds for arbitrary C > 0 and 1 < s < 2. Then taking C = B' and s = 2, we have 
A Ip B' € B' to B =B, 
so that BD'A' B! < B', or A‘ > B'. That is, it is equivalent to (LH). 
More generally, we know the following fact. 
Lemma 3.4 [fA >B »Oandt € [0,1], then 
(AB) <B <A 
holds for p,s > 1. 
Proof. We fix p > 1 and t € [0, 1]. It follows from Lemma 3.3.5 and (LH) that 
A>B>0 => B, = (A'&,B^) OF <B<A (ex) 
for s € [1,2]. So we assume that (*«) holds for some s > 1, and prove that 
B2 = (A! hos BP) IPF < Bı <B. 
Actually we apply (1) to Bı € A. Then we have 
(A! BP!) s < Bj € B, where pı = (p—t)s+t, 


and moreover 


1 a 
(Att Bp!) n 79 = [atto (a'tspP) | 777 = (At BP) mm = By, 


which completes the proof. 


Under this preparation, we can easily prove (SGF) by virtue of (SF) in Theorem 3.3: 
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Proof of (SGF). For given p,t,s, we use the same notation as above; pı = (p—t)s+t 


1 
and B, = (A't,BP)"r. Then Lemma 3.3.6 implies that B; < B < A. Hence it follows from 
(SF) for Bj < A and rj =r — t that 


AH ius (Alb BP) = AH nr BP! < By <B. 


(p—t)s+r Pit] 


It is shown that (SGF; t = 1) is essential among (SGF; t € [0, 1]), in which (LH) com- 
pletely works. That is, 
Theorem 3.14 (SGF; t = 1) implies (SGF; t) for t € [0,1]. 

Proof. Suppose that for A > B > 0, 


AT Ng (Ab,B’) < B 


(p— Gana )s+r 


holds for r > 1. 
We fix arbitrary ¢ € (0,1). As A’ > B' by (LH), we have 


—£4] 
(A!) + # r (A’h;B”) < Bp 
(F-stF 
for r > t. It is arranged as 
AT ra (A't, B") « B’, 
(p— De 


or equivalently, 
(A'&, BP) q (o-i) , AW rct « Bt. 


(p— Set 


Therefore it follows from Lemma 3.3 that for s € [1,2] 


AU iss (A'hsBP) = (A'hsBP Y# (psn A 


(p—t)s+r (p—t)s+r 
= (A BP) o co { (A'tsB? (p=t)s a} 
(p—t)s (p—t)s+r 


< (Af, BP)f uo. ac BY 


Tp T) 


= BH L nee Qus BP) 


Namely we have 
A>B>0 = A'S os (Ab BP) <B (sex) 


p-t)st+r 


forl<s<2,r>tandp>l. 
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Next we assume that (xxx) holds for some s > 1. Then taking r = t, we have 
B > (A b BP) TF , 


1 
Put C = (A'5,BP) (07, that is, (A >)B > C. By (««) for Í € [1,2], we obtain 


C2ATUR ree (Abner) 
((p—t)s+1—1)( Sth) +r S 
—ATUUES ag (Attis (A'hsBP)) 
(p—t)(s+1)+r s 


= A # 1-t+r (A4! fs+1B”) . 
(p—t)(s+1)+r 
Hence we have 
ATH vu. — (Al uBP) Ec. 


(p—t)(s+1)+r 


Remark 3.1 (GFI; t = 1) implies a variant of (GFI) that 


A>B>0,t€ [0,1] 


= ATH vsu (A'YSB?) <ALL BP (r>; p,s> 1) 
(p—t)s+r pap 


Here we note: (1) The case t = 0 and s = 1 is just 


A>B>0 = AGB <B (p>1,r>0). (SF) 
ptr 


(2) The case t = 1 and r = s is the Ando-Hiai inequality: 
X#aY < Iy —> X'#aY" < Iy (r> 1). (AH) 


(Replace X =A! Y —A-ipeA-3 and o = L.) 
However, it easily follows from (SGF) because 


BP 


tet 


p-t 


A TU iuar (A'bsBP) < B= B'# 1 BP < AH 
p-t 


(p—t)s+r 


under the same condition as in the above. 


3.4 The chaotic ordering 


We first remark that logx is operator monotone, i.e. A > B > 0 implies logA > logB by 
(LH) and El — logX for X > 0. By this fact, we can introduce the chaotic order as 
logA > logB among positive invertible operators, which is weaker than the usual order 
A > B. In this section, we consider the Furuta inequality under the chaotic ordering. 
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Theorem 3.15 The following assertions are mutually equivalent for A, B 7 0: 


(i) A» B, i.e. logA > logB, 
(ii) A? > (AS BPAS)? for p 7 0, 


(iii) A" > (AS BPAS)v for p, r > 0. 


Proof. 
(i) = (iii): First we note that (Ig + logX a — X for X > 0. Since 
logA logB 
An = In SEO > By = In + 2 > 0 
n n 


for sufficiently large n, the Furuta inequality ensures that for given p, r > 0 


nr am 


n nr nr 
A n > ( " T B,” An > ) n(p+r) 


? 


or equivalently 
r rot 4 
A, > (ALIS B,IPA PEysorm t PF 
Taking n — œ, we have the desired inequality (iii). 
(iii) => (ii) is trivial by setting r = p. 


(ii) => (i): Note that -— — logX for X > 0. The assumption (ii) implies that 


AP dg (AEBPAS)>—Iy AB BPAS — Iy AŻ (BP —1)A5 +A? — Ig 


Po p p ((AEBPA)3 +17) — p ((AEBPAE)} nu) 
Taking p — 4-0, we have 


logs EP IDEA 


, that is, logA > log B. 


So the proof is complete. 


Remark 3.2 The order preserving operator inequality (i) => (iii) in above is called the 
chaotic Furuta inequality, simply (CFI). Here we note that (iii) => (i) is directly proved 
as follows: 

Take the logarithm on both side of (iii), that is, 


r 


logA2 BPA? 
pcr 


rlogA > 


for p, r = 0. Therefore we have 


logA > logA? B^A?. 


ptr 


So we put r — 0 in above. Namely it implies that 


1 
logA > —log B? = log B. 
p 
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As in the chaotic Furuta inequality, Theorem 3.13 has the following chaotic order ver- 

Sion: 

Theorem 3.16 /flogA > logB for A,B > 0, then 


(p+t)s+r 


1 
q > (a5 (A5 prat yas)" 
holds for all p, t, s, r > Oand q 2 1 with (t--r)q > (p-- t)s- r. 


Proof. As in the proof of the chaotic Furuta inequality (1) => (iii), we have 


logA logB 
An = lg == > By = In + = 


>0 
n 


for sufficiently large n. Thus Theorem 3.13 implies that 


(py +t )s+ry 


$ 
r t t f = 
A, > (An? (An? B PAn t y) : 


holds for all pi, 4, s, ri > 0 and q > 1 with (tj 4- ri)q > (pı ti)s-- ri. Putting pı — np, 
t, — nt andr; = nr, we have 


nr nt 


n((p+t)s-+r n nt, g nr l 
An 8 2 (Anf (An? B "PAn E) ALT) 


for all p, t, s, r > 0 and q È> 1 with (t +r)q > (p+t)s+r. Finally, since A,” — A and 
B," — B, we have the desired inequality by tending n — ce. 

The chaotic Furuta inequality (CFI), Theorem 3.15 (iii), is expressed in terms of the 
weighted geometric mean as well as the Furuta inequality (FI) as follows: 


A>B>0 = A"# B'"«lIg (CFI) 


" 
ptr 


holds for p > 0 andr > 0. 
For the sake of convenience, we cite (AH): For œ € (0,1) 


Atty B Ig — A #q BY € Ig (AH) 


holds for r > 1. 


Theorem 3.17 The operator inequalities (FT), (CFI) and (AH) are mutually equivalent. 


Proof. 
(CFI) — (FD: Suppose that (CFI) holds. Then we prove (FI), so we assume that A > B > 
0. We have 
AT Hu p? = p? pa AT = p? # p-1 (BP Hop A’) 
pir pr EN 3 
-B'S,4 (A485 BP) < B’ #p-1ı Ig =B <A, 
P P 


E 
ptr 


which means that (FI) is shown. 
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(FD => (AH): Suppose that (FI) holds. Then we prove (AH), so we assume that 
A fta B < Ig andr > 0. Then, putting C — A-3 BA-3 and p — 4 > 1, we have 


1 
B= (A~2BA-2)¢ —C» «A = Aj. 
Applying (FI) to A; > By, it follows that for p > 1, 
Aj Hise B? < Bı <A\. 


Summing up the above discussion, for each p > 1, 


Adi; B<Iy = A is A-3BAC3 <A`!, or AU #14, B< Iy forr > 0. 
p p+r p+r 


Note that 


B #p-1 A! =A! #1, B< Ig 
ptr 


pr 


holds. That is, we can assume this and so apply it for q — DT > 1. Hence it implies that 


In > p" Bi AHL. 
qtr 


lu > p^! ue Atti =—a,rtl #1 pr. 
qtr Pp 

Namely we obtain (AH). 

(AH) — (CFD: Suppose that (AH) holds. Then we prove (CFI), so we assume that 

A > B » 0 and p,r > 1 because it holds for 0 € p,r < 1 by (LH). For given p,r > 1, we 


EM a ee a 
put à = 57; and rı = » Then we have 


A"d454 BLA” # ou Ac. 
+r] 


IEZZI 
Here we apply (AH) to this and so we have 


Iq > ACPd4 np BP=A"# BP, 


r 
prp ptr 


as desired. 


Here we present an interesting characterization of the chaotic ordering. 
Theorem 3.18 The following assertions are mutually equivalent for A,B > 0: 
(i) logA > log B, 
(ii) For each 5 > 0 there exists an œ = a5 > 0 such that (e?A)* > BY. 
The proof of Theorem 3.18 is not given here, but its essence is shown as follows: 


Theorem 3.19 /flogA > logB for A, B > 0, then there exists an œ > 0 such that A” > B®. 
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Proof. Since logA — logB > 2s > 0 for some s > 0, there exists an œ > 0 such that 


x'—1 


—logx| «s 


J 


for 0 < h € at, where J is a bounded interval including the spectra of A and B. Hence we 


have " " 
2 — Iu B? — [Ig 


0 —logA <s, 0< 


—logB < s, 


So 


A? — B“ A* -I B* —[ 
——— ( 2 toga) +1og4 logs ( E) 


B” —[ 
IgA - logb- ( 2 z -log8 


B* — Ig 
— logB 
e g 


> logA —logB — | 


J 
>2s—s=S, 


that is A” — B” > as > 0 is shown. 


Related to this, there raises the problem: Does logA > logB imply that there exists an 
a > 0 such that A^ > B^? 


Example 3.1 Take A and B as follows: 


seu(% Lyo, ve (2) aw s- (1.2). 


Then we have 


so that logA > logB is easily checked. 
On the other hand, putting x = e* for a > 0, 


det(A% — B*) = —x ?(x-- 1) (x — 1 (2x2 -- x --2) <0 


for all x > 1. Hence A“ > B® does not hold for any a > 0. 


Concluding this section, we mention some operator inequalities related to (CFI). 


Theorem 3.20 Ler A and B be positive invertible operators. Then the following state- 
ments are mutually equivalent: 


(1) logA € log B. 


(2) A" H B? > Iy for p, r= 0. 
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(3) A #5,, BP > B? for p, r2 0and0 € ô< p. 
ptr 


4) The operator function —A "tk: BP is increasing on p. 
p P ot § On p 


Proof. 


(1) => (2): 


(2) = (3): 


(3) = (2): 
(3) — (4): 


(4) = 2): 


It follows from (1) <=> (iii) in Theorem 3.15. 
By using Lemma 3.2, we have 
A #54; B'—B'st, 5 A' —B'st, 5 (B p A") 
pr pir E ptr 


=B? 8,5 (A # z BP) < B's In = B9. 
P P 


It is trivial by putting ô = 0. 
By using (iv) of Lemma 3.2, we have 


= Amr z P+E 
fip + £) m A 8n B 
=A" #_ (AT # ptr BPt) 
per pte+r 


>A TH. BP = f(p). 


j 
pcr 


It is obtained by f(p) > f(0) = 1. 


3.5 The chaotically geometric mean 


We consider the monotonicity of the operator function for a fixed u € [0,1] and A,B > 0 


defined by 


F(s) ^ ((1 — u)A5 + uBS)$ for sc R. 


Lemma 3.5 Let F(s) be as in above for a fixed u € [0,1] and A, B > 0. Then 


(1) F(s) is monotone increasing on |1,9») and not so on (0, 1] under the usual order. 


(2) F(s) is monotone increasing on R under the chaotic order. Consequently there exists 
F(0) = s— lim F(h) and 


F(0) = e (1L!) logA-- log B. 
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We call it the chaotically L.-geometric mean for A, B > 0 and denote it by AQ „B, so 


AOuB = e(l-H) logA+plogB- 


Proof of Lemma 3.5. We first note that the function x +> x" is operator concave for 
r € [0,1]. 


(1) If: > s> 1, then r= 7 € (0, 1] and so 


((1— u)A' + uB)? > (1— pA + uB. 


Hence (LH) for + implies that F(t) > F(s). 
Next a counterexample to the latter for u = 5 is given by 


3 3 
21 zi 
Z aʻa 


Then we have 


and 


so that 


Fa)-F (5) = T s) 40. 


(2) We show that log F(s) € log F (t) fors < t with s,t 40. We first assume that 0 < s < t. 
Since x” is operator concave for r € [0,1] and logx is operator monotone on (0,9), it 
follows that 


log((1— u)A' + WB)? > log((1— u)A* + uB’), 
so that 
logF(t) > logF(s). 


The case s « t « O is similar to the above. 
We now prove the second assertion. It follows from the concavity of logx and the Krein 
inequality that 


(1 — u)logA + ulogB = La — u) logA’ + ulog B') 
1 
log((1 — W)A' + MB‘) € -((1 — u)A' + BB‘) 


A! — I, B — I 
= (1-4) +p = (1—p)logA+plogB (t— +0). 
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Moreover it follows that for t = —s < 0 
-1 
Fa g(t) = Fai gai(755) 1 = eee ne = el(!-4)logA+ulogB 
Therefore there exists the limit s — limF (t) and it is F(0) = e(1—/)1ogA*ulogB, 
t! 
Consequently we obtain that if s < 0 < t, then 


logF(s) € logF(0) € log F(t) 


Fi 


and that F(s) is monotone increasing on R under the chaotic order. 


Remark 3.3 (1) On the other hand, we note that x" is operator convex for r € |1,2]. 
So, if 0 <s € t X 2s and t > 1, then F(s) € F(t). For example, we have F(s) € F(1) for 
i <s<1. 

(2) It is proved that F(s) converges to A Qu B unifromly. 


We recall that u-arithmetic mean and u-harmonic mean are denoted by 
AV„B=(1—u)A+uB and A!, B= ((1—u)A ! + uB ) !, respectively. 


Theorem 3.21 Let A,B > 0 and u € [0,1]. Then both (A' Vy B')* and (A' !y B')* 
converge to A,B as t — +0. Consequently 


Proof. 'The first assertion follows from Lemma 3.5 and the second one does from the 
well-known fact that 
A’, B' <A! tt, BY « A! V, B. 


Remark 3.4 Theorem 3.21 is closely related to the Golden-Thompson inequality 
lle" **| < |lePeK|| for self-adjoint H, K 
and its complementary inequality 
le? Hy eK) Fl] < emen] 
for self-adjoint H, K, p > 0 and u € [0,1]. 


As an application of the chaotically geometric mean, we have three operator version of 
the Furuta inequality. 


Theorem 3.22 Let A,B,C » O and u € [0,1]. Then the following statements are mutually 
equivalent: 


(1) logA < log(BO,C), 
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(2) B'V,C <A’ Heer (B! Vy, CŒ) forr 2 0andt 2 s 2 0. 
3) For each r, s > 0, f(t) =A’ fts (B! Vy C) is an increasing function of t > s. 
H u 8 


Proof. 
(1) = > (2): We note that (1) is equivalent to logA < log(B' V C)r for t > 0 by the 
preceding theorem. Therefore (2) follows from Theorem 3.20. 
(2) = > (3) Suppose that (2) holds. By Theorem 3.20 again, we have 


ACT we (Bite Vu ce) > (B+E Vy CTE) FE, 
t+é+r 


so that 
f(t+e) —A* fs (A7 er (Bite Vu p 


> n4 scr Pre Cre FEE 3 str i j = 5 
> AW Hour (BYE Vy CM) FE > AT Heer (B' Vy C) = f(t), 


where the second inequality is ensured by Jensen’s inequality for the function xU. 
(3) => (1): If (3) holds, then f(s) € f(t) for s € t. It implies (1) by Theorem 3.20, too. 


The following theorem is a complement of the preceding theorem. 


Theorem 3.23 Let A,B,C » O and u € [0,1]. Then the following statements are mutually 
equivalent: 


(1) logA > log(BO C), 


(2) B° ty C SAT as 


t 


(B' !, Œ) forr > 0andt 2 s 2 0. 
(3) For each r, s > 0, h(t) = A * #s1r (BY ! C) is a decreasing function oft > s. 
+r 


Proof. We note that (1) is equivalent to logA~! < log(B-!C~!) and h(t) = 
ha.p.c(t) = fa-ig-i c (t) |. So we have the conclusion by the preceding theorem. 


3.6 Generalized the Bebiano-Lemos-Providéncia 
inequalities 


It is known that the Lówner-Heinz inequality (LH) is equivalent to the Araki-Cordes in- 
equality (AC): 


la$z&A*|| < ||(A2BA*)'| (AC) 


for0 € t € 1, 
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As a matter of fact, it is easily proved as follows: Let t € (0,1) be fixed. Suppose that 
(AC) holds for t, and that A > B > 0. Since A-3BA-3 < I, we have 
tt np iat edis Loci s 
lA 28A ?| |A ?BA ?|l <1, 
so that A $B/A-$ < I , or B' < A‘. Conversely assume that (LH) holds for t, and put 
[A73 BA-3|| = b. Then A > & and so A’ > (2)'. Hence it follows that b' > A-$B/A-5 
and 1 1 1 1 
lA 2 BA 3| = »' > ||A 128A? ||. 
Recently, Bebiano, Lemos and Providéncia showed the following norm inequality, say 


the BLP inequality, which is an extension of the Araki-Cordes inequality (AC) in some 
sense. 


Theorem 3.24 (BLP) /f A,B > 0, then 
la?zA?| < JA3uimabta (BLP) 
for all s 2 t 2 0. 


The following operator inequality is corresponding to (BLP): 
For A, B > O and t > 0, 


A’#:B’ < AV forsomes>t => B! < Alt (3.5) 
Here replacing B by B ^. and putting p = 7(2 1) in (3.5), it is rewritten as follows. 
Theorem 3.25 ForA,B>0 
ASRLBP*S < AU for some p> lands 20 => p» < Alt», (3.6) 
p 


As in (BLP), our base is the Furuta inequality. Nevertheless, (BLP) can be improved 
by reviewing as an operator inequality expression in Theorem 3.25: 


Theorem 3.26 Let A and B be positive operators and s > 0. Then 
AS#, BPtS < AM forsomep>1 = BM < AUS, (3.7) 
p 
Proof. We put 
s s.l s Si 
C —(A 3BP*A^72)», or BPH = A2CPA?, 
Then the assumption says that A > C > 0, and so the Furuta inequality ensures that 


BLS = (A3CPAS) Ps < Al, 


That is, the desired inequality (3.7) is proved. 


Now we have a norm inequality equivalent to (3.7) in Theorem 3.26. 
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Corollary 3.1 Le: A and B be positive operators. Then 


ja PBa Pares < At(aipriat)saS] 


for all p > 1 and s > 0. 
In addition, Theorem 3.26 has the following expression by the Lówner-Heinz inequal- 
ity. 
Corollary 3.2 Let A and B be positive operators. Then 
AML BP < Al for some p>1lands>O0 => B!" < alt 
for t € [0,5], or equivalently 


1+t 


t PHS. s s 
|A pia qum < JA? (AŽBP+A3)PA?|| (3.8) 


Jforp> lands>t>0. 


Remark 3.5 Replacing B by BTF, (3.8) is expressed as follows: For A,B > 0 


0d-s s p+s s 
[A pr prm < Ata B Ar Atysat 
for p > land s >t > 0. Thus if we take p = 7 for s > t > 0, then we have the original BLP 


inequality (BLP) because zT = ] and apis 


=S. 


Next, we approach to (BLP) from the reverse direction. That is, 


Theorem 3.27 The Furuta inequality is equivalent to the following norm inequality: 


E A) AS | > Ao prA Sy atte 


A3 (A35 
forp>lands>t>0. 


Proof. First of all, the proposed norm inequality is rephrased by replacing A to A^! as 
follows: 


lA-3 A73 ft 47 3)5 A73 | > AT BATE tss 
for p > 1 and s > t > 0. Moreover, putting 


s (pcs) 


"TE s s 
C=(A 3B Hr A 2)», or B'= (A2CPA3) rs, 


it is also represented as 


+t lt 


t is s pts 
l|A-3cA- 5| > A-Ž (a rA) PAF [rtm 


forp>lands>r>0. 


70 3 ORDER PRESERVING OPERATOR INEQUALITY 


Hence it suffices to show that it is equivalent to the Furuta inequality, which follows 
from rewriting the Furuta inequality by the help of the Lówner-Heinz inequality: 


Lit 
+S 


A>C>0 = A!" > (A2CPA2)P# for p>lands>t>0. 


The way from Theorem 3.27 to Theorem 3.24 (the BLP inequality) is as follows: 
We take p = $ > 1 in Theorem 3.27. Then 


l+r t pts 


- and 
pts s p(l-t) 


So we have (BLP) 


Tyt lit 


|A2(ATBA2)5A2|| > lA BAT | for s>t>0. 


Now we return to (AC), which is the starting point of (BLP). It is easily seen that the 
Araki-Cordes inequality 


\|AZB’A2|| <||(A2BA2)'|| for 0<t<1 
is equivalent to the following reverse inequality: 
|AŻB'A$]|  |(A3BA3Y|| for t>1. 


Inspired by this fact, we discuss appropriate conditions for which the reverse order of 
the BLP inequality holds. 


Theorem 3.28 For A, B > 0, 
la?zA?| > JAiaimabtaj (3.9) 
holds for all t > s > 1. 


More generally, the reverse inequality of the one in Theorem 3.27, the generalized BLP 
inequality, is given by the following way. 
Theorem 3.29 Let A,B > 0 and 0 « p € 1. Then 
l+s 


ja area Pipes» at aisradyrad| 


for all s > 0 with s > 1— 2p. 
To prove it, Kamei's theorem on complement of the Furuta inequality is available: 


Theorem K. If A > B > 0, then for 0 < p < 5 
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A! hap BP « AP for O<t<p 


p-t 
and for 5 <p<1 
A bia BP<A for O<t<p. 


Proof of Theorem 3.29. It suffices to show that 
Bits < ATUH) — AS (AS pp*sA3)sA3 < Iy (3.10) 
for 0 < p € l and s > 0 with s > 1 — 2p. So we put 
A, — A 0*9), p, = pls, 


Then (3.10) is rephrased as 


A> Bı>0 = APS hı BI" <A 


p 
for 0 < p € 1 and s > 0 with s > 1 — 2p. Moreover, if we replace 


S ps 


then we have ET = a and i < pi(< 1) if and only if 1 — 2p < s, so that (3.10) has the 


following equivalent expression: 


A12 Bj 50 — Allia BUSA for Oct <p. 


Py 


Since i < pi € 1, this is ensured by Theorem K due to Kamei. 
Next we show that Theorem 3.28 is obtained as a corollary of Theorem 3.29. 


Proof of Theorem 3.28. We put p = ? fort > s > 1. Then we have 1 — 2p < s if 
and only if men < s. Since s > 1 is assumed, = X s holds for arbitrary t > 0, so that 


Theorem 3.29 is applicable. 


Now we take B = Br for a given arbitrary B1 > 0, i.e. By = B^. Then the Araki- 
Cordes inequality and Theorem 3.29 imply that 


s lts) s s s PTS. 
JAB Ae > a FB T AP = a PBa Y | rem 
Fi ss s 1 s " s 
> ||A2(A2BPHA2)PAZ|| = JA? (A3 BAT) 5A? I 


which proves (3.9). 


Theorem 3.28 is slightly generalized as follows: 
If A, B5 0 and r > 0, then 
rt rt 


lA? BAT | > 45 (A2B°A3) 5A} | (3.11) 


forallt>s>r. 
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It is proved by applying Theorem 3.28 to Aj = A", Bj = B" and tj; = £, s; = 5. 
Finally we consider a converse inequality of the generalized BLP inequality which 
corresponds to another Kamei’s complement: If A > B > 0, then for 0 < p < 5 


AT hə BP <A? for 0<t<p. 
p-t 


Theorem 3.30 Let A,B 7 0 and 0 « p < 4. Then 


lbs ts (2p+s)(p+s) 


|A FBA || Po» lA" 3 (A3 pe*sA3) 5" APTS || (3.12) 


for all 0 € s € 1— 2p. 


Proof. The proof is quite similar to that of Theorem 3.29. We put 


A; 2A (9, p, = BI; a = 5 pes —. 


Then Theorem K gives 


2 
Aq > By >0 — Al ases BI! <A, 
pi^ 


1 
for 0 < fj < pı € 5, so that 


AW (its) > Bits —. A? laps Bets < As) 
NOE = 


for 0 < s € 1 — 2p. Obviously, it implies the desired norm inequality (3.12). 


Remark 3.6 Jn Theorem 3.30, if we take s = 0, then we obtain the Araki-Cordes inequal- 
ity 
|A3BAT f" > JA"BAP| 


for0<p< 5. Also it appears in (3.11) by taking r = 0. Actually we have 
|A$z'A5| > |(A3p'A3)5| = |(4ł8"AŻ)||: 


fort>s>0. 


3.7 Riccati's equation 


The following equation is said to be the algebraic Riccati equation: 


x'r'iy.T*y.-x*'rac (3.13) 
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for positive definite matrices B, C and arbitrary T. The simple case T = 0 in (3.13) 
X'Bx-c (3.14) 
is called Riccati's equation by several authors. It is known that the geometric mean B # C 


is the unique positive definite solution of (3.14). We recall Ando's definition of it in terms 
of operator matrix: for positive operators B, C on a Hilbert space, 


BX 
BéC- mx(X 20, E 3 zo). (3.15) 


If B is invertible, it is expressed by 
B4 C — BYB-3CB-3)3 pi. 
We first discuss a relation between solutions of Riccati's equations (3.13) and (3.14), by 
which solutions of (3.13) can be given. The following lemma says that (3.14) is substantial 


in a mathematical sense. 


Lemma 3.6 Let B be positive invertible, C positive and T arbitrary operators on a Hilbert 
space. Then W is a solution of Riccati's equation 


W*B W =C+T*BT 
if and only if X = W + BT is a solution of the algebraic Riccati equation 
X*Bx-T'X-X'T =C. 
Proof. Put X = W + BT. Since 


ROH Xk T HW Wee 


we have the conclusion immediately. 


Next we determine solutions of Riccati’s equation (3.7.2): 


Lemma 3.7 Let B be positive invertible and A positive. Then W is a solution of Riccati’s 
equation 
WB 'W=A 
if and only if W is in the form of W = B?UA? for some partial isometry U whose initial 
1 


space contains ranA?. 


Proof. If W is a solution, then |B-3Wx| = \|A2.x| for all vectors x. It ensures the 
existence of a partial isometry U such that BW = UASW, i.e. W = B2UA?. 


Consequently, we have solutions of the algebraic Riccati equation (3.13). 
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Theorem 3.31 The solutions of the algebraic Riccati equation (3.13) 
X"Bx-T'X-X'T =C. 


is given by X — B2U(C+ T*BT)2 + BT for some partial isometry U whose initial space 
contains ran(C + T*BT) 2. 


In addition, the following result due to Trapp [283] is obtained by Lemma 3.6. 


Corollary 3.3 Under the assumption that BT is self-adjoint, the self-adjoint solution of 
the algebraic Riccati equation (3.13) is in the form of 


X — (T*BT +C) #B+BT. 


Proof. The uniqueness of solution follows from the fact that A # B is the unique positive 
solution of XB-! X = A. 


Next we will generalize Riccati's equation. Actually it is realized as the positivity of 


an operator matrix e 4) > 0 for given positive operators B and A. Roughly speaking, 


it is regarded as an operator inequality W*B-!W < A. As a matter of fact, it is correct if B 
is invertible. 


Lemma 3.8 Let A be a positive operator. Then 


X* A 


In 0 a Ig 0 In X Ig —X 
0 A—X*X] \—X* Ip) \X* A 0 Iq j| 


& 2 20 ifandonlyif A X*X. 


D 4) 20 if and only if A>X*X. 


Proof. Since 


it follows that 


"A 


The following majorization theorem is quite useful in the below. For convenience, we 
cite it. 


Theorem 3.32 (DOUGLAS' MAJORIZATION THEOREM (DM)) The following statements 
are mutually equivalent: 


(i) ran X C ran Y. 
(ii) There exists a constant k > 0 such that XX* < KQYY*. 


(ii) There exists an operator C such that X = YC (and ||C|| < k if (ii) is assumed). 
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Incidentally, the unicity of C in (iii) is ensured by the conditions that 
(1) ||C|| =inf{k > 0; XX* < CYY*), (2) kerX =kerC, (3) ranC C kerY4. 


Proof. We show (i) => (iii) only. Since Yi|ķer y. is a bijection onto ran Y, for each 
x € H there exists a vector y € ker B+ with Xx = Y,y. In other words, we can define a 
linear operator C on H such that Cx = y, i.e. X = YC and ran C C ker Y+. Finally the 
boundedness of C is shown by the closed graph theorem; if ((x,,Cx,)) C G(C) satisfies 
Xn — x and Cx, — y for some x,y € H, then 


Yy = limYCx, = limXx, = Ax. 


Since Cx, € ker B+ and so y € ker B+, we have Cx = y. 


Lemma 3.9 Let A and B be positive operators. Then 


BW 1 
S "ns c y 
e 7 >0 implies ranW C ranB 


and so X = B-3W is well-defined as a mapping. 


a b 


b* d W* A 


TT a’+bb* ab+bd 
~  \ bta+db* bb d? 


Proof. Let S = ( ) be the square root of R — ( s n . Then 


that is, 
B — à? +bb* and W = ab + bd. 


Since ran B 2 contains both ran a and ran b by (DM), it contains ran a+ ran b. Moreover 
ran W is contained in ran a+ ran b by W = ab + bd. 


Theorem 3.33 Let A and B be positive operators on K and H respectively, and W be an 


4 > 0 if and only if W = B?X for some operator X 


B 
operator from K to H. Then W* A 


from K to H and A > X*X. 


Proof. Suppose that e H > 0. Since ranW C ranB? by Lemma 3.9, (DM) says 


that W — BIX for some operator X. Moreover we restrict X by PgX = X, where Pz is the 


range projection of B. Noting that y € ranB if and only if y = Bx for some x € ranB? , the 
assumption implies that 


(ERDO 1)  Q)2* 


for all y € ranB and z € K. This means that E " > 0, and so 


Po 0 \_( In Oy (Ps X) (In —X\ <9 
0 A—-X'X) ~ \ax* AJ UX* ASLO 1g ) ^7 


that is, A > X*X, as required. The converse is easily checked. 
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The following factorization theorem due to Ando is led by Theorem 3.33. 


Theorem 3.34 Let A and B be positive operators. Then [5 d 2 0 if and only if 


Lor, f 
W = B? VA? for some contraction V. 


Proof. Suppose that a > 0. Then it follows from Theorem 3.7.7 that W = BiX 


for some bounded X satisfying A > X* X. Hence we can find a contraction V with X = VA2 
by (DM), so that W = BIVA2 is shown. 
The converse is proved by Lemma 3.7.5 as follows: 


B WN ( B Bia4 
W* AJ \Atv*Bs A 


_ (P? o (m V\ (B 0|. 
040 at} W* I) VO A3] 


Finally we consider the geometric mean and the harmonic one, as an application of the 
preceding paragraph. The former is defined by (3.15). 


X 
> 1 1 » *p-1 
X d > Oif and only if C 2 X*B X. 
By the way, we can directly obtain the desired inequality C > X*B~'X by the following 


identity: 
In = 0\(BX)\ (In —B'X\ /B 0 
-X*B t In) \X* CJÀVO In jJ \OC—X*B'X)* 


Anyway the maximum is given by 


If B is invertible, then Theorem 3.33 says that & 


B#C = B2(B-2CB-2)2B?. 


Next we review a work of Pedersen and Takesaki [252]. They proved that if B and C are 
positive operators and B is nonsingular, then there exists a positive solution X of XBX =C 


if and only if (B2CB2)2 < kB holds for some k > 0. 
From the viewpoint of Riccati’s inequality, we add another equivalent condition to the 
Pedersen-Takesaki theorem: 


Theorem 3.35 Let B and C be positive operators and B be nonsingular. Then the follow- 
ing statements are mutually equivalent: 


(1) Riccati's equation X BX — C has a positive solution. 


(2) (B3 CB3)3 < KB for some k > 0. 
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(3) There exists the minimum of (X > 0;C < XBX}. 


1 
(3°) There exists the minimum of $ X > 0; In di 2-0». 
C2 XBX 
Proof. We first note that (3) and (3°) are equivalent by Lemma 3.8. 
Now we suppose (1), i.e. XoBXo = C for some Xo > 0. If X > O satisfies C < XBX, 
then 1 1 1 1 1 1 
(B2X9B3)? = B3 CB? < (B2XB?y? 
and so ( i 
B2X9B? < B2XB?. 
Since B is nonsingular, we have Xo < X, namely (3) is proved. 
Next we suppose (3). Since C < XBX for some X, we have 


and so 


which shows (2). 
The implication (2) —9 (1) has been shown by Pedersen-Takesaki [252] and Nakamoto 
[233], but we sketch it for convenience. By Douglas' majorization theorem [45], we have 


for some Z, so that 
1 Jy. 1 il * 1 1 1 1 * * 1 
(B2CB2)2 = B2Z'ZB? and B2CB? = B? (Z*ZBZ*Z)B?. 
Since B is nonsingular, Z*Z is a solution of XBX = C. 


1 
2 
In addition, we consider an operator matrix Mg c(X) = M 1 s for B,C,X > 0. 
2 
We know that Mg c(X) > 0 if and only if C > XBX by Lemma 3.8. We remark that there 
exists the maximum of (X > 0; Mg c(X) > 0} if (1) in Theorem 3.35 holds. As a matter of 


fact, if XoBXo = C for some Xo > 0, then it follows from Lemma 3.8 that 


XoBXp =C>XBX andso B2XB2 > B2XB? 


for X > 0 with Mg c(X) > 0. Finally the nonsingularity of B implies Xo > X, as desired. 


On the other hand, the harmonic mean is defined by 


2B 0 XX 
! = z 
B!C max (x 20 (5 xm 


To obtain the exact expression of the harmonic mean, we need the following lemma which 
is more explicit than Theorem 3.33. 
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Lemma 3.10 /f e id > 0, then X = B-?W is bounded and A 2X*X. 


A 


Proof. For a fixed vector x, we put x = B-3Wx. Since Biu — Wx, we may assume 
xı € (ker B3). So it follows that 
1 
|B? Wx|| = sup{|(Wx, v); v] = 15 
= sup{|(B-?Wx, B*u) |; Bul = 1} 
= sup{|(Wx,u)|;(Bu,u) = 1}. 


On the other hand, since 


(e n (4) i E = |t|?(Ax,x) + 2Re t(Wx,u) + (Bu,u) > 0 


for all scalars t, we have 
Was u) P < (Ax,x) (Bu, n). 


Hence it follows that 


B7 3 Ws]? = sup( (Wx, u) |; (Bu, u) = 1} < (Ax,x), 


which implies that X = B^ 2W is bounded and A 2X'X. 


Theorem 3.36 Let B, C be positive operators. Then 
B!C-2(B- [(B4-C) 3 B'[(B-- C)" B]). 
In particular, if B 4- C is invertible, then 


B!C—2(B—B(B-- C) !B) - 2B(B4- C) !c. 


Proof. First of all, the inequality Eo 25) = E x is equivalent to 


2(B+C) —2B eE —Iy Ig 2B—-X -X —Ign Ip -0 
—2B 2B—-X] Vlg 0 -X 2C-X ly 0] ~~ 


Then it follows from Lemma 3.8 that D = [2(B + C)J|-3 (2B) is bounded and D*D « 
2B — X. Therefore we have the explicit expression of B ! C even if both B and C are 
non-inbertible: 


B ! C = max {X 20;D'D < 2B — X } = 2B — D* D. 
In particular, if B +C is invertible, then 


B ! C =2B — D*D -2(B- B(B-- C) !B) = 2B(B--C) !c. 
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Incidentally we consider the set 
Jg = {X E€ B(H);X*EX < E) 
for a projection E, where B(H) is the set of all bounded linear operators on H. 


Lemma 3.11 Let E bea projection. Then 


Xj 0 
FE = on EH 9 (Ig — E)H; |Xiyl| € 15. 
2i (a — Ets lul <1} 


Proof. If X € Fg, then EX*EXE < E and so EXE is a contraction. On the other hand, 
since (Iy — E)X*EX (Ip — E) = 0, we have EX (Iy — E) = 0. 
Conversely suppose that 


X» X22 
* Xj1 0 Ty 0 
= x = 
vex e (0) < (in) = 


Consequently we have the following: 


x Ex 0 ) on EH € (Iy — E)H and ||X, || < 1. 


Then 


Theorem 3.37 Let E be a projection. Then 


(1) A positive operator X belongs to Fg if and only if X = X, 6 X; on EH 8 (Iy —E)H 
and X1 < Ty. 


(2) A projection F belongs to Fg if and only if F commutes with E. 
(3) A projection F satisfies FEF = E if and only if F < E. 


Proof. (1) follows from the preceding lemma, and (2) from (1). For (3), first suppose 
that a projection F satisfies FEF — E. Then F commutes with E by (2), so that FE — 
FEF = E. The converse is clear. 


3.8 Hua's inequality 


Classical Hua's inequality says that 

2 

^o 
o tn 


> 


I 
è- Sa 
k=1 


1 
-a Sa 
ki 
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for every 6,0 > 0 and a € R. By putting by = na/6, D = a/n, T(X) = (Tr X)/n, the 


normalized trace, and B = diag(b,--- ,b,), it is expressed as the following brief form: 
p 2 
v(1— B)! > —— — Br(B 
kü- B2 gu - Bu 
for B » 0. 


On the other hand, Hua gave the determinant inequality as follows: 
| det(I — B*A)|? = det|1 — B'AP > det(J — A*A) det(I — B*B) 


for contractive matrices A and B. 

In this section, we generalize them in a noncommutative field as a good use of the 
operator geometric mean. For this, we explain Schwarz’s inequality for positive mapping 
between C*-algebras. A (not necessarily linear) mapping ® between C*-algebras is called 


2-positive if 
(e 5) 0 implies Ge b >0 


for all operators A,B,C and D in a C*-algebra. The determinant on matrix algebras is a 
(non-linear) 2-positive mapping by Theorem 3.34. For a state @, a normalized positive 
linear functioanl on a C*-algebra, we have 


$(A*A) 9(B&"A)V. (0(A*A) 6(A*B) A*A A*B 
(dra da) od) aua] 89 ix eso 


Thus the 2-positivity of arbitrary states is supported by Schwarz's inequality, i.e. 
|9 (B' A) € e(A*A)6(B' B) 


for operators A and B in a C*-algebra. 
Now we mention Schwarz's operator inequality: 


Lemma 3.12 Let ® be a 2-positive mapping and ®(B*A) = U|®(B*A)| the polar de- 
composition. Then, 
|D(B*A)| X B(A*A) # U*O(B'B)U. 


A*A A*B\ _ (A 0) (AB. 9 
E'ABB) (B 0) \o 0) =” 


nins TE (A*A) ®(A*B) 
the 2-positivity of ® implies that Be, 6 (BB) = 0. 


Proof. Since 


So we show that if e J > 0 and X > 0, then 


X # U*ZU > |Y*], 
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where Y* = U|Y*| is the polar decomposition of Y*. Now it follows from the assumption 
that 


I Yi ai -i 1 ai 
E 20, where Y = X ?YX ?andZ|— X ?ZX 7. 
Yr Z 
Therefore Lemma 3.8 ensures that Z; > Y/Y, or Z > Y*X-lY. Since U*Y* = |Y*|, we have 
U*ZU > |Y*|x !|Y*|, 
so that 


X # U*ZU > X # |Y*|XT}Y*] 


1 
2 (xtti) Tx? 


*x-i'Ix-3)x3 = |¥*]. 


The above lemma leads us to an operator inequality for the modulus of operators: 


Corollary 3.4 /f ®(X) = U|®(X)| is the polar decomposition of ®(X) for a 2-positive 
mapping ®, then 
Io(X)| < e(x]) # U*o(|x"])U. 


In particular, if ® = 6 is a state, then |ó(X)| € \/o(|X|)o(|X*]). 


Proof. Let X = V|X| be the polar decomposition of X. Since V|X|V* = |X*|, we have 


e()| = le(VIx|* |X]?)| < exp # u*e(|x|v*)u = exp su*ex*pu. 


Theorem 3.38 Let A and B be operators on a Hilbert space and ® a contractive 2- 
positive mapping for a C*-algebra including A, B and the identity operator. If B(B*A) = 
U|®(B*A)| is the polar decomposition of a normal operator ®(B*A), then 


|I — (B'A)| > 1— |®(B*A)| > 1— 6(A'A) # U*®(B*B)U. 
In addition, if A and B are contractions and ® is linear, then 
I— $(A*A) #U*®(B*B)U > (I — A*A) # U*®(I — B'B)U. 


Proof. The first inequality follows from the normality of X = ®(B*A), ie. | - X| 7 
I — |X | and the second from Lemma 3.12. The last inequality does from the subadditivity 
and the monotonicity of the geometric mean: 
@(A*A) # U*®(B*B)U + 6(I — A*A) #U* OU — B'B)U 
< (A*A +1—A*A) # U*®(B*B + I— B*B)U 
= (I) #U*@(1)U <I#I =], 


because ®(7) < I and U*U < I. 
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Corollary 3.5 /fA and B are contractions and ọ is a state, then 


2 
leu - &'A > 0 - lé (8A) > (1- VAA Q7 B)) 
> 6 — A'A)6(I — B'B). 
Proof. We have only to check the last inequality, which is shown by 


2 / 0(A*A)O(B*B) € 6(A A) + 6(B'B), 


that is, the arithmetic-geometric mean inequality for positive numbers. 


In the remainder, we mention relations among them. 


(1) We claim that Corollary 3.5 implies Hua's determinant inequality. To show this, we 
may assume that 


det|1— &'AP = [T (17 — Ales e? 
k 


for some complete orthonormal base {ez}. Noting that Z — A*A > 0 and I — B*B > 0, 
it follows from Corollary 3.5 that for each e; 


|(W — B* Alex, ex) lg > (1—A*A) ex, ex) (I — B*B) ex, ex), 
so that 


det |I — B*A|? = [TIU — Br Alex, ex)|? > T][ ((1-A*A)ex, ex) (0 — B*B) ex, ex). 
k k 


Since each (Hex, e,) is a diagonal entry of H with respect to the base [ei], we have 
IH —4'4)e.e(— B'B)ey, ey) > det(I — A*A) det(J — B*B) 
k 
by the Hadamard theorem, which obtains the determinant inequality. 
(2) Hua's inequality follows from Schwarz's inequality for states. As a matter of fact, it 


is proved by the use of a simpler inequality; $(A)? < (A?) for A > 0. We have to 
show that 


kü- B > z1- pu. 


Instead of showing it, we easily checked that 
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3.9 The Heinz inequality 


In this section, we investigate several norm inequalities equivalent to the Heinz inequality. 


Theorem 3.39 (HEINZ INEQUALITY (HI)) Let A and B be positive operators and t € 
(0, 1]. Then 
AQ + QB|| > ||A4QB'* + At “QB "| 


for arbitrary operators Q. 
The case t = i in above is expressed by 
||P*PQ + QRR* || > 2|POR| 
for arbitrary operators P and Q. Furthermore it is reduced to the following: 
||Re QP|| > ||PQ|| if PQ is self-adjoint. 
Adding to some other inequalities, we have the equivalence among them: 


Theorem 3.40 The following inequalities hold and are mutually equivalent: 


(1) (HI) 
(2) ||P*PQ + QORR*|| > 2||PQR|| for arbitrary operators P and Q. 

(3) ||STR-! 4- S-!TR|| > 2||T || for invertible self-adjoint S, R and arbitrary T. 
(4) ||STS-! + S-!TS|| > 2||T || for invertible self-adjoint S and arbitrary T. 


(5) ||STS-! + S-!TS|| > 2||T || for invertible self-adjoint S and self-adjoint T. 


(6) ||S?"*"TR-" + S-"T R?"*"|| > 2||S?"T + TR?" || for invertible self-adjoint S, R, ar- 
bitrary T and nonnegative integers m, n. 


(7) ||Re A?Ql| > ||AQA|| for A > 0 and self-adjoint Q. 


(8) ||Re QP\| > ||PQl| for arbitrary P, Q whose product PQ is self-adjoint. 
Proof. We prove it by the following implication: 
(1) — (6) — (5) — (4) (3) = (2) = (1) and (5) = (8) = (7) = (2). 


(1) = (6): In (1), we replace A and B by A2m2n and g2m2n respectively, and take 
t = (2m 4- n)(2m 4- 2n) |. Then we obtain (6). 
(6) ==> (5): Itis trivial by taking m = 0 and n = 1 in (6). 
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(5) = (4): Since e 3 is self-adjoint, (5) implies that 


V(os)(r 5) (os) - (o5) (r9) (53)! 
23 (p g) I= 217 


Since the left hand side in above equals to ||STS~! + S^! TS 
(4) = (3): We use Berberian’s magic. That is, 


(or) (oo) (o2) (ox) (o) (os)! 
>21 (pe g) I= 2 


Since the right hand side in above is ||STR~! + S~!TR\|, (3) is obtained. 
(3) = (2): We may assume that both P*P and RR* are invertible. Then we have 


, (4) is obtained. 


||P*PQ + ORR*|| = [l|PI(LPTQ]R" |R" | + [PI (IPIQIR* DIR" II 
> 2|[P|Q|R"||| = 2||PQRI|. 


(2) => (1) The proof is an analogy to Pedersen’s one for (LH), stated in Section 3.1. 
We define the operator function on [0, 1] by 


f(t) = |4'QB'* --A""*QB'| for t € [0,1]. 


Thus we prove that J = (t € [0,1]; f(t) € f(1)} = [0,1]. Since 0,1 € Z and f(t) is norm 
continuous, it suffices to show that it is a convex function. For given o, y € I with a < y, 
we put B = (a+ y)/2, i.e. a = B — £ and y= B + for € = (a — y)/2. Then we have 
2f(B) — 2|AP QB!-? +! Pop | 

= 2|A*(A" QB'"* + A! YOB®)B* | 

< ||A°*(A% OB!’ + A *QB") + (A%QB'=Y + A YQB?)B"*|| by (2) 

= |A"QB!-? + A!" QB" + A"QB!-? + A!" QB"| 

< f(a) + f(y), 


as desired. 


Next we show the second: (5) (8) (7) (2). 
(5) = > (8): Let Q= UH be the polar decomposition. We may assume that U is unitary 
(by extending the space) and H is invertible. Then we have 


2|Re OP|| = |UHP + P*HU*|| = ||HPU + U*P*H|| = 2||Re HPU ||. 


3.9 THE HEINZ INEQUALITY 85 


Here we apply (5) for T = PQ and S=H; 
2||PQ|| < |HPQH ! + H~'Q*P*H|| = ||HPU + U*P'H|| 
= ||OP+ P*Q"|| = 2|Re QP], 


so that we have (8). 
(8) == (7): Itis trivial by putting Q = A and P= AT. 


(7) = (2): We put 
| (P. 0 (020 
Eu a) and = I 


and apply (7) for A = |T| and Q = S. Then we have 
|T*TS -- ST"T|| > 2|| |T|S|T| ||. 


X 


J || = ||X||, we have 


Moreover, since || E 


|| T*TS + ST*T|| = ||P*PO + ORR’ || 
and 
I| [T|S]T| || = |TST"]] = ||POR]|, 
which imply (2). 


Finally we prove (8) on behalf of them. 

If PQ is self-adjoint, then the spectrum c (PQ) lies in the real axis and so does o(QP). 
Since the closed numerical range W(QP) contains o(QP), o(PQ) is contained in Re 
W(QP) = W (Re QP), so that the spectral radius r(QP) is not greater than the numerical 
radius w(Re QP). Hence we have 


||PQ|| = r(PQ) = r(QP) € w(Re QP) = ||Re QP||. 


This completes the proof. 


Next we mention several inequalities equivalent to (LH). Among them, the Heinz-Kato 
inequality is important from the historical view. 


Theorem 3.41 (HEINZ-KATO INEQUALITY (HK)) Let A and B positive operators on 
H. Then 


T*T < A?, TT* < B => |(Tx,y)| € ||A%x||||B'~|| for s € [0,1], x, y € H. 
Afterwards, it was extended by Furuta: 


Theorem 3.42 (HEINZ-KATO-FURUTA INEQUALITY (HKF)) Let A and B positive op- 
erators on H. Then 


T*T £A, TT* <B => ((U|T|*x,y)| < Ax L8" | 


holds for s,t € [0,1], x,y € H, where T = U|T | is the polar decomposition of T. 
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Proof. Noting that U|T|'U* = |T*| for t > 0, it follows that 


(UIT x,y) = (IT x, |Tl'U*y)| < TPIT EU yI 
= [IF x] UT U *y] = TPIT [y]. 


Since ||7|*x|| < ||A*xl| and |||T* fy] < |IB'yl| by (LH) we have (HKP). 
Theorem 3.43 The following inequalities are mutually equivalent: 
(1) (LH) or (AC), 
(2) (HK) or (HKF), 
(3) |A*TB'^*|| < ||AT|l* |TB||'? for s € [0,1]. 
(4) ||ABA|| < ||A? B|| for A,B > 0. 
(5) ||TS|| > ||ST || if ST is self-adjoint. 


Proof. First of all, we note that a proof of (LH) is written in the below of Theorem 3.1, 
in which the equivalence (1) <=> (2) is implicitly explained. 
(1) = (2) is done in the proof of (HKF) in above. 
(2) = > (3) (2) says that 


ITA] € 1, 7B <1 = |(Tx,y)| < lA *x]l|B" yl] for x,y € H. 
If we replace x and y by A?x and By respectively, then we have 
(B TA*x. y)| < |lxlllbyll, 


that is, we obtain that if || TA|| X 1 and ||7*B|| < 1, then ||B!^TA?|| < 1. By the use of 
Berberian's operator matrix magic, we may assume that T is self-adjoint in (3). Hence we 
have 

|A*rB'^*| = |B'*TA*| < JATI" ITB]. 
(3)— (4: PutT =B =A and s = i in (3). 
(4) = (5): Let T* = UH be the polar decomposition of T*. Then 


|| ST ||? = ||UHS*SHU* || < ||HS*SH|| 
<||H*s*S|| by (4) 
= ||TT*S*S|| = |T (ST)*S|| = ||TSTS|| < prs. 


(5) = (1): We show (5) => (AC). For convenience, (AC; t) holds for t € [0, 1] means 
that ||A'B'|| < ||AB|| holds for all A, B > 0. We first prove that (5) implies (AC; 5) holds. 


For this, we put $ — B? and T = AB. Then ST > 0, it follows from (5) that 


||AB|| = ||°S|| > ||ST]| = ||B3 AB? || = A? B3 f". 
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Next we show (AC; 2) by (AC; 5). 


1 


||A2B ||? = ||B?A2B3 || = ||B? (8343 B3) | 
< |B*A3B| < ||B2A2||||AB| 
< ||ABI|?. 


In general, if (AC; s) and (AC; t) holds, then so does (AC; $), Assume s < t, and put 
r = 33. and d = 55. Then 
|A"B"||? = ||B"A*** B" || = [B7 (B*A*** B") | 
< ||B5AS gera] < ||B*A"|| \|A‘B || 
< |AB|*"* = ||ABI[". 


Since (m/2";n = 1,2,...,m = 1,2,...,2"} is dense in [0,1], (AC) is proved under the 
assumption (5). 


Remark 3.7 We now mention an interesting relation between (HI) and (LH): We compare 
Theorem 3.9.1 (8) and Theorem 3.9.2 (5). We pick out them. 


(HI) <=> ||ReTS|| > ||ST || if ST is self-adjoint. 
(LH) 4> ||TS\|> |ST|| if ST is self-adjoint. 
From this, it is obvious that (HI) is stronger than (LH). 


Finally we discuss a norm inequality considered in the Corach-Porta-Recht geometry: 


Theorem 3.44 (CORACH-PORTA-RECHT INEQUALITY (CPR)) Let A,B,C,D > 0. 
Then 
(A # B)? (C#, D)*|| < |A* C3 | 8*3 |f fort e [0,1]. 


Theorem 3.45 The inequalities (CPR), (LH) and Jensen's inequality (JI); 
(X*AX)' > X*A'X for contractions X,A > 0, t € [0,1] 
are mutually equivalent. 


Proof. 
(LH) = (JD: By virtue of the polar decomposition, it suffices to show that 


(CAC) > CA'C forinvertible positive contractions C, 


or equivalently 
A < C CAC CSC H, A. 


Since C^! > Iy and so C? > Ig, it is ensured by the monotonicity of #;, namely (LH). 
(JI) = (CPR): First of all, (JD is explicitly expressed as 


(X*AX) < ||X||?-7x*A'X for arbitrary X,A > 0, t € [0,1]. 
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Thus it follows that for C > 0 


1-4 


A#, B - C-3C3A3)(A-3 BA-3y (a3c3)c-3 
1 1 
yl 


N= 
— 
— 
> 
N= 
Q 
N= 
— 
— 
E^ 
A 
N 


< C^? ||C* A? |] ((C2A?)(A72BAT 
= |c3A3| 720-3 (ciaciyc-i 
=||42C2 |? 1c s B, 
and that for B > 0 
C#, D=D#y_, C< ||B2D2||2-20-(B & , C) = ||B2D2 |" (C && B7’). 


Therefore we have 


II(A # B)? (C # D)? = ||(C # D)? (A # B)(C # D)3| 
< ||A2C2 I?" (C # D)? (C7! # B)||(C D)? 
C-! #, B)3 (C D((C-! #, B)? | 
< |A3c* 9? p D? | (C7 # B) (C #, B7 ) (C7 # B)? || 
= |atctip- tpi, 


( 
= dicti 


because C #, B^! = (C^! t, B)~!. So we obtain (CPR). 


(CPR) = > (LH): Put A = C = Ig in (CPR) and X = Bl,Y = Di. Then we have (AC), 
which is equivalent to (LH). 


3.10 Notes 


(LH) was considered in general setting by Lówner [171] and explicitly proved by Heinz 
[140]. Another proof is given by Kato [157], and interesting proof is presented by Peder- 
sen [251]. A step of the way from (LH) to (FI) was set up by Chan-K wong [31]. (FI) was 
established by Furuta [106] in 1987. A simple proof was given by himself [107], and mean 
theoretic approach was done by [151] and [79]. Among others, Tanahashi [277] considered 
the best possibility of the exponent in (FI). 


(AH) is an essential part of the proof of a majorization inequality in [12]. Its 2 variable 
version (GAH) was given by [90], and (GAH) is equivalent to (GFI; t = 1) by [91]. 

(GFI) was established in order to discuss (AH) in the flame of (FI). As similar to (FI), 
the best possibility of (GFI) is obtained in [278] cf. [289, 95], see also [124, Chapter 7]. 
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The chaotic order was introduced in [89]. The Furuta inequality for the chaotic order 
was essentially initiated by Ando [8]: For self-adjoint operators A and B, 


A>B 4s P> (e erbe i for p > 0, 
which appears in (1) and (ii) of Theorem 3.4.1, and (iii) is posed in [80], see also [108]. 


The Furuta inequality induces another geometric mean, so called the chaotically geo- 
metric mean A >, B= e(l-H)logA+plogB [98], It is closely related to the Golden-Thompson 
inequality: 

lle" **|| < lleFeK|| for self-adjoint H, K. 


Theorem 3.5.3 was obtained by Hiai-Petz [142]. 


BLP inequality [19] is a generalization of the Araki-Cordes inequality in some sense. 
It is discussed from the viewpoint of the difference from (FI). Consequently (BLP) is ge- 
neralized in [100, 180]. 


Section 3.7 is written by depending on [59] mainly. The study of Riccati's equation 
was initiated by Pedersen-Takesaki [252]. In particular, the geometric mean A £ B is the 
unique self-adjoint solution of XA~!X = B for given A,B > 0. The definition of the geo- 
metric mean by using operator matrix was introduced by Ando [6]. The algebraic Riccati 
equation is solved by Trapp [283] under some additional assumption. 


Chapter 


Kantorovich-Furuta Type 
Inequalities 


In this chapter, we study order preserving operator inequalities in another direction which 
differs from the Furuta inequality. We investigate the Kantorovich-Furuta type inequalities 
related to the operator ordering and the chaotic one. 


4.1 Introduction 


Let A and B be positive operators on a Hilbert space H. The Lówner-Heinz theorem asserts 
that A > B > 0 ensures A? > BP for all p € [0,1]. However A > B does not always ensure 
A? > B? for each p > 1 in general. In order to study operator inequality, the Lówner- 
Heinz theorem is very useful, but the fact above is inconvenient, because the condition 
*p € [0, 1]" is too restrictive. Thus, excluding the limit of p, it is the Furuta inequality that 
devises methods to preserve the order for p > 1. Namely, by considering the magic box 
1 
fo) = (B5 ot)", 
then the Furuta inequality asserts that A > B > 0 ensures 


f(A?) > f(B") 
holds for all p > 1 and additional conditions of q and r. 
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We study order preserving operator inequalities in another direction which differ from 
the Furuta inequality. First of all, to explain it, we present the following simple example. 
By virtue of the Kantorovich inequality, a function f(t) = t? is order preserving in the 
following sense. 


Theorem 4.1 Let A and B be positive operators. Then 


M 2 
A>B>0 and Mluy 2B» mlg 50 imply Mm yg 


Proof. Refer to [124, Theorem 8.1] for the proof. 


Theorem 4.1 is a new view of operator inequality which differ from the Furuta in- 
equality. Namely, f(t) = t? preserves the order in terms of the spectrum of given positive 
operators by virtue of the Kantorovich inequality. Thus, we call it the Kantorovich-Furuta 
type operator inequality. 

By using a generalization of the Kantorovich inequality, we get the following Kantoro- 
vich-Furuta type operator inequality. 


Theorem 4.2 Let A and B be positive operators such that MIg > B > mlg for some 
scalars M >m > 0. If A > B, then 


M p-1 
(=) A? > K(m,M,p)A? > BP” . forall p>1, 
m 


where the generalized Kantorovich constant K(m,M, p) is defined by (2.29). 


Proof. Refer to [124, Theorem 8.3] for the proof. 


Theorem 4.3 Let A and B be positive operators such that Mil > A > mI and Molg > 
B > mly for some scalars Mj > mj >0(j — 1,2). IfA > B, then the following inequalities 
hold: 


(i) K(mj,Mj,p)A? > BP forall p » 1 and j — 1,2, 


(ii) K(m;,Mj,p)B? > AP” forall p< —1 and j = 1,2. 


Proof. Refer to [124, p.220,232,250] for the proof. 


For positive invertible operators A and B, the order A > B defined by logA > logB is 
called the chaotic order. Since log: is an operator monotone function, the chaotic order is 
weaker than the operator order A > B. 

The following theorem is a Kantorovich-Furuta type operator inequality related to the 
chaotic order which is parallel to Theorem 4.2. 


Theorem 4.4 Let A and B be positive invertible operators such that MIy > B > mlg for 
some scalars M >m > 0. IflogA > logB, then 


M\? 
(2) A? > K(m,M,p+1)A?>B?  forallp>0. 
m 
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Proof. Refer to [124, Theorem 8.4] for the proof. 


Remark 4.1 Jn fact, the chaotic order logA > log B does not always ensure the operator 
order A > B in general. However, by Theorem 4.4, it follows that 


(M +m)? 


logA >logB and MI>B>mI>0_ imply AM 
m 


AB 
In terms of the Kantorovich constant, we show Kantorovich type operator inequalities 
related to the operator ordering and the chaotic one: 


Theorem 4.5 Let A and B be positive operators such that MIg > B > mly for some 
scalars 0 < m < M. If A > B, then 


(Mr-1 +m”)? 3 " 
tier A > B for all p > 2. 
rr 


Proof. For each p > 2, put r = p — 2 and q = = in the Furuta inequality (FI). Then 
the Furuta inequality ensures 


1 
(s Ana) 7s pel, (4.1) 


Square both sides of (4.1), it follows from M?—!Iy > B > m"- Ig and Theorem 4.1 that 


(M?-! EE m?- ly 
4MP-\mp-1 


p APB = pio 1) 


and hence 


A? > BP for all p > 2. 


Theorem 4.6 Let A and B be positive invertible operators such that MIy > B > mly for 
some scalars M > m > 0. Then the following assertions are mutually equivalent: 


(i) logA > logB. 


p 2 
(i) SAP > BP forall p 2 0. 


Proof. Refer to [124, Theorem 8.5] for the proof. 


The exponential function ¢ +> exp(t) is not operator monotone. By virtue of the Mond- 
Pečarić method, the exponential function preserves the operator order in the following 
sense. 


Theorem 4.7 Let A and B be self-adjoint operators such that MIg > B > mlg for some 
scalars m < M. If A > B, then 


S(eM ^") expA > expB, 


where the Specht ratio S(h) is defined by (2.35). 
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Proof. By Theorem 2.15, we have (expBx,x) < S(e“~™) exp(Bx,x) for every unit 
vector x € H. Hence it follows that 


(exp Bx,x) < S(e“~”) exp(Bx, x) 
< S(eM 7") exp(Ax, x) by the assumption A > B 
< S(eM ^") (expA x, x) by Jensen's inequality 


for every unit vector x € H, so that we have S(e ^") expA > expB. 


Furthermore, by the property of the Specht ratio, we have the following characteriza- 
tion of the operator ordering. 


Theorem 4.8 Let A and B be positive operators such that MIy > B > mlg for some 
scalars 0 < m < M. Then the following assertions are mutually equivalent: 


(i) A2 B. 


(ii) S(e""M-")exp(pA) >exp(pB) forall p 7 0, 
where the Specht ratio S(h) is defined by (2.35). 
Proof. 
Suppose (i): Since pA > pB and pMIy > pB > pmly for all p > 0, we have (i) ==> (ii) by 


Theorem 4.7. 
Conversely, suppose (ii): Taking the logarithm of both sides of (ii), we have 


log S(e?\—-™) yp +A>B. 


Since S(ePM-m)) p — las p — 0 by (iv) of Theorem 2.16, we have A > B. 


The following theorem is a more precise characterization of the chaotic ordering. 


Theorem 4.9 Let A and B be positive invertible operators such that MIy > B > mlg for 
some scalars M > m 90. Put h = “(> 1). Then the following assertions are mutually 
equivalent: 


(i) logA > logB. 


(ii) S(hP)AP > BP forall p 7 O. 


Proof. Refer to [124, Theorem 8.7] for the proof. 
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4.2 Difference version 


In this section, we show new order preserving operator inequality on the operator order 
and the chaotic order by estimating the upper bound of the difference. 

First of all, we present that the function t + 1? preserves the operator order in the 
following sense associated with the difference. 


Theorem 4.10 Jf A and B are positive operators such that MIg > B > mly for some 
scalars 0 « m « M, then 
AB implies | A?4 —————Ig > B?. (4.2) 


Proof. By a difference type of the Kantorovich inequality (Theorem 2.20), we have 


M— 2 
(Bx < (Bray + by MIy = B > mlg 
M— 2 
< (Axa? Mom byA>B 
2 (M - m)? " 
< (A*x,x) + m by the Hólder-McCarthy inequality 


for every unit vector x c H. Hence we have (4.2). 


Moreover, we have the following order preserving operator inequality associated with 
the difference, which is a parallel result to the Kantorovich type inequality in Theorem 4.1. 


Theorem 4.11 Jf A and B are positive operators such that MIg > B > mly for some 
scalars 0,m « M, then 


A? + M(M? ! — m? rg > A? -C(m,M,p)g > B? for all p 1, 
where the Kantorovich constant for the difference C(m,M, p) is defined by (2.38). 


Proof. The former inequality follows from (ii) of Theorem 2.24. The latter follows 
from 


(BPx,x) € (Bx,x)? + C(m, M, p) by Theorem 2.23 
s (Ax, x)? + C(m, M, p) byA>B 
< 


(A?x, x) + C(m, M, p) by the Hólder-McCarthy inequality 


for every unit vector x € H. 


Theorem 4.12 Let A and B be positive invertible operators such that MIg > B > mlg 
for some scalars 0 < m < M. Put h = M > 1. Then the following assertions are mutually 
equivalent: 
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(i) logA > log B. 


(ii) AP + L(m", M")logS(h?)Ig > B" for all p > 0, 
where the Specht ratio S(h) is defined by (2.35) and the logarithmic mean L(m,M) 
is defined by (2.41). 


Proof. 
(i) =—(ii): By using Theorem 2.27 and M” Iy > B? > m? Ip, it follows that 


(BP? x, x) € exp(log B" x,x) + D(m", M") 
< exp(logA? x,x) + D(m", M") by logB < logA 
< (A?x,x) + D(m", M") by convexity of the exp function 


holds for every unit vector x € H. Hence it follows from Lemma 2.4 that 
A? + L(m?,M?) log S(h?)I > B? for all p > 0. 


(ii) = (i): We have 
1 1 
lim —D(m?,M?) = lim —L(m? ,M”) log S(h?) =0 
p—0 p p—0 p 
by (iv) of Theorem 2.16. Therefore, we have 
AP-I 1 BP—I 


+ —D(m?,M?)I > 
p P p 


and hence logA > log B as p — 0. 


As an application of the Furuta inequality, we shall show order preserving operator 
inequality associated with the difference which is parametrized the operator order and the 
chaotic order. 

Let A and B be positive invertible operators on a Hilbert space H. We consider an 
order A? > B? for ô € [0, 1] which interpolates usual order A > B and chaotic order A >> B 
continuously. We consider that the case 6 = 0 means the chaotic order since limo m = 
logA for a positive invertible operator A. 

The following lemma shows that the Furuta inequality interpolates the usual order and 
the chaotic one. 


Lemma 4.1 Let A and B be positive invertible operators. The following statements are 
mutually equivalent for each 6 € [0,1]: 


(iy Aĉ > Re, where the case 6 = 0 means A > B. 


p+ô 


(ii) (giAr-n) W > BP*9 forall p 0. 


r+6 
(iii) (parcpt) PU? Br) forall p>Oandr>0. 
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Proof. The case of 0 < ô < 1 is ensured by the Furuta inequality and the case of ô = 0 
by the chaotic Furuta inequality (CFI). 


By virtue of Lemma 4.1, we shall obtain the following order preserving operator in- 
equality associated with the difference. 


Theorem 4.13 Let A and B be positive operators on H satisfying MIg > B > mly > 0. 
Then the following implication (i) (ii) (iv) (iii) holds for some ô € [0,1]: 


(i) Aĉ > Be. where the case = 0 means A > B. 


(ii) AP*9.- L-C(m,M,p--1)]g > B'*? — forall p » 0. 


m 


5 


(ii) Arte + QI pu > Bt forall p> 6. 


(iv) AP+t + TL C(m'*9?,Mr*9, RIS) Iy >BP+® forall p> 0 andr » 0, 


n 


m” 
where C(m,M, p) is defined by (2.38). 


Proof. 
()= (iv): It follows from Lemma 4.1 that Ad > B? is equivalent to the following in- 
equality: 


r+6 
(pan? pi) PU > prt for all p > O andr » 0. 


r+6 
Put A; = (Baroni) ^"? and B, = B'*9, then A, and By satisfy A; > B; > 0 and 
M'*9]y > B, > m'*?Ig > 0. Applying Theorem 4.11 to A, and B4, we have 


p+r+6 


ane eC (orant, PET D) o gt . 
J^ 


Therefore we have 
BrAPto Bs + c(n'*? its Part 2), > pre 
, 1 r4 ô LI E 
so that it follows that 


Apt + c(m Ms, — È) g~ > pp. 
r 


(iv) ==>(ii): Put r= 1— ô> 0 in (iv). 
(iv)=>(iii): Put r= p— ô > 0 in (iv). Then we have 


1 ô 1 M? — mP)? 
— C(m'*?, M, PU) Lol inp M cm 
m" r+6 mp-9 4mp-6 


and p> ô. 
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(i)—5(): It follows from (ii) of Theorem 2.13 that 


M P 
(=) >K(m,M,p+1)>1 for all p > 0 
m 


and hence 


M? —Mm? (M M? — Mm? ił 
diu deno ia ( i T (K(m,M, p 4- 1)? — 1) 7 0. 


M—m m M-—m 


Therefore we have lim, ,9 C(m, M, p + 1) = 0. 
Hence the proof of Theorem 4.13 is complete. 


Theorem 4.13 interpolates the following two theorems. As a matter of fact, if we 
put ô = 0 in Theorem 4.13, then we have Theorem 4.14 which make a paraphrase of 
Theorem 4.12. Also, if we put ô = 1 in Theorem 4.13, then we obtain order preserving 
operator inequality under the operator order associated with the difference. 


Theorem 4.14 Let A and B be positive invertible operators such that MI > B > ml for 
some scalars 0 « m « M. Then the following implication (i) (iii) (iv) (ii) 
holds: 


(i) logA > log B. 
(ii) A? +4C(m,M,p+1)In>B? forall p » 0. 


p 2 
(ii) AP + “oo, BP — forall p>. 


(iv) AP 4- C(m',M',237)1y > BP — forall p » 0 and r 7 0, 


m^ 


where C(m,M, p) is defined by (2.38). 


Proof. If we put 6 = 0 in Theorem 4.13, then we have the implication (i) => (iv) => 
(iii) and (iv) ==> (ii). For (iii) => (i), since 


1 (M? — mP}? B? — In 
-— le o —, 
p p 4m" p 


we have (i) as p — 0. 


Theorem 4.15 Ler A and B be positive operators such that MI > B > ml for some scalars 
0 « m « M. Then the following implication (i) (ii) (iv) (iii) holds: 


(i) A2 B. 
(ii) A? +C(m,M,p)In > BP?  forall p 7 1l. 


(iii) APH 4 GP p» BP forall p 1. 
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(iv) AP + —C(m', Mr, È=) fy > BP for all p 2 1 and r 2 1, 
where C(m, M, p) is defined by (2.38). 


Remark 4.2 Theorem 4.13 interpolates Theorem 4.11 and Theorem 4.12. Let A and B 
be positive invertible operators such that MIy > B > mly. Then the following assertions 
hold: 


(i) A2B implies A? +C(m,M,p)In > BP forall p>1. 
(ii) A9 > B? implies A? +C(m?, M°, E) > BP forall p>6. 


(ii) logA >logB implies A?+L(m?,M?)logS(h?)Iq > B" forall p > 0, 
where the Specht ratio S(h) is defined by (2.35) and the logarithmic mean L(m,M) 
is defined by (2.41). 


It follows that the constant of (ii) interpolates the constant of (i) and (iii) continuously. 
In fact, if we put 6 = 1 in (ii), then we have (i), also if we put 6 — 0 in (ii), then we have 


Ô MIP — Mo mP 5 
8 4,8 D, m M'—M'm 8 44,8 P3 
Cim, M’, 5) = ue. WM g) L} 
5 $ K(m, M9, 2)73 — 1 
= m" (h? — ee aS C RE 
h9 —1 ô 
> gei M" - mP)logMi(p)* (as 8—0) 


= L(m?,M?) log S(h?), 


where h = M SL. 


4.3 Version with the Specht ratio 


In this section, we see that the Specht ratio plays an important rule as characterizations of 
the chaotic order: Let A and B be positive invertible operators such that MIg > B > mlg 
for some scalars 0 « m « M andh= M, Then 


logA>logB <=  S,(p)JA" > B" for all p > 0, 
where the symbol S} is defined by 
S,(p) = S(h?) (4.3) 
and the Specht ratio S(h) is defined by (2.35). 
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It is natural to ask what is characterizations of the operator order in terms of the Specht 
ratio. Thus, we compare Theorem 4.5 with Theorem 4.6: For A, B > 0 with MIp > B > mly 


MP! p-12 
ME CHE Gre aire? 


A>B => ae 
(MP As mP)? " i 
logA >logB => aaah ^ 2B for all p > 0. 


Therefore, we observe the difference between p and p — 1 in the power of the constant. 
Hence one might expect that the following result holds under the operator order as a parallel 
result to Theorem 4.9: Let A and B be positive invertible operators such that MI > B > ml. 
Then 


M 
AB implies Sp,(p—1)A?>B? forall p > 2, where h= — > 1. 
m 


However, we have a counterexample to this conjecture. Put 


41 20 
0) m n G9) 


then A > B > 0. And m = 5 and M = 2, so that h = L = 4. Then we have S(h) = 1.26374 
and S(h?) = 2.39434. On the other hand, «A? > B? holds if and only if œ > 1.27389, and 
BA? > B? holds if and only if B > 2.396585. Therefore S(h)A? 7 B? and S(h?)A? # B?. 


Here, we present other characterizations of the chaotic ordering and the operator one 
associated with Kantorovich type inequalities via the Specht ratio: 


Theorem 4.16 Let A and B be positive invertible operators such that kly >A > lu for 
some k > 1. Then the following assertions are mutually equivalent: 


(i) logA > log B. 


(i) Sk((p4-t)s-- r)A(*0* > (A3 BPAS) 
holds for p > 0, t > 0, s> 0, r > 0, q > 1 with (t+r)q>(p+t)s+r. 


(ii) Sy(2(p 4- r)s —21)2AP +) > (AS BPA$ 
holds for p > 0, t > 0, s > O with (p --t)s > 2t. 


(iv) S,(2ps)* AP > B? holds for p > 0 and s > 1, 
where Sy(r) is defined by (4.3). 


Theorem 4.17 Let A and B be positive invertible operators such that kly > A > ilu for 
some k > 1. Then the 


(i) A2 B. 
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(i) S&((p— t)s4- r)4A(-0s > (A-$BPA-5) 
holds for p > 1, t € [0,1], s > 1, q > 1 such that (1—t+r)q>(p—t)strandr >t. 


(ii) $,(2(p —t)s —2(1 —t)?A079* > (A-2 BPA-2)8 
holds for p > 1, t € [0,1], s > 1 such that (p—t)s > 2 — t. 


(iv) Sk(2(p— 1)5)*A? > BP holds for p > 1, s > 1 such that p> 14-1. 
(v) K?-DAP > BP holds for p > 1, 
where S(r) is defined by (4.3). 
The following corollary is easily obtained by Theorem 4.17. 


Corollary 4.1 Let A and B be positive invertible operators on a Hilbert space H such 
that klg > A > Lly for some k> 1. If A? > B? for ô € (0, 1], then 


S.(2(p — à)s)* A? > BP 
holds for p > ô, s > 1 such that p > e + 1)6, where S,(r) is defined by (4.3). 
Remark 4.3 Corollary 4.1 interpolates (iv) of Theorem 4.16 and (iv) of Theorem 4.17 


by means of the Specht ratio. Let A and B be positive invertible operators such that klg > 
A> ql for some k > 1. Then the following assertions holds: 


(i) A > B implies S;,(2(p — 1)5)* A? > B" for allp>++ lands 1, 
(ii) Aĉ > B? implies S,(2(p— 8)s)* AP > B? for all p > 8, s > 1 such that p > (++1)6, 


(iii) logA > logB implies S,(2ps)* AP > B" for all p > 0 and s 2 1. 


It follows that the Specht ratio of (ii) interpolates the scalar of (i) and (iii) continuously. 
In fact, if we put 6 = 1 in (ii), then we have (i). Also, if we put 6 — 0 in (ii), then we have 
(iii). 


Moreover, Corollary 4.1 interpolates the following result by means of the Specht ratio: 
(i) A > B implies k*?-UAP > BP for all p > 1, 
(ii) A? > B? implies S,(2(p — 8)s)5 AP > B" for all p > ô, s > 1 such that p > (1 4- 1)8, 
(iii) logA > logB implies k*" AP > B" for all p > 0. 


The Specht ratio of (ii) interpolates the scalar of (i) and (iii). In fact, if we put 6 = 1 
and s — % in (ii), then we have (i). Also, if we put 6 — 0 and s — e in (ii), then we have 


(iii). 
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To prove them, we need some preliminaries. 
In the following lemma a complementary inequality to the Hólder-McCarthy inequality 
via the Specht ratio is given. 


Lemma 4.2 Let A be a positive operator such that kly > A > ilu for some k > 1. Then 
the following inequalities hold for every unit vector x € H : 


(i) Sy(1)(APx,x) > (Ax,x)? (> (APx,x)) forallo « p « l, 
(ii) S(p)? (Ax, x)? > (APx,x) (> (Ax,x)P) forall p 2 1. 


Proof. 
(i): The following converse of Young's inequality is shown in [280]: For a given a > 0, 


S, (1)a? > pa-- (1— p) 


holds forall 1 > p>0.Ifk >a> i > 0, then it follows from (ii) and (iii) of Theorem 2.16 
that $,(1) = S,-1(1) > Sa(1). Therefore we have 


Se(1)A? > pA--(1—p)lg forall 1 > p » 0. (4.4) 
By (4.4) and Young's inequality, it follows that 
Sx(1)(A?x,x) 2 p(Ax,x) + (1— p) > (Ax,x)? 


holds for every unit vector x € H. 
(ii): Next, suppose the case of p > 1. Replacing p by 1/p and A by A? in (i), then 
kP Ip, > AP > k PIg and we have 


Sy (1) (A?) "Px, x) > (APx, x) YP, 
Taking the p-th power on both sides, we have 


S(p)? (Ax, x)" > (A?x,x). 


The following lemma is a Kantorovich-Furuta type operator inequality via the Specht 
ratio. 


Lemma 4.3 Let A and B be positive operators such that 
: 1 ; 1 
(i) kly > A > LIH or (ii) klg > B > LH 
for some k > 1. Then 
AB implies S;(p)?A? > B" forall p 7 1, 


where Sy(p) is defined by (4.3). 
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Proof. 
Suppose (ii). Then we have 


x (Gp)? (Ax, x)? by Hólder-McCarthy inequality and p > 1 
(p)? (Bx)! | byA2B 

(BP?x, x) by Lemma 4.2 and KIg > B > (1/K)Ig. 
Next, suppose (i). Since Bi»A-landkg25A|- 1y, then it follows from above 
discussion that S,(p)"B ? > A P. Hence we have S;,(p)?A? > BP. 


Proof of Theorem 4.16. 
(i) => (i): By Theorem 3.16, (i) ensures 


(p+t)s+r r 
q 


> {AF (ATBPAL)AS } a (4.5) 
holds for p,t,s,r > 0 and q > 1 with 


(t+r)q>(ptt)s+r. (4.6) 


(p+t)s+r r t i r i 
Put A; =A "1 and Bı = (A2 (A2 BPA2)5A24, then A; > Bj by (4.5) and kly > A> 
(p+t)s+r (p+t)s+r 
iln > 0 assures k "1 lqy2AQjk "1 Ig. By applying Lemma 4.3 to A; and Bj, we 


have 


S (ios (q)!A1 = Sk( (p +t)s +r)! A] > Bi. 
kd 


Multiplying A^? on both sides, we have (ii). 

(ii) => (iii): Put r= (p-Ff)s—2t > 0 and q = 2 in (ii). Then the condition (4.6) is 
satisfied and (p —- 1)s > 2t, so we have (iii). 

(iii) => (iv): If we put t = 0 in (iii), then we have (iv) by the Lówner-Heinz theorem. 
(iv) => (i): If we put s = 1 and take logarithm of both sides of (iv), we have 


log(S,2(p)A”) > log B" for all p » 0 


and hence 
log S,2(p)!/? --logA > logB for all p > 0. 


Then letting p — +0, we have logA > log B by (iv) of Theorem 2.16. 


Proof of Theorem 4.17. 
(i) => (i): By the grand Furuta inequality, (i) ensures 


(p—t)s+r 


QI 


7 > (A*(A- 3 BPA- 5 yA*) (4.7) 
holds for p > 1,1 € [0,1], s > 1, q > 1 and 
r>t, (4.8) 


(l—t+r)q>(p—t)str. (4.9) 
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(p-)str r t t rye 
Put A; =A a and B tais n then A, > B, by (4.7) and kIg > A > 
(p-t)s+r 


Je 
ql >Oassuresk 4 = p >A >k Ti By applying Lemma 4.3 to A, and B4, we 
bays 


M (p—t)s+r (q y A, = Sk((p —t)s+r)4 Af > Bi. 
k 4 


Multiplying ATZ on both sides, we have (ii). 

(ii) => (ii) Put r = (p—t)s — 2(1 — 1) and q = 2 in (ii), then the condition (4.9) is 
satisfied and the condition (4.8) is equivalent to (p — t)s > 2 — t, so that we have (iii). 

(iii) => (iv): Put: = 1 in (iii), then by taking the 1-power of both sides, we have (iv). 
(iv) => (v) It follows from (v) of Theorem 2.16 that 


2 
s 


2 
SQQ - 1)? = (Syzp-n(8)?) — 7 ass 


so that we have (v). 
(v) = (i): We have only to put p = 1 in (v). 


Proof of Corollary 4.1. Put A, = A? and B, = B®, then Ay > Bj > O and Ig > Ay > 
zin. By applying (iv) of Theorem 4.16 to A, and Bj, it follows that 


2: 
Sis (2(p1 — 1)5)* Aq! > BP! 
holds for pı > 1, s > 1 such that pı > i. 1. Put p; = E I. 1, then we have 
Su2(p — 8)s)* AP > BP 
holds for p > 6, s > 1 such that p > (4+ 1)0. 


Remark 4.4 Let A and B be positive invertible operators such that kly > A > Hy for 
some k > 1. By using Uchiyama’s method, (iv) of Theorem 4.16 can be derived Fom (iv) 
of Theorem 4.17 directly. In fact, the nd logA > nee ensures An = —Inct. llogA > > 
Iy ++ ;logB = B, > 0 and M,lg = (1+ 3 llogk)Ig >Iy+4 z logA > [get -log y= Myly 
for sufficiently large natural number n. By Theorem 4.17, we have 


max{Sm, (2(p— 1)s)*,S,,-1(2(p— 1)s)* }AP > BP 
for p,s = 1 with p> 1+ L, By substituting np to p, we have 
max{Sm, (2(np — 1)s)*,5, i (2(np — 1)5)* AT? > BI? 
for np,s > lwithnp > 1+ H Since 


1 
lim (Z+ — ,b8X» —X forany X » 0, 
n—oo 
we obtain 
2 
S,(2ps)sA? > B" fors lp 0. 


Therefore, we have (iv) of Theorem 4.16. 
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We place an emphasis on the coherence of characterizations of the chaotic order and 
the operator one via the Specht ratio, though our estimates via the Specht ratio are not 
better than the ones in Theorem 4.2 and Theorem 4.9. We observe a connection between 
their constants just to make sure. First of all, we start with the following lemma. 


Lemma 4.4 Let h > 1. Then 


i 
(h — "as 3 


im 8G? i ( eslogh 


is an increasing function for s > 1 and a decreasing function for 0 < s < 1. 


Proof. Since 


fsa ier otor oston 
gF)G) = gy = (C log gp logh+ logs + log(log 
h (I6 — 1) — si logh 
l hj o l hS 
TE og tQ ogh’), 
if we put x = / (> 1), then we have 
(log F)'(s) 
1 l l —1)—xl 
= = | —log(x— 1)— =— + log(logx) + TEM UTI WERT i 
s? x—1 x—1 (x— 1)? 


1 l logx 4 logx logx * 
= => o — —— : 
s? x x—i = 1 i x—1 


Klein’s inequality 1 — 1/x € logx < x — 1 and x = h’ > 1 imply 


logx 


Z 


== 


Then, since L(t) = Dst is negative and increasing for t > 0, we have 


l l l 
s? (log F)'(s) = log (25) Se a (1 — r) 


x—1 x—1 x—1 


logx logx xlogx 
—[1——— Ei = 
( wet) ( (Set) + Seer) 
> į — 108 L 1 q SHOE 
x—1 x x—i 
fis logx SEDET _ xlogx = 
x—1 x—1 x-1 


Thus we have (log F)'(s) > 0. By F(s) > 0, F itself is increasing for s > 1. 


Let A and B be positive invertible operators such that kly > A > ilu for some k > 1. 
We have the following two characterizations of the chaotic order via the Specht ratio: 
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(i) logA > log B 4> S,2(p)A? > BP for all p > 0. 
(ii) logA > logB => Si» (ps)*AP > BP for all p > 0 and s 7 1. 
We have the following relation between the constants (i) and (ii): 


Lemma 4.5 For a given p > 0, the constant Sj (ps)? is not smaller than the constant 
Sp (p) for all s > 1: 
Sp(ps)//* > So(p) foralls 1. 


Proof. By definition, we have S,2(p) = Sj», (1) and Sp (ps)? = Sy» (s)?/^. If we put 
s = 1, then it obviously follows that S,2, (1)? > Sj; (1). Therefore by Lemma 4.4 we have 


Sp (ps)? = Sols} > Sy, (1)? > Si (1) = Sy (p). 


Next, let A and B be positive operators such that kly > A > Hy for some k > 1. We 
have the following two characterizations of the operator order via the Specht ratio and the 
Kantorovich constant: 


(iii) A > B«— K(t,k,p)A? >B? forallp>1. 


(iv) A2 B«— Sp((p—1)s)sA? 2 BP — forallp,s 1 with p» 14-1. 


Here, we investigate a relation between the constants (iii) and (iv) in the case of p — 2. 
If we put s = 1, then it follows that 


SQ > KG 


In fact, since an inequality x > elogx for x > 0 implies 


525. 


hl hl 
h30-U > elogh20-0 


where h = 2, it follows that 
1 
(h—1)h"-3. hcl 


elogh - ash 
or equivalently 
(4 ey MS 
elogh T A4h 


Therefore, it follows from Lemma 4.4 that the constant S,(2)? is not smaller than the 
constant K(t.k, 2) for all s > 1: 


1 
Sp(s)* > Sp(1) > K(z..2) for all s 1. 
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4.4 The Furuta inequality version 


In this section, we shall present Kantorovich type operator inequalities for the Furuta in- 
equality related to the usual ordering and the chaotic one in terms of the generalized Kan- 
torovich constant, a generalized condition number and the Specht ratio, in which we use 
variants of the grand Furuta inequality (Theorem 3.13). 


Theorem 4.18 Let A and B be positive operators such that MIg > A > mlg for some 
scalars M >m » 0. If A > B, then for each r > 0 and & > 1 


K (me C, 709, a) AU > (aBUAÍ)t ——— (110) 


holds for all p > 1, q > 0 such that p > a(1+r)q—r, and 


Alc 


ptr pir ptr r r 
K(m aq M od a) A'T > (ATBPAS) (4.11) 


holds for all p > 1, q > 0 such that a(1+r)q—r> p > (1+r)q—r, where K(m,M,p) is 
defined by (2.29). 


In particular, 


eben p UAE pyr E 
(m^ is P AA > (ASBPAS)S (4.12) 


ptr 


Ama Slag = (1+r) 


holds for all p > 1, q > 0 such that p > 2(1-- r)q— 


Proof. For each r > 0 and o > 1, it follows from Theorem 3.13 that 


CHE > (AF(ASBPASyAS)& (4.13) 
holds for all p > 1 and t, s > 0 with 

(1+t+r)æ > (p4-r)s-Ft. (4.14) 
Put A; = AC and p, = (AS (AS BrAS)aS]e, then A; > By by (4.13) and MIg > A> 


Pt stt (p+r)s+t 


ly >A, >m « Ip. By applying Theorem 4.2 to A, and Bj, we 


(p+r)s+t (p+r)s+t 
K(m^v- MER a) AY > Bf. 


mly assures M 
have 


Multiplying A^? on both sides, we have 


(p+r)s+t (p+r)s-+t 
m a " a 3 


a) APH) > (A2 BPA* y. 
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—— (per)s-(14r)a i g : : 
Put ¢ = £77 and s = ; Since p > a(14- r)q — r and q > 0, then it follows that 


t > 0, s > 0 and the condition (4.14) is satisfied. Therefore, we have 


K (mar o C6, pn 00) a) A > (at prAt)s 


for all p > 1, q > 0 such that p > æ(1 + r)q — r, so that we have the desired inequality 
(4.10). 

Also, putting t = 0 and s = 1 in (4.13) and (4.14), we have (4.11) by the same discus- 
sion above. 

For (4.12), we have only to put œ = 2 in (4.10). 

Hence the proof of Theorem 4.18 is complete. 


By Theorem 4.2 and Theorem 4.18, we have the following corollary. 


Corollary 4.2 Let A and B be positive operators satisfying A > B and MIy > A > mly 
for some scalars M > m > 0. Then for each r > 0 


ptr 
f= —(1+r) : : P 
(2) i AR > (A2BPA7) 
m 


n 


(4.15) 
holds for all p > 1, q > 0 such that p> (14- r)q— r. 


Proof. By using Theorem 4.2 and Theorem 4.18, for each r > 0 and a@ > 1 


Ap 


a C pud AT > (ASBhAS) 


(2) PE) Vu 5 (sàG-04)(-0  ,, 


m m 


holds for all p > 1, q > 0 such that p > o(14- r)q — r. If we put a = 1, then we have 
Corollary 4.2. 


Remark 4.5 Putting r 2 0, q= 1 and p=a > 1 in (4.10) of Theorem 4.18 and r =Q, q = 
1 in (4.15) of Corollary 4.2, we have Theorem 4.2. Hence Theorem 4.18 and Corollary 4.2 
is an extension of Theorem 4.2. 


Next, we present Kantorovich type operator inequalities for the Furuta inequality re- 
lated to the operator ordering in terms of the Specht ratio. 


Theorem 4.19 Let A and B be positive operators such that kly > A > ili for some 
scalar k > 1. If A > B, then for each r > 0 and o 1 


2 
s 


TC ai A'T > (ASBPAS)4 (4.16) 
holds for all p > 1, q > 0, s > 1 such that p> a(1+r)q—randa—1> i and 


2 
$ ptr r 


a1 ptr. 4. ptr r 
s (q^ y)" A > (AbBPAB) 


ot 


(4.17) 


holds for all p > 1, q > 0, s > 1 such that a — 1 > l and a(1+r)q—r> p> (14-r)q—r, 
where the Specht ratio S(h) is defined by (2.35). 
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Proof. For each r > 0 and @ > 1, it follows from Theorem 3.13 that 


ien) ut 


> {AF (A5 BhAS A5) (4.18) 
holds for all p > 1 and t,u > 0 with 
(l+t+r)a>(p+rjutt (4.19) 
Serres t r r td 
Put A; =A and i= — RE JA Ley then A; > B, > 0 by (4.18) and KIg > 
A2 Hy > 0 assures oe a x >A >k a m 2 Ig > 0. By applying (iv) of Theorem 4.17 


to v and Bı, we have 


EIS 


see ye) AT > By. 


Multiplying A^? on both sides, we have 
S (qc goto) 


holds for all p > 1, u,t > 0 and s > z such that œ — 1 > + and the condition (4.19). 


Put f = (ptrue (ltra and u = 7 Since p > a(1-- r)q— r and q > 0, then it follows 
that t > 0, u > 0 and the condition (4.19) is satisfied. Therefore, we have 


“IN 


A(Ptr)u > (A3 BPA*)" 


2 
E 


s (gj E to)? AP > (aEprAS)s 


for all p > 1, q > 0 and s > 1 such that p > a(1+r)qg—randa—1> i, so that we have 
the desired inequality (4.16). 

Also, putting t = 0 and u = in (4.18) and (4.19), we have (4.17) by the same discus- 
sion above. 

Hence the proof of Theorem 4.19 is complete. 


Remark 4.6 Putting r = 0, q = 1 and p = a > 1 in (4.16) of Theorem 4.19, we have (iv) 
of Theorem 4.17. Hence Theorem 4.19 is an extension of (iv) in Theorem 4.17. 


Corollary 4.3 Let A and B be positive operators such that kIy > A > ilu for some scalar 
k > 1. IfA > B, then for each r > 0 


aie 


(KA) Pa - 040 AT > (A3 BPA?) 
holds for all p > 1, q > 0 such that p > (1+r)q- 
Proof. Since it follows from (v) of Theorem 2.16 that 


lim S(K5)5 = k, 


$—20o 


we have this corollary by using Theorem 4.19. 


Next, we present Kantorovich type operator inequalities for the chaotic Furuta inequal- 
ity related to the chaotic ordering in terms of the generalized Kantorovich constant, a gene- 
ralized condition number and the Specht ratio. 
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Theorem 4.20 Let A and B be positive invertible operators such that MIg > A > mlg 
for some scalars M > m > 0. IflogA > logB, then for each r > O and & > 1 


K (mars ) mere v A^ > (AZBPAS) 4 (4.20) 


holds for all p > 0, q = 0 such that p > arq—r, and 


Apc 


prr ptr pir r r 
K(m aq M 9d a) A > (A7B?PA7) 


holds for all p > 0, q > 0 such that arq —r > p > rq— r, where K(m,M, p) is defined by 
(2.29). 


In particular, 
ptr... pir 
(mr "eM. Ty 
piro pir | 
4m Ma« ' 


holds for all p > 0, q = 0 such that p > 2rq — r. 


ptr r r.1 
A4 »(ATB'A?)s 


Proof. We can prove this theorem by a similar method as Theorem 4.18 by using 
Theorem 3.16 instead of Theorem 3.13. 


By Theorem 4.20 and Theorem 4.4, we have the following corollary. 


Corollary 4.4 Let A and B be positive invertible operators satisfying logA > log B and 
Mly > A > mlg for some scalars M > m > 0. Then for each r > 0 


(=) "att > (abBrasys (4.21) 
m 
holds for all p > 0, q = 0 such that p > rq—r. 


Remark 4.7 Putting r= 0, q = 1 and p = & — 1 > 0 in (4.20) of Theorem 4.20 and 
r=0, q= 1 in (4.21) of Corollary 4.4, we have Theorem 4.4. Hence Theorem 4.20 and 
Corollary 4.4 can be considered as an extension of Theorem 4.4. 


Similarly, we have the following result which is considered as an extension of (ii) of 
Theorem 4.16. 


Theorem 4.21 Let A and B be positive invertible operators such that klg > A > ilu for 
some scalar k > 1. IflogA > logB, then for each r > 0 and & 1 


PTT qus z pir Pons 
S(T)" AT > atat): 


holds for all p 2 0, q = 0, s > 1 such that p > arq—randa—1> 1 and 


S 
aL ptr a AF E ooro eL 
5 ((k € a) ‘) A >(A2BPA?)4 


holds for all p > 0, q > 0, s > 1 such that œ — 1 > E and arq—r2 p > rq-r, 
where the Specht ratio S(h) is defined by (2.35). 


4.5 THE FURUTA INEQUALITY VERSION 111 


Proof. We can prove this theorem by a similar method as Theorem 4.21 by using (ii) 
of Theorem 4.16 and Theorem 3.13 instead of Theorem 3.16. 


Corollary 4.5 Let A and B be positive invertible operators such that kIg > A > Hy for 
some scalar k > 1. IflogA > log B, then for each r > 0 


pr pt 


(Kt) T" AT > (AS BPAS) 


spe 


holds for all p > 0 and q = 0 such that p > rq—r. 
The following corollaries are easily obtained by Theorem 4.18 and Theorem 4.19, re- 


spectively. 


Corollary 4.6 Let A and B be positive invertible operators such that MIg > A > mIy for 
some scalars M > m > 0. If A? > B? for & € (0,1], then for each r >Oanda>1 


pr 


K (marr 63. acr T9) a) AA > (aS rA) 


Ap 


(4.22) 


holds for all p > 6, q > 0 such that p > a(6 -- r)q — r, where K(m,M,p) is defined by 
(2.29). 

Corollary 4.7 Let A and B be positive invertible operators such that kIg > A > Hy for 
some scalar k > 1. If A9 > B? for 5 € (0,1], then for each r > O and œ > 1 


2 p+r r r 
Ser Pee $ AF > (AS BPAS)s 


holds for all p > 6, q > 0 such that p > a(6 4- r)q — r, where the Specht ratio S(h) is 
defined by (2.35). 


Remark 4.8 (4.22) in Corollary 4.6 interpolates (4.10) in Theorem 4.18 and (4.20) in 
Theorem 4.20 by means of the generalized Kantorovich constant. Let A and B be positive 
invertible operators such that MIy > A > mly for some scalars M > m > 0. Then the 
following assertions hold: 


por 


1 - ptr r r.i 
(i) A2 B implies K (mur 039), arr 000, AT 2(ATBPA2)? for 
all p > 1, q 2 0 such that p > o (1-- r)q — r. 


(ii) A9 > B^ implies K(m CF- yer“) AT > (a BrAS)s 


for all p > 6, q 2 0 such that p > a(6+r)q—r. 


ptr 


ptr pir r r.i 
(iii) logA »logB implies K (mu Cv D, mae? a) A'T > (ASBPAS)9 for 
all p > 0, q > 0 with p > arq—r. 
It follows that the generalized Kantorovich constant of (ii) interpolates the scalar of 
(i) and (iii) continuously. In fact, if we put ô = 1 in (ii), then we have (i). Also, if we put 
ó — 0 in (ii), then we have (iii). 
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4.5 Notes 


Theorem 4.1 is due to M. Fujii, Izumino, Nakamoto and Seo [85]. Theorem 4.2 is due 
to Furuta [113]. Theorem 4.4, Theorem 4.6 and Theorem 4.9 are due to Yamzaki and 
Yanagida [293]. Theorem 4.5 is due to Seo [260]. 

The results in Section 4.3 are due to [104] and in Section 4.4 due to [262]. 


Chapter 


Operator Norm 


As applications of the Mond-Pecarié method for convex functions, we shall discuss in- 
equalities involving the operator norm. Among others, we show a converse of the Araki- 
Cordes inequality, the norm inequality of several geometric means and a complement of the 
Ando-Hiai inequality. Also, we discuss Hólder's inequality and its converses in connection 
with the operator geometric mean. 


5.1 Operator norm and spectral radius 


Let A be a (bounded linear) operator on a Hilbert space H. By Theorem 1.6, we have the 
following relation between the operator norm || - || and the spectral radius r(-): 


r(A) < |lAll- (5.1) 


In this section, we shall discuss a converse of (5.1). To consider it, we use another 
interpretation of the Kantorovich inequality. By Schwarz’s inequality (Theorem 1.1), it 
follows that 

(Zh,h) < ||Zh|||Al (5.2) 


for a positive operator Z and a vector h € H. We first show a converse of Schwarz’s 
inequality (5.2): 


113 
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Theorem 5.1 Let Z be a positive operator such that mlg < Z < MIy for some scalars 


0 « m x M. Then 
M-4m 


Zh||||h|| < 
IZAIA < zr 


(Zh,h) (5.3) 
for every vector h € H. 
Proof. Let & be any subspace of H and there exist M' and m’ such that 0 < m'Ig < 


Ze < M'Ig. Then m < m' < M' < M and setting t = \/M/m and t' = \/M'/m’, we have 
t >t' > 1. Since t > f + 1/t increases on [1,°°) and 


Mom 1 (is L) jy Min _1 (v+ i 
= > = an ———— = = se 
2/Mm 2 t 2/M'm 2 T 


we infer 

M+m x M +m 

2/Mm . 2/M'm- 
Therefore, for a unit vector h € H, it suffices to prove the theorem for Ze with & = 
span{h, Zh}. Hence we may assume dimH = 2,Z = Me & ei + mez & e; and h = xe, + 
V1 — xe». Setting x? = y we have 


|Zh| _ /M?y-- m*(1— y) 


(Zh, h) My+m(1—y) 
The right-hand side attains its maximum on (0, 1] at y = m/(M + m), and then 


|Zh|| | Mm 


(Zh,h) | 2/Mm 


Therefore, the proof is complete. 


Remark 5.1 (5.2) in Theorem 5.1 is equivalent to the Kantorovich inequality (2.24): 
(Zx,x)(Z~!x,x) € (M +m)? /AMm for every unit vector x € H. If we put x = Z!? nj |ZV?n| 
for every vector h € H, then 


(M +m} 


(2Z'/2h, Z'/2p) (ZZ? p, Zp) \Z'/2nI4 < 
4Mm 


and hence ||Zh\|*||h||? < arm (Zh,h)?. Taking square roots of the inequality, we have 


Theorem 5.1. Conversely, suppose (5.3). If we replace h by Z-3x for every unit vector 
x € H in (5.3), then we have 


M+m 


2y/ Mm 


and hence ||Z2x||||Z~ 3x4] < Min | Rasing it to the second powers, we have the Kan- 


2y/Mm 


||ZZ~2x||||Z~2x|| < (ZZ xz i 


torovich inequality. 
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By virtue of Theorem 5.1, we show the following converse inequality of (5.1). 


Theorem 5.2 Let A and Z be positive operators such that mlg < Z < MIy for some 


scalars 0 < m < M. Then 
M+m 


2y/ Mm 


Proof. We may assume that there exists a unit vector f such that ||ZA|| = ||ZA f|]. Then 
||ZA f || is expressed as follows: 


|AZ|| < 


r(AZ). (5.4) 


ZAfl| = IZA "^ (4'? AISI = IZA (A'? f) e f] 
= |(4'?f& f)A'?z|| = |A'? f ZA"? f| = |A'? fl |zA? f]. 


Hence we have 


M+m 
JAZI = IZAI < IzA" JA") < 5 alg AP f) 

M+m M+m 

= AV2zAV? < AU2ZAV2 
Mm Pf EY 
M+m 

= AZ 
Sum 


by Theorem 5.1. 


Remark 5.2 Theorem 5.2 extends Theorem 5.1. Indeed, if we put A = h&h in Theo- 
rem 5.2, then we have Theorem 5.1. 


Let Z be a positive operator and A a contraction. Then 
AZA € Z 


does not always hold in general. As a matter of fact, if we put 


20 1/11 
z-( a and A-3(] | 


then we have Z > 0 and 0 € A € Jy, but 


& 13 
Z—AZA= č 4) z 0. 


3 1 
4 4 


By using Theorem 5.2, we have the following operator inequality. 
Theorem 5.3 Let A be a contraction and Z a positive operator such that mly < Z < MIy 
for some scalars 0 < m < M. Then 


(M +m)? 


AZA < 
= 4Mm 
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Proof. It follows from Theorem 5.2 that 


M 
Iz" 2AzV?I = Iz!" 2Az-'?z| < +m r(Z- "^ Az- M27) 
2/M. 


m 


| M+m Mtm 


= T " 
2/Mm (A) < 2/Mm 
Hence we have 


(M +m)? 


Ig. 
4Mm as 


z WU AZAZ-IU SZ T AzA uns 


An important source of interesting inequalities in operator theory is the study of rear- 
rangements in a product. The following rearrangement inequality is well known: 


|AB|| € ||BAl| (5.5) 


whenever AB is normal. In fact, since the spectral radii of AB and BA are equal and nor- 
mality of AB implies ||AB|| = r(AB), we have 


||AB|| = r(AB) = r(BA) < ||BA||. 
Thus, when AB > 0 the following theorem is a generalization of (5.5). 


Theorem 5.4 Let A,B be operators such that AB > 0 and let Z be a positive operator 
such that mlg < Z < MIy for some scalars 0 < m < M. Then 


M+m 


2y/ Mm 


||ZAB|| < || BZA]. 


Proof. By Theorem 5.2, we have 


M+m M+m M+m 


nme = 2 oo < >in 


lZAB| < |BZA\|. 


We shall extend Theorem 5.2 by applying the Mond-Peéari¢é method for convex func- 
tions. For that purpose, we need some preliminaries. 

Let A be a positive operator on a Hilbert space H and x a unit vector in H. By the 
Hólder-McCarthy inequality (Theorem 2.11), we have the relation between the continuous 
power mean and the continuous arithmetic one: 


(Ax,x) < (APx,x) 9. forall p> 1. (5.6) 


By using the Mond-Pecarié method, we have the following converse inequality of (5.6). 
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Lemma 5.1 /f A is a positive operator on H such that mly < A < MIy for some scalars 
0 « m « M, then for each œ > 0 
1 
(APx,x)? <a(Ax,x)+B(m,M,p,a) ^X forallp>1 


holds for every unit vector x € H, where 


1 
HE (2 ) +4 Ob if ap <a < =. 


p ap pMp-! 7 pm? 
B(m,M,p,&) — 4 (1—a)M if 0cac — (5.7) 
pMr-! 
(1— e)m f az 
pm" 
MP — m? Mm? — mM? 
and ap:= ————, bp ———— ——. 
M—m M-m 


Proof. For the sake of reader’s convenience, we give a proof. Put f(t) = (apt + bp)? — 
at and B = B(m,M,p, œ) = max{ f(t) : m € t < M}. Then it follows that 


a I 
OL p (aot + bp)? la 


and the equation f’(t) = 0 has exactly one solution 


ES 
1 (22) TP b, 

to = — | — -—. 
ap \ 4p ap 


If m < to < M, then we have B = maxn<:<m f(t) = f(to) since 


2 
al =p d. 
f'(t)= eT apt + bp)? ? <0 

and the condition m < tọ < M is equivalent to the condition 

ap ap 

pMr-1 SUUS pmP-! 7 
If M < to, then f(t) is increasing on [m, M] and hence we have B = f(to) = (1 — &)M 

for ty = M. Similarly, we have B = f (to) = (1 — o)m for to = m if ty < m. Hence it follows 
that 


1 
(apt + by)? — at < p for all t € [m, M]. 


Since 1? is convex for p > 1, it follows that t" < apt + b, fort € [m, M]. By the spectral 
theorem, we have A? < apA + byIg and hence (A?x,x) € ap(Ax,x) + by for every unit 
vector x € H. Therefore we have 


(ap(Ax,x) + bp)? — a (Ax,x) 
max f(t) = B(m,M,p,o) 


m<t<M 


(APx,x) 7 — a(Ax,x) € 
< 


as desired. 


As a complementary result, we state the following lemma. 
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Lemma 5.2 /f A is a positive operator on H such that mly < A < Mlg for some scalars 
0 « m < M, then for each œ > 0 


l 


(A?x,x)P > a(Ax,x)+B(m,M,p,a)  forallücp«l 


holds for every unit vector x € H, where 


1 


p-lfay\77 . a a 
a= (2) ab, if L « a < P, 


z p \@p pm? pMP 
m,M, ,Q) = — j > 
P(m,M,p,æ)= 4 (1-a)M if a> Ser 
(1—a)m if O<a< a 5 
pm" 
M? — m? Mm? — mM? 
and ap:= , bp: 
M—m M-m 


By Lemma 5.1 and 5.2, we have the following estimates of both the difference and the 
ratio in the inequality (5.6). 


Lemma 5.3 /f A is a positive operator on H such that mlg < A < Mlg for some scalars 
0 « m < M, then 


L 


(APx,x)P < K(m,M, p)? (Ax, x) forallp>1 (5.8) 


and 
K(m,M, p)? (Ax,x) < (AP x, x)? foral0<p<1 (5.9) 


hold for every unit vector x € H, where the generalized Kantorovich constant K(m,M, p) 
is defined by (2.29). 


Proof. For p > 1, if we put B(m, M, p, œ) = 0 in Lemma 5.1, then it follows that 


p-1 [x Jn p (Mm? — mMP) 


Q PTI =l — 0 
p \p(M—m) Y MP — mP 
and hence ; 
zB. p—1 / MP—mP"Nr 1T MP- m 
ap-! = —— —— ——————————— . 
p (ir 5) Mm? — mM? 


Therefore, we have 


gi M? —m" /(p—-1 MP—m" pI 
X p(M—m)N p mM? — Mm? 
= K(m,M, p) 


and we obtain the desired inequality (5.8). For 0 < p < 1, we similarly have the inequality 
(5.9) by Lemma 5.2. 
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Lemma 5.4 IfA is a positive operator on H such that mIg < A < Mlg for some scalars 
0 « m « M, then 


" 1 
(APx,x) P — (Ax,x) € -C(m", MP, 3 for all p »1 (5.10) 


and 
-C(m^, MP, -) «(A"xx)? —(Axx) — foralloc p«1 (5.11) 
hold for every unit vector x € H, where the constant C(m, M, p) is defined by (2.38). 
Proof. For p > 1, if we put œ = 1 in Lemma 5.1, then it follows that 
oew 3) a - Ly (i) PU M'm-m'M 
p p ; (MP = mP) M—m 
= B(m,M,p, 1) 


and we obtain the desired inequality (5.10). For 0 < p < 1, we similarly have the inequality 
(5.11) by Lemma 5.2. 


The following theorem is a generalization of Theorem 5.2. 


Theorem 5.5 /f A and Z are positive operators on H such that mly < Z < MIy for some 
scalars 0 < m < M, then for each a > 0 


2 2 
||(AZPA)? || < e (ZAP) - B(m,M,p.o)|All? forall p» 1, 
where B (m,M, p, œ) is defined by (5.7). 


Proof. For every unit vector x € H, it follows from 0 < I < l that 


((AZPA)» Px ,X) € (AZ" Ax, x)? by the Hölder-McCarthy inequality 


= (rat E 
(< 


Ax 2 
+B(m,M, p, a)) \|Ax||? by Lemma 5.1 
Gre [Axl] Ta) 


2 
a(ZAx, Ax) | Ax]? ? Mod d 


j-4 1- 
i A P A m 2 
afata A AN mn A) "A "Jf + Bm, M, p, a) Ax]? 
IA Px| |A Px] 


and 
2-24 41-L 42 — 742. i-1,42-2 
JAx||? ^|A Px] = (A^xx)? (A^ ?x,x) 
edad xa eat by0<1-1<1 
(A^x,x) (A^x,x) = yon l= 7 <1 
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By combining two inequalities above, we have 
1 1 1 2 
((AZPA)Px,x) € a ||APZA?|| + B(m,M, p, @)||Ax||? 
1 1 2 
= a r(APZAP) + B(m,M, p, &)||Ax||” 
a r(ZA") + B(m,M, p, cx) |All? 


^ 


for every unit vector x € H and hence we have the desired inequality. 


Remark 5.3 /f A and Z are positive operators, then it follows that 
2 
r(ZA*) <||(AZPA)?|| ^ forall p> 1. (5.12) 
As a matter of fact, by the Araki-Cordes inequality (Theorem 5.9), we have 
2 l l l l d 
(ZA?) = r(APZA?) = ||APZAP | < |\(AZPA)? | 


for all p > 1. Therefore, the inequality in Theorem 5.5 can be considered as a converse 
inequality of (5.12). 


The following theorem is a variant of Theorem 5.5 with 2-variables. 


Theorem 5.6 /f A and Z are positive operators on H such that mlg < Z < MIy for some 
scalars 0 < m < M, then for each a > 0 


xm 


IKAZ^A)*| < e r(Z*A*3) -B(m*,M*,q,n)|All? forall p» Land q» 1, 
where B (m,M, p, œ) is defined by (5.7). 


Proof. For every unit vector x € H, we have 


(AZ'Ay*bx) € (AZ'Ax)* — byOci«l 


pe Ae Ax Vd 
= (CD ETTET laxi 


(o (zs eB ME ga) Li 


The rest of the proof is proved in a similar way as the proof of Theorem 5.5. 


Theorem 5.7 Let A and Z be positive operators on H such that mly < Z < MIy for some 
scalars 0 < m < M. Then for each p > 1 


I|(AZPA)? || < K(m,M, p)? r(ZA?). (5.13) 


In addition, (5.13) is equivalent to (5.8) in Lemma 5.3. 
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Proof. By using (5.8) of Lemma 5.3 instead of Lemma 5.1 in the proof of Theorem 5.5, 
we obtain (5.13). Conversely, for every unit vector x € H, if we put A = x @x in (5.13), 
then 


|| x) Z^ (xx)? = ||, ZPx)(x,x)|!/? = (ZP x, x)? 


and 
r(ZA? P) = r(AZA) € ||AZA|| = || (Zx, x) (x,x) || = (Zx,x). 


Hence we have (5.8) of Lemma 5.3. 


Remark 5.4 We have Theorem 5.2 as a special case of Theorem 5.7. As a matter of fact, 
if we put p = 2 in Theorem 5.7, then we have 


\|(AZ2A)? || < K(m,M,2)? r(ZA). 


1 
Since ||(AZA)3|| = ||(ZA)*(ZA)||? = |[ZAl| = ||AZI| and K(m,M,2)¢ = (Sum) * - 


ID we have the desired inequality (5.4) in Theorem 5.2. 


Theorem 5.8 Let A and Z be positive operators on H such that mly < Z < Mlg for some 
scalars 0 « m « M. Then for each p > 1 


(AZA)? || < (ZAP) - C(m”, MP, =) JAJ. (5.14) 
p 


In addition, (5.14) is equivalent to (5.10) in Lemma 5.4. 
Proof. By using (5.10) of Lemma 5.4 instead of Lemma 5.1 in the proof of Theo- 


rem 5.5, we obtain (5.14). Conversely, for every unit vector x € H, if we put A = x &x in 
(5.14), then we have (5.10) of Lemma 5.4. 


We have the following corollary as a special case of (5.14) in Theorem 5.8, which is a 
difference type converse inequality of (5.1). 


Corollary 5.1 /f A and Z are positive operators on H such that 0 < mIg < Z < MIy for 
some scalars 0 < m < M, then 


(M — mf? 


|ZA]| — r(ZA) < A(M +m) 


All. (5.15) 


Proof. If we put p = 2 in Theorem 5.8, then we have (5.15) since 


A _ (M — my 


c( PM me, 
15772, — 4M m) 
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5.2 The Araki-Cordes inequality 


First of all, we recall the Araki-Cordes inequality (AC) for the operator norm in $3.6: 
Theorem 5.9 Let A and B be positive operators. Then 
||BPA? BP || < ||(BAB)?|| forall 0 « p €1 (5.16) 


or equivalently 
||(BAB)? || < ||B?A?B? || for all p 7 1. 


The Cordes inequality for the operator norm is as follows: 
Theorem 5.10 Let A and B be positive operators. Then 
||AP B? || < ||AB||? for all0 « p € 1 


or equivalently 
||AB||? < ||A?B? | for all p> 1. 


Proof. By using the Araki-Cordes inequality, we have 


|A” BP ||? = ||BPA?PBP || < ||(BA*B)^|| = ||BA”BI|? = ABI" 


for all 0 « p x 1. 


In this section, we show converse inequalities to these inequalities and investigate the 
equivalence among converse inequalities of Araki, Cordes and Lówner-Heinz inequalities. 

First of all, we show the following ratio type converse inequality of the Araki-Cordes 
inequality. 


Theorem 5.11 /fA and B are positive operators on H such that mly < A < MIy for some 
scalars 0 < m < M, then 


K(m,M,p)|BAB|? < |B"A"B"| — forall0<p<1 (5.17) 
or equivalently 
||B?A?B?|| € K(m,M,p) ||BAB||?  forall p > 1, (5.18) 
where K (m, M, p) is defined by (2.29). 
In particular, 
M 2 
uPatpe < MA ua: 
4Mm 
and 
2VM. 


mI|BABI|? < ||B3A3 B3 J| 
m 


VM+ m 
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Proof. Suppose that 0 « p < 1. For every unit vector x € H, it follows that 


((BAB)Px, x) 
< (BABx,x)" by the Hólder-McCarthy inequality and 0 < p < 1 
i Bx Bx \P 
= (WD ee) \|Bx|2? 
|| Bx|| || Bx|| 
lir B B 
<K m^, MP, —) (ar Zz) |Bx|?^ by Lemma 5.3 and 4 > 1 


p || Bx|| "|| Bx! 


lr 
m^, MP, —) (AP Bx, Bx) || Bx||2?-2 
P 


ll 
X 
oN oN ACUCOSN 


1\P Bl-P B!P 
m?,M?,— BPAP pr e || Bx||??-?|| g!-Px|? 
p [B!-Px||^ ||B1=Px|| 


and 
|| Bx]? ^? |B' Pa? = (Box, x)" (B 7x) 
< (Bix,x Bx x)! P = 1 by0<1-p<l1. 
By combining two inequalities above, we have 
||BAB||?” = ||(BAB)?|| 
ly» 
< K(m?,M?,—)"||BPAPB?|| = K(m, M. p)! |B”A” BP | 

P 
because K(m,M, p)!/? = K(m?,M?,1/p)~! by the inversion formula in Theorem 2.13. 
Hence we have the desired inequality (5.17). 


Next, we show (5.17) ==> (5.18). For p > 1, since 0 < - « ], it follows from (5.17) 
that 


1 1 i4. 
K(m.M, —) ||BAB\|” < ||BPAPB? |. 
P 


By replacing A and B by A? and B? respectively, in the inequality above we have 


, 


1 1 
K (m? mP, L) |B°APB?||* < ||BAB 
p 
and so 
K(m,M, p) ! || B"A"B"|| < ||BAB||" 


by the inversion formula in Theorem 2.13. Similarly we can show (5.18) ==> (5.17). 


Remark 5.5 Theorem 5.11 implies Theorem 5.7. In fact, for each p > 1, 


1 14-1 1 
I(AZPA)? | < K (mP, MP, =) JAZA? 
P 
l ih i 
(m.M. p)Pr(APZAP) 
l 
p 


= Ki 
2 
= K(m.M, p)? (ZA? ). 
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Next, we show a difference type converse inequality of the Araki-Cordes one. 


Theorem 5.12 /f A and B are positive operators on H such that mly < A € MIy for some 
scalars 0 < m < M, then 


||BABI|? < ||B"A"B^|| — C(m,M.p)|BI" — forallo « p & 1, 
or equivalently 
BABI?  |B^A"B^|| - Cim, M.p)|BI?" forall p» 1, 


where C(m,M, p) is defined by (2.38). 


In particular, 
igasi < tats CAE vm Vm agi. 
4(/M + fm) 
and 
M— 2 
|B2422?] < BaB? + Em age 
Proof. For0 « p € 1, 
BAB)?x,x) € (BABx,x)? 
( 
e abis mE. " Bel?” 
Ix] TE 
Bx Bx 
E ((a" [Bx [BI ) -CinM.p)) ud 
B'-Px B'-Px 
-(s PAT BP Pa” a asl? ?|B! ^x]? — C(m,M, p) ||Bx||?? 


< ||B?A?B? || — C(m, M, p)||B||?” 
The last inequality holds since 


|| Bx]? ^ B" Px||? = (B?x, x)! (779,2) 


< (Ux xy ghe x)! P = 1 by0<1-p<l1. 


Hence we have 
||BAB||? < ||B?A?B? || — Cm, M, p)||B|"". 


Next, suppose that p > 1. For every unit vector x € H we have 


|| Bx]??? |B!-?x|? = (Bx, x)?! (B2 Py, x) 
> (Bx (B?x, x) P = 1 byl-p<0 
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and 


((BAB)?x,x) > (BABx,x)? 


i Bx Bx WV 
= ( (4P) ogg) les" 
[Bx] Ts 


> (AP Bx, Bx) || Bx||2?~2 — C(m,M, p)||Bx||2? 
BlPx — BlPx 
[|B'-?x||* ||B'=?x|| 
Bie BPs 
|B! Px||’ |B! P| 


> (Brae ) sir? p! ns — Con a.p) 


> (seare ) — C(m, M, p)||Bx|?. 


By a suitable unit vector x € H, it follows that 
((BAB)^x, xa) > ||B?A’B? || — C(m, M, p) | Bx|"". 
Since ||Bx||? < ||B||??, we have —C(m, M, p)||Bx||?? > —C(m, M, p)||B||?? and hence 


||BAB||? > ||B"A"B"|| — C(m,M, p) BI". 


Moreover, we obtain the following converse inequality of the Cordes inequality by 
Theorem 5.11. 


Theorem 5.13 /f A and B are positive operators on H such that mly < A < MIy for some 
scalars 0 < m < M, then 


|A^B^|| < K(m?,M?,p)? ABI" — forall p» 1 
or equivalently 


K(n2,M?,p)i|AB|? < |A"B^|| ^ forall0 <p « 1. 


In particular, 
M? 2 
ara?) < = gp? 
m 

and 

2/ M 

TABI? < l|A3 85. 
M+m 


Proof. For a given p > 1, it follows from Theorem 5.11 that 
||B^A? BP || < K(m,M, p)||BAB||? 


and hence k : 
|A2 B^|? < K(m,M, p)|A? B|"". 
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If we replace A by A”, then we have 


APB? |? < K(m?, M2, p)||ABI|?? 


as desired. 


The equivalence among the converse inequalities of Araki, Cordes and Lówner-Heinz 
inequalities is now given as follows. 


Theorem 5.14 Let A,B be positive operators such that mIg < A < MIy for some scalars 
0 « m x M. Then for a given p > 1, the following are mutually equivalent: 


(a A2B20 implies K(m,M,p)A? > B". 
(b) |A^B^|| < K(m?,M?, p)! ^ ABI". 

(c) ||BPAPB"|| € K(m,M, p)||BAB|/". 

(0) K(n?,M?,1/p) ^ |AB|? < ||APB? | 

(c) K(m,M,1/p)||BAB||? || BPAPB"||. 


Proof. The proof is divided into three parts, namely the equivalence (a) => (b) => 
(c) => (a), (b) & (b’) and (c) => (c’). 
(a) = > (b): It follows that 
(Ila 383] < 1 implies JA- $85 < K(m,M,p)) 
— ( IA3 B3 || < 1 implies A3 B]? < K(M^!,m-!, p) = K(m,M,p)) 


<=>  (|AB|| X 1 implies ||A?B? || < K(m^, M^, p).) 


If we put B; — B/||AB 


, then it follows from |[AB;|| = 1 that 
||A”BP|| < K(m?,M?, p)? <= |APBP|| < K(m?,M?, p)?||AB||?. 
(b) — (c): If we replace A by A? in (B), then it follows that 
|AZB?|| < K(m, M. p)? |A3 B|^. 
Squaring both sides, we have 
[|B"APB"|| < K(m,M, p)||BAB||?. 
(c) => (a): If we replace B by B? andA by A^! in (C), then it follows that 


|BEA-?B? || < K(M- m^, p)||B2A 1B? |f. 
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By rearranging it, we have 
|A~#B?A- || < K(m, M, p)|A 3 BA 3 ||". 
Since A > B > 0, it follows from A-2 BA? < Ij that 
lA  B^A^|| < K(m,M, p) 


and hence 
B? < K(m,M,p)A". 


(b) == (b) If we replace A and B by A» and B 5 respectively in (B), then it follows that 
E ou $917 
(B) =  |AB| < K(m*.M*,p) APB? ||” 
1 & 4 Xu. 1-1 
€  |AB|? < K(m?,M?, p)" |AB7| 


1 1 
<=> K(m^,Mi,p)MAB|? «||A?B^| by Theorem 2.13 
<=> (B) 


Similarly we have (c) <=> (c’) and so the proof is complete. 


5.3 Norm inequality for the geometric mean 


Let A and B be two positive operators on a Hilbert space. The arithmetic-geometric mean 
inequality says that 


(l-a@)A+ 4B Ast, B for all 0 € o «x 1, (5.19) 
where the o-geometric mean A #g B is defined by 


[04 
A sig B — A (4738473) A3 forall0<a<1. 


In fact, put C = A73 BA^?. Since Q(t — 1) 4- 1 2 t” for t > 0, we have (1 — &)Ig + C > 
C*. Therefore, we have (5.19). 

On the other hand, it is known the following matrix Young inequality: For positive 
semi-definite matrices A, B and p,q > 1 such that 5 + 7 =1 


1 1 
—A? + -B! > U*|AB|U (5.20) 
p q 
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for some unitary matrix U. By (5.20), for positive semi-definite matrices A, B 
||(1 — &)A + «B|| > ||A B? | foralO<a<l (5.21) 
and by (5.19) we have 
|| — &œ)A + «B|| > ||A #a B|| for0 € a < 1 and A,B 7 0. 

Here we remark that McIntosh [182] proved that (5.21) holds for œ = 1/2 and positive 
operators. 

In this section, we show a norm inequality and its converse on the geometric mean. In 
other words, we estimate ||A #q B|| by ||A!- "B*||. Moreover we discuss it for the case 
a > 1. Our main tools are the Araki-Cordes inequality (Theorem 5.9) and its converse one 
(Theorem 5.11). 


We show the following norm inequality for the geometric mean, in which we use the 
Araki-Cordes inequality twice. 


Theorem 5.15 Let A and B be positive operators. Then for each 0 € & < 1 
|A && B|| < ANB" |. (5.22) 
Proof. It follows from (5.16) in Theorem 5.9 that 
|A? (a-12A-3) "A3 < |A*A BBA“ Ans [i = |A TË BA TE o 


for 0 € a «€ 1. 
Furtheremore, if œ > 1/2, then by (5.16) in Theorem 5.9 again 


|A 9 BATE |" < |A!-"p?eat-e| = [A'B], 
Hence, if 1/2 < o < 1, then we have the desired inequality (5.22). 


If œ < 1/2, then by using A y B = B ttj. A, it reduces the proof to the case a > 1/2 
and so the proof is complete. 


As in Chapter 3, we use the notation { to distinguish from the operator mean #: 
Í i —1\@ | 
A ha B=A7 (A * BA Jj A?  forall o g [0,1]. 


Theorem 5.16 Le: A and B be positive operators. If 3/2 < œ < 2, then 


|A ha B|| < ||A ^B" ||. (5.23) 
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Proof. Put œ = 1 + B and 1/2 < B < 1. Then we have 
D/. 1, I1N-P 1 
lA ba Bll = |B 4g All = |B? (8734273) ` pj 
1 UNT ANT 
= ||B2 (BIA Bi) B? || 
E NT =| d. B 
< || B? B2A~ B? B® || by Theorem 5.9 and 1/2 < B <1 


1+8 Lp 
=||B2 A-| BB |P 


IA 


Bl^BA-2Bgl-B|3 ^ by Theorem 5.9 and 0 < gil 
A PBpg'tB| = |A!-«o|. 


Remark 5.6 In Theorem 5.16, the inequality ||A ba B|| < ||A! -*B*|| does not always 


hold for 1 < à < 3/2. In fact, let A = E i and B = (; J Then we have ||A E B| = 


3.38526 > ||A- 3 B3 A; B| = 3.49615 < ||A75B5|| = 3.50464. 


We show the following converse inequality of (5.22) in Theorem 5.15. 


Theorem 5.17 IfA and B are positive operators such that mlg < A,B < Mlg for some 
scalars 0 < m < M and h = y, then for each 0 € œ < 1 


K(h?, a) ||A1~*B"|| < ||A #a B 


where the generalized Kantorovich constant K(h, œ) is defined by (2.31). 


Proof. Suppose that 0 € œ < j. Since alu < A-3BA-3 < “Tn, it follows that a 


; - A Ados 
generalized condition number of A 2 BA 2 is — /g- I? and we have 


IA #a B] = |(4)" (A BA~#) (syl 


> K(h?,a)\|A27A~2BA~2A2@ ||" by Theorem 5.11 and0 <a <4 
= K(h?,0:)||A = BA 7 ||% 

> K(h?,æ)||A}7%B?*A! 2]? ^ by Theorem 5.9 and 4 > 1 

= K(h?, a) A * B? |). 


Suppose that 5 <a<l.SinceO<l-a< $, we have 
[A #a Bll = ||B i-a All 
> KÊ, 1- a)|[p'- 0-941] 
= K(I2,o)|A!-*B"|| by Gi) of Theorem 2.12 


and so the proof is complete. 
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We show the following converse inequality of (5.23) in Theorem 5.16. 


Theorem 5.18 /f A and B a positive ONOS such that mlg < A,B < MIy for some 
scalars 0 < m < M and h = V, then for each 3 <a<2 


m? 
K(H, o — D)K(h2(a.— 1)) 3 A1" *B?|| < ||A ba BI, 
where K(h, a) is defined by (2.31). 


Proof. Put æ = 1 + B and 1/2 € B < 1. Then we have 


|A &a B|| = ||B &-g All 
T 
> K(I?, B)|B?8 B TA! B3 Bw ||? by Theorem 5.11 and 1/2 « B <1 


p 
> K(h’, B) k(n, pte ngos) by Theorem 5.11 and 0 < 55 < 1 
1 T 
pe ea “ya Pal | 
1 
K(I^, B)K(h, 2) ? ||A' ^ B^ |. 


The last equality follows from 


(ey! oer o enam ap 


by (1) of Theorem 2.12 and (1) of Theorem 2.13. 


As mentioned in Remark 5.6, we have no relation between ||A Hq B|| and ||A! - *B? | 
forl<a< 3. We have the following result. 


Theorem 5.19 /f A and B a positive operators such that mlg < A,B < Mlg for some 
scalars 0<m<M andh=™, then for each 1 <a < $ 3 


m? 
K(h?, o — 1)|A!- *B"|| < ||A ba B|| < K(, 2(0: — 1) 3 ||A B? 


where K(h, œ) is defined by (2.31). 


Proof. Puta = 1+ B and 0 € B < 5. Since a generalized condition number of A-?P is 
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h- P. it follows that 
1 Lb —1\7B a 

lA ta Bll = IIB t. All = |B} (8734273) ` Bj 

1 i [d B ı 
= ||B? (BA~'B?) p*j 

1 1 
< |B BA-!BiB?|P — by Theorem 5.9 and 0 < B < 1 

ES 1+ 
= |B a-ig 

1 IV 

a (K. 0) ||B1+8A-?P gI-HB| +) by Theorem 5.11 and 1 < y; 
= K(h,2(o — 1))- 3 |A!- *B^| by Theorem 2.12 and 2.13. 


Also, we have 


-B 
B? | 


lA ta Bll = |B b-p All = |B} (B-44B-*) 
= |B? (Bta-'a})* hy 

2 K(i?,B)||B7 B3A- pi po |f by Theorem 5.11 andO X B € 1 
- K(? B) 3. AB P 

SRR pje PA PpP] by Theorem 5.9 and 3p >1 

= K(h?,& — 1)||A!- ^B? | 


and so the proof is complete. 


Finally, we consider the case o > 2: 


Theorem 5.20 /f A and B are positive operators such that mly < A,B < MIy for some 


scalars 0 < m € M and h — €. then for each a > 2 


m? 
K(,2(0.— 1))-3]A'-*B"| < [A ha Bll < K(, o — 0)]A "B", 
where K(h, œ) is defined by (2.31). 
Proof. Put œ = 1 + B and B > 1. Then we have 


igot. PX. dd 
lA ta Bll = IIB bp All = |B} (874-3) — pj 
1 1 1 1\Ê 1 
= ||B2 (BIA Bi) Bi| 
1 1 
< K(h?,B)||BB2A~'B2B% ||P ^ by Theorem 5.11 and B > 1 


I+ I+ 
= K(,p)|B F A'B IP 
<K(h’,a—1)||A'*B"|| ^ by Theorem 5.9 and 0 < 5; < 1. 
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Also, it follows that 
if ed ned -B a 
lA ba Bll = |B 4g All = |B? (8734873) ` B 
1 L0 451 VP Lu 
= ||B? (B4A~'B+) p*j 
1 1 
> | B7 B3A- 1p? B7 |jP by Theorem 5.9 and B > 1 


1 48 
> K(n-B, 25) |B*A-28pgi*B|3 by Theorem 5.11 and 0 < 3p El 


= K(h,2(a — 172 lA *B? || by Theorem 2.12 and Theorem 2.13. 


5.4 Norm inequality for the chaotically 
geometric mean 


Let A and B be two positive invertible operators on a Hilbert space H. We recall that the 
chaotically geometric mean A g B for all œ € R is defined by 


A Oa B — exp((1— a)logA + alogB). 


If A and B commute, then A Og B = A!- *B* for all a € R. 
First of all, we recall the following Ando-Hiai inequality (Theorem 3.4). 
Theorem AH /f A and B are positive operators, then for each a € [0,1] 


|A" st B"|| < ||A ta B||" for all r 21 (5.24) 
or equivalently 


Adi BXly =>  A' tty B' € Ig for all r 7 1. 


The following result is a geometric mean version of the Lie-Trotter formula 


exp(A 4- B) — lim (se(2) ep(2)) (5.25) 


n n 


for self-adjoint operators A and B. 
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Lemma 5.5 /f A and B are self-adjoint operators, then 


exp((1— «)A + cB) (exp(rA) ba exp(rB))* 


= lim 
r—4-0 
in the operator norm topology for all a € R 


Proof. For 0 <r < 1 and a € R, let X(r) = exp(rA) fa exp(rB), Y(r) = exp(r[(1 — 
a)A+ @B]), and r^! = m+s, where m € N and s € (0,1). It is enough to prove that 
|X (r)" — Y (r)" || — 0. Since, with the convention o(r)/r — 0 as r — 0, 


oza (A ($5 C2) £5 $C) oo) 


k=0 k=0 


= (m+ á +0(r)) (pg +ra(B—A)+o(r) (m+ T +o(r)) 
=Iy+r[((1—a)A+ B] + o(r), 
we get X(r) — Y(r) = o(r). Since 
xp —Y(r)" = Fora) =Y(P)Y CY, 
it follows that 
IX" =Y ("I € mlIX (e) = YG)l max{|X(r)|, KO 


< TIX) ~¥(r) lexp((1— a) |All + allBl) —0 —asr 0. 


By Lemma 5.5, we have the following formula for the chaotically geometric mean, 
which is an extension of Theorem 3.21. 


Theorem 5.21 Let A and B be positive invertible operators. Then for each a € [0,1] 


L 
- 


A Qa B= lim (A' #a B") (5.26) 
r4 


in the operator norm topology. Moreover, for each a ¢ [0,1] 


Aq B= lim (A" ba B’)?. 
r>+0 


We show the following norm inequality for the geometric mean, in which we use the 
Ando-Hiai inequality. 
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Theorem 5.22 Let A and B be positive invertible operators. Then for each a € [0,1] 
|A #a B|| < ||A Oa B|| x ||A' B^]. 
Proof. It follows from (5.24) in Theorem AH that 
|A #a B| < |A #a B'|* — forallO<r<l. 


As r — 0, we have ||A **y B|| € ||A Qa B|| by Theorem 5.21. 
By Lie-Trotter formula (5.25) and the Cordes inequality (Theorem 5.10), we have 


. H n 
lexp(H + K)]| = lim lexp( A) exe( If < llexprrexpK] 


for self-adjoint operators H and K. Hence it follows that 


[A Qa B|| = ||exp ((1 — æ) logA + alogB) || 
< ||explogA!~® explog B^ | 
= |A'^*B"|. 


Remark 5.7 By the proof above, we have 
lA $a B| < |A'*B*||  forallæ €R. 
We show the following converse inequality for Theorem 5.22. 


Theorem 5.23 /f A and B A. positive operators such that mlg < A,B < Mlg for some 
scalars 0 < m < M and h = #, then for each 0 < o < 1 


m? 
K(B,a)|A'- "B? | < ||A #a B||, (5.27) 
where K(h, œ) is defined by (2.31). 


Proof. Suppose that 0 € o < 5. Since alu < A-2BA-2 < V py, it follows that a 
generalized condition number of ATIBA? is L {= h? and by Theorem 5.9 we have 
||BPAPBP|| < ||(BAB)?|| for all p € [0,1] and the opposite inequality holds for all p > 1. 
Hence it follows that 

1 1 1\ & 1 
lA #a Bll = |(47)* (a7 32473). (asl 
iPa)|ATA- BA iA€*|*  bby0<a< 
Wo) |A SE BA SE |j 
2 1-o g2a ,1—o d 1 
h^,a)|A ^9B^*A @ || 2 by zg 2 l 
) 


zK( 
= K( 
2 K( 
= K(I?, a)|A'- * B^ ||. 
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Suppose that 4 < œ < 1. Since 0 < 1 — œ < 4 and K(h, 1 — œ) = K(h, œ) by (i) of Theo- 
rem 2.13, we have 
[A st Bll = ||B #1 A|| 
> K(h?,1— a)||g!-0-94!-*| 
= K(I^, a) A! "B" | 


and so the proof is complete. 


We show the following complement of the Ando-Hiai inequality. 


Theorem 5.24 Let A and B be positive operators on H such that mlg < A,B < Mlg for 
some scalars 0 < m < M, h = L and 0 € & < 1. Then 


lA" #q B'| < K(k? œ)" ||A #a B|l/ — forall0<r<1 (5.28) 
or equivalently 
AU, B< Iq — A’ #a B< K(k, œ)" — forallo«r«1, (5.29) 
where K(h, œ) is defined by (2.31). 


Proof. We firstly show (5.28). Since a generalized condition number of A-3BA-3 is 
k= ae it follows from Theorem 5.9 that for eachO < œ < 1 


m 
r r r a r 
|A" #a B'I = ||A¥ (a7 $547). Ad | 
<||A77A-2B"A-2A7%||"  byO<a<1 


= ||A 2 B'A Zo ||* 


1-a« l-a 
< |A7« BA 7« ||" byOcr«l 


AT: A-3 BA 3Ams ||" 


IA 


2 -1 1 .1 ~1\@ 1,\" 
(kt ,a)-!|4? (4 * BA 2) A3) by0<a<l 
K(k, o) "||A #a Bll” 
for all 0 < r < 1 and hence we have the desired inequality (5.28). 
(5.28) = > (5.29): is obvious. 


(5.29) — (5.28): Since A &, B < ||A t B 
geometric mean that 


, it follows from the homogeneity of the 


A B 
P ecu. d 
|A #a Bj ||A #o B|| 


By (5.29), we have 
A’ B" 


— di — — —— « K(f? a)” 
[Ata Bir "* las, zip 5 KU 0^ 
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because generalized condition numbers of both A/||A #q B|| and B/||A **y B|| coincides 


$ M m RO ES : : ane 
with Tay / Tea =M /m =h. Hence we have the desired inequality: 


|A" Ha BY] < K(W?, o) "A #a BII 


for all 0 < r < 1. Therefore the proof is complete. 


By Theorem 5.24, we have the following converse inequality of the Ando-Hiai one for 
the case r > 1. 


Corollary 5.2 Let A and B be positive operators such that mIg < A,B < MIy for some 
scalars 0 < m < M, h = Mand0<a <1. Then 


K(h"",a)||A #a B|" < ||A" sts B’||(< ||A ta B||") for all r » 1. (5.30) 
Proof. For r > 1, we have 0 < 1 < ] and by (5.28) in Theorem 5.24 
l|A* #a B | < K(h?, o) * |A #a Bll? 


Replacing A and B by A" and B” respectively, and a generalized condition number of A" 
and B" is h’, it follows that 


|A Ha B|| < K(k”, 0) ||A" #a B ||* 


and by taking r-th power on both sides we have the desired inequality (5.30). 


In the remainder of the section, we investigate the Ando-Hiai inequality without the 
framework of operator mean. The following theorem corresponds to (5.28) in Theo- 
rem 5.24 in the case o > 1. 


Theorem 5.25 Let A and B be positive operators such that 0 < mlg < A,B < Mlg for 
some scalars 0 < m < M, h = M and a > 1. Then 


K(h,r)K(h?,0t)~"||A ba B|| < ||A" bo B"|| x K(k”, 0) ||A to B||" (5.31) 
for all 0 <r <1, where K(h, œ) is defined by (2.31). 


Proof. Since ||B?A?B?|| < ||(BAB)?|| for all p € [0, 1] and the opposite inequality holds 
for all p > 1 by Theorem 5.9, for each œ > 1, we have 


ra r r a td 
A" ba B" = l5 (A7 527A75) Až] 


< K(E",o)|A7*A-*5B'A-3A7«|"* byæa>1 
= K(h?",a)||A 22 B'A Ta ||% 
< K(h” a) |A T BAT |/* by0<r<1 
= K(h” æ) ||A77 A73 BA- 3A 9 |" 

2r 1 = 1.9 1 f 
< K(h” ,æ)||A? (4 * BA *) AM' bya>l 
= K(h*",a)||A ha Bll’ 


and hence we have the right-hand side of (5.31). 
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Conversely, we have 
a r r a r 
|A" ha B'I = ||AŻ (A-5875) AB | 
> ||A2@A-7BA-FA%||" — byoal 
= ||A to B'A Za ||* 
l-a@ l-g a 

> (K(h,r) |A BA = |") by0<r<1 

h,r 


? 


= K(h,r)"||A 7 BA T |" 
= K(h,r)*||A7 A- 3 BA- 3 As ||" 
> K(hr) 


h,r 


-4 _ 1N€ 1, \F 
(k (I3,0))-! ||A? (a? * BA 2) AM) bya>1 
= K(h,r)*K(^, o) "||A ha B||" 
and hence we have the left-hand side of (5.31). 


By Theorem 5.25, we have the following complement of the Ando-Hiai inequality in 
the case @ > 1. 


Theorem 5.26 Let A and B be positive operators such that 0 < mlg < A,B < Mlg for 
some scalars 0 < m < M, h = L and a > 1. Then 


lA" ha B'| < K(h7",a)||A fo Bl — forallO<r<1 (5.32) 
or equivalently 
Alea B< Iy = A’ ba B'<K(h"",a)  forallO<r<1, (5.33) 
where K(h, œ) is defined by (2.31). 


The following corollary is a complementary result for Theorem 5.25. 


Corollary 5.3 Let A and B be i bw operators such that 0 < mlg < A,B < Mlg for 


some scalars 0 < m < M, h = L and o > 1. Then 
K (12,0) "IA & Bil” <A" ba BT < KÜs) "KP" cA ba Bl —— (534) 
forallr> 1. 


Next, we show converse norm inequalities for the @-geometric mean and the chaoti- 
cally geometric one. 


Theorem 5.27 IfA and B are positive operators such that 0 < mly < A,B < Mlg for 
some scalars 0 « m « M and h — M then 


K(I2,a)|A a B| <||A#q B| ^ forallo « a « I. (5.35) 


S(h) "K(?^,o) "|A ba BI < A Ga B| <WPO MA ta B| — forallo 1 (5.36) 
where the Specht ratio S(h) is defined by (2.35). 
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Proof. By (5.28) in Theorem 5.24, it follows that for each 0 <a < 1 
lA" #q B"|| < K(I2, 0)" |A stg Bll” for all 0 « r « I. 
By taking Lth power on both sides, we have 
|| (A #a BY) || < KP, ot) "A #a B] 
and hence we have the desired inequality (5.35) 
|A Oa Bll € K(^, o) N/A o B| 


by the formula (5.26) in Theorem 5.21. 
Next, since K(h?",a@) < (h?")*—! by Theorem 2.13, it follows from (5.31) in Theo- 
rem 5.25 that for each œ > 1 


a 
T 


= rf r H r l 
K(I^, o) ||A ha B|| < ||A" ha B" || < K(h?”, œ)F ||A ba BI 
<WO-DI Aba B| foral0<r<1. 


K(h,r) 


On the other hand, since K(h’, 1) = K(h, 2E in the case of p — 1 by (i) of Theorem 2.13 
and K(h”, +) — S(h) as r — 0 by (i) of Theorem 2.17, we have 


2 
T 


1 —Qo« 
lim K(h,r)* = limK (r 2) = S(h)~*. 
r0 r0 r 


By Theorem 5.21 we have (A" ba B^) — A Og B as r — 0 and hence 


S(h) "K(^,o) !|A ba B| € |A Oa Bll < 1? "7 P||A ha B]. 


Finally, we show a slight improvement of Theorem 5.23 for the chaotically geometric 
mean and its converse. The following lemma shows the Golden-Thompson type inequality 
for the operator norm and its converse. 


Lemma 5.6 Let A and B be self-adjoint operators such that mly < B < Mlg for some 
scalars m « M. Then 


s(e 7)! le?e? | < lel] < ljeFe%e? 
where S(e^ ^") is the Specht ratio defined by (2.35). 


Proof. Since 0 < e" < e? < eM anda generalized condition number of e? is eM-m it 
follows from Theorem 5.9 and Theorem 5.11 that 


DA pA 
K(e"7", pyle?ePe? |? < eT ee || « letec]? — for all p € [0.1]. 


5.4 NORM INEQUALITY FOR THE CHAOTICALLY GEOMETRIC MEAN 139 
Taking l-th power of both sides, we have 


7, DA 
K (e^. p)? lle$ePe$ || < lleTe?BeT ||? < lleZe%e? |]. (5.37) 
It follows from (1) of Theorem 2.13 and (1) of Theorem 2.17 that 


i = 
K(e™—",p) um Ca L) i — Cie as p — 0. 
P 
p. D. 1 
By the Lie-Trotter formula, we have lle eBe ||? — |[e^*|| as p — 0 and hence by 
(5.37) it follows that 


S(e4-")-!lle?eAe? || < ||e^*?|| < |leZe%e? |, 


as desired. 


By Lemma 5.6, we have the following theorem which is a slight improvement of Theo- 
rem 5.23. 


Theorem 5.28 Let A and B be strictly positive operators such that 0 < mly < B < MIy 
for some scalars 0 < m < M, hg = M Then for each real number a € R 


sg) lA EBA || <A Qa BI < A BAA | 
where S(h) is the Specht ratio defined by (2.35). 


Proof. For each a > 0, replacing A and B by (1 — @)logA and alogB respectively 
in Lemma 5.6, we have the desired inequality since &logm < alogB < a@logM and 
e%logM—alogm — 7% In the case of a < 0, we have alogM < alogB < alogm and 
e%logm—aælogM — h,®. By the property of the Specht ratio in Theorem 2.16, it follows 
that S(h5 ^) = S(hg) and hence we have this theorem. 


The following corollary is a complementary result for Theorem 5.23. 


Corollary 5.4 Let A and B be positive operators such that mIg < A < MIy for some 
scalars 0 < m < M, ha = LA Then for each real number a € R 


Sh 9) A  B"4^7 | < [|A Qa BI <A BAA |. 
Proof. If we apply B 1-9 A to Theorem 5.23, then it follows that 


S(h1-")-|B$A'-"5* | < | O10 Al 


and hence we have this corollary. 
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Remark 5.8 Let A and B be positive operators such that mly < A,B < MIy for some 
scalars 0 < m < M, h = %. Since lA 7 BA" | < [4!-*B* 
rem 5.22 implies 


, the expression in Theo- 


K(h? o) ||A B°A 2" |«lAOs B| forall a € [0,1]. (5.38) 


By combing Theorem 5.28 and Corollary 5.4, we have 


max[S(h*)-!,s(n!-*)-'MA ^ BA | «|A Oe B| — foeralla € R. — (5.39) 
Then (5.39) is an improvement of (5.38). As a matter of fact, we have 
K(P,a)xs(h")' forall OS a<}. (i) 


K(W’,a)<S(h'-*%)! forall <a <1. (ii) 


To prove (i), it is sufficient to show K(h,a)~! > S(h) for all 0 < œ < 5. By (ii) of 
Theorem 2.12, (i) of Theorem 2.13 and (ii) of Theorem 2.17, we have 


1 l-a 
K(h,a) ! = K(h,1— a)! —K prs x) 
1-a 
=K (v. LM > SUP 


Since S(h5)5 is decreasing for 0 < s < 1 by Lemma 4.4, it follows that S(h*) > S(h* ? and 
hence we have , " 

Cad > Suz 0-0) > S(h7) 
since 0 € a «x 1. Therefore, it follows that K(I?, œ) < S(h*)^! for all0<a< i. Similarly, 


we have (ii). Therefore we have 


K(h2, a) < max sh”) shi) } forall a € [0,1]. 


5.5 Complement of the Ando-Hiai inequality 


The following theorem is an operator norm version of a generalized Ando-Hiai inequality 
(GAH) in Theorem 3.5. 


Theorem 5.29 Let A and B be positive operators, and let a € |0,1]. Then 


rs. 


lA. a — B || < ||A#q Beer forall rs 1, (5.40) 


(1—a)s--ar 
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or equivalently 


f 


|A #a B| ara < JA" # 


B'| forall 0<r,s<1. (5.41) 


* 
(1—a)s--ar 


For each o € [0, 1], we have no relation between ||A&;B|| (I-0s*47 and ||A’# or — B*|| 


(1—a)s--ar 
for r,s > 0 without constraint (r — 1)(s — 1) > 0. In this section, we show a complement 
of the generalized Ando-Hiai inequality. We attempt to find upper and lower bounds for 


|A” Ha au B*|| by means of scalar multiples of ||A #q B|| (=a)star, that is, for each 
—a)staor 


0<r< lands > 1 there exist constants B and y such that 


B As, BT? < ATH e BI < y ||A #a BI ew 
(1-@)s+or 


for two positive operators A and B. 
First of all, in the case of r > 1 and s > 1, we estimate a lower bound of the generalized 
Ando-Hiai inequality (5.40): 


Theorem 5.30 Let A and B be positive operators on a Hilbert space H such that m,Ig < 
A € Mylg and mI < B < Mly for some scalars 0 < m; € M; (i= 1,2), and let a € [0,1]. 
Put h; — M fori= 1,2. Then for each r > l ands > 1 


(=a) 


K (nin, cus) |A #a B|| Uas Far 


< JA # a — B'|(x lA B| TAFE ), 


(1—a)s--ar 


or equivalently for each 0 < r < 1and0 «s € 1 


B'| 


(IA #a Bj) «pans 


(1—a)s--ar 


< K(Riho, ac) OF |LA #a B| Haver, 


Proof. It follows that the generalized condition number of A^3 BA? is hl, since 
mj/Mjlg < A-3BA < M; /m'Ig. By Theorem 5.11, we have 


ar 


|A" # «Bl = [4$ (a-EB TE) TOF At 


(1—a)s--ar 


(1-a)s 


Rc <, A~a) Ur 0. 
hihi, se) AUR B'A mE (Uc by «—2— € [0, 1] and (5.17) 


ATE BA TE || Tore by s> 1 and (5.18) 


a rs 
A3 (4752473) A|U-O x by0< æ < 1 and (5.16) 


A sig, B| ae, 


«( 
K | 
> K (hih, ar ) ATAT? BA- 3A 96 || Is 
«( ) 
«( ) 
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If we put r= s in Theorem 5.30, then we have the following converse of the Ando-Hiai 
inequality (5.28) in Theorem 5.24. 


Corollary 5.5 Suppose that the same conditions of Theorem 5.30 hold. Then for each 
r>1 
K (hh, @) ||A #a Bil” < [A #a B'I (< ||A ta Bll"), 


or equivalently for each 0 <r < 1 
(IA #a Bl’ <) ||AHa B"|| < K(niha, o)" |A Ha BII. 


We remark that in Corollary 5.5 the constant K(hjh5, a) = 1 in the case of œ = 0,1 and 
K(h'h5, a) Æ 1 in the case of r= 1 and0 < o < 1. 


Remark 5.9 For a € [0,1], the generalized Ando-Hiai inequality 


|A# a —B'| < || A#aB| T9727 


(1—a)s--ar 


does not always hold for 0 < r € 1 and s > 1. In fact, put A= (; >) and B = P J 


Then for & = 5 we have az #1 B?|| = 4.798011 > ||A "n B|3 — 4.795148 in the case of 
A? un B^|| = 5.514677 « ||A n B|? — 5.707511 in the case of 


r= i and s — 2. Also, 


r — $ and s — 4. 


At the end of this section, we present a complementary inequality to the generalized 
Ando-Hiai inequality for the case 0 < r < 1 and s > 1. The following theorem gives esti- 


mates of both upper and lower bounds of ||A” its ar B*|| by means of scalars multiples 
—aQ)sT- ar 


of ||A #a B| are 


Theorem 5.31 Let A and B be positive operators on a Hilbert space H such that mjIg < 
A < Mylg and mI < B < Moly for some scalars 0 < m; € M; (i = 1,2), and let œ € [0,1]. 
Put h; = Mi fori= 1,2. Then for each0 <r < l ands> 1 


Mi 


a)s(r—s) 


(1—a)s (l= x 

s (1—a)s+ar SOLS = 1—a)scar coher 

K (hi. t) K (nih, "A id lA fo B|| x dE 
< |A tt. 


r 
1—a)s--ar 


B'| 
(1—-a)s(s—r) js 
= n ue |A Ha B|| ü-a)srar . 
In order to prove this theorem, we need the following lemma. 


Lemma 5.7 Let A and B be positive operators on a Hilbert space H such that milg < 
A < Mylg and molIg < B < Moly for some scalars 0 < mj € M; (i= 1,2), and let œ € [0,1]. 
Put h; — "i fori— 1,2. Then for each 0 < s < 1 


K(h5,s)||A? || (ABA) € ABSA < |[A?||l-* (ABA). (5.42) 
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Proof. Since f(t) = t? for 0 < s < 1 is operator concave, it follows that 


A A A ANS 
ABA = ||A2| ee A. < qa? (ri = 4? ' (ABA), 
lar? Tal jai" 


and we have the right-hand side of (5.42). Next, we show the left-hand side of (5.42). By 
(2.11) in Theorem 2.11, we have 


(A3B*A*x, x) > K(hp,s)((ABA)°A® 5x, A77 Uo) || A?x|| 25||A*7 1x25? 
Since (A?5x,x) > ||A-?5||-, it follows that 


ll4*]^*- 2) A*- 1295 = QA A vy x) 17S 
llA-2]pe79 472079 = ga-2 jr 


IA 


and hence 
K(ho,s)A57! (ABA)! < |a=] 1=s AS BSAS, 


as desired. 


Proof of Theorem 5.31. Replacing A by A`? in Lemma 5.7, we have 
A-$EA73 < |“! (A73 BA73y 
for all 0 < s € 1. By ER € [0,1] and the Lówner-Heinz inequality, we have 
(aima) Tota < (IA7 1175) ana (A-3BA-3 aise, 
Therefore, it follows that 


(1^5) as 
JA a PI S AT TE JA? (A 3A 3) mia. 


(1—a)s--a 


Rest we estimate the norm of the right-hand side in the expression above. Since 0 « 
fimum < 1, it follows from (5.17) in Theorem 5.11 that 


|A? (A73 BAT?) TTE A? | 


< lA 7 (A SBA 2)%A (1- Gee |T ET 
a(1—s) qc 
= |A 3 A*(A ? BA bt I-a)sra 


Ss —s) 
< | A fig B| (1-a)s--a lA || METER. 


and since ||A||||A~!|| < + = h; by m; € A < Mi, we have 


a(1—s) 


|A# «  B| < nj ^" [As Bll (Hasta aj (5.43) 
(1—a)s--a 
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for all 0 < s < 1. Since 


A#aB = BHL 4A and A’# « B — BS a A’, 
T-a+or Tatar 


ocror 


replacing A, B, œ and s by B, A, 1 — œ and r in (5.43), it follows that foreach 0 < r < 1 


(1—o)(1—7) : 
|A" # a. B|| < hj" |Ass Bre. (5.44) 


For each 0 < r € 1 and s > 1, replacing A, B and r by A’, B® and * respectively in (5.44), 
we have 


A'& or B|-l(A)£ , BP 
M tie B= WANA og m 
a- Q-e-i 4 
< hy Cae |A" #a B’ | oer by 0< © < 1 and (5.44) 


(1-a)s(s—r) T 
= hy" (LAS e BS |0 
(1—a)s(s—r) - 
hj. OF" IA #a B|ü-es*c —— bys > 1 and (AH), 


IA 


and hence we have the right-hand side in Theorem 5.31. 
Next, we show the left-hand side in Theorem 5.31. By using the left-hand side of (5.42) 
in Lemma 5.7 and (5.17) in Theorem 5.11 it similarly follows that 


K (fo, s) FF K (HERE, ae ag, p cre <||A# s Pl 


1—a)s-- 


holds for each 0 « s € 1 and this implies that 


lA" # a Bl > K(hn,r) eK (ng LAS SU m Ay BIE (5.45) 


holds for each 0 < r < 1. Therefore for s > 1 we have 


|A # a PI = |\(A°)F # . Bl 


E a (1—a)s(r—s) 
KG) 0 K K (neis? emm) eter AS Hy ps] Toran 


(1—a)s(r—s) 


(1-a)s $ 
> K (hi, £) m ee K (Inti oe hy JA BIO, 


as desired. Hence the proof is completed. 


We remark that in the case of r = s = 1, both bounds of the inequalities in Theorem 5.31 
are equal to 1. 
Finally, we show a complementary result of Theorem 5.31: 
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Corollary 5.6 Suppose that the conditions of Theorem 5.31 hold. Then for each r > 1 
andO0 «s cl 


(1—a)s(s—r) 


hj OA Hy Be < [AT or B'| 


(1—a)s--ar 
—(1-a)rs " S (1— dt- 5) 


z Tajar - $ ajs Far 
< K (ni) 9 K (ih), ake) n O A Ha BITE. 


5.6 Converses of Hölder’s inequality 


Let a; and b; be positive real numbers for i = 1,- -- ,n. Hólder's inequality says that 


n 1 


Selo} < ($e y (£4) 546 


i=l i=l 


for p,q > 1 such that 7 + " = 1. When p = q = 2 in (5.46), we have the Cauchy-Schwarz 


inequality 
n n 
aibi € 4| X ain] > bi. (5.47) 
i=l i=l 


These inequalities can be extended to operators by means of the subadditivity of the op- 
erator geometric mean [124, Theorem 5.7]: Let {A;}!_, and (Bj? , be positive invertible 
operators on a Hilbert space. The following inequality is seaded: as Hölder’s inequality 
for operators 


Y AitaBi < de) fg PD (5.48) 
i-i i-l i-l 


for all œ € [0, 1]. In particular, in the case of œ = 5 we have the Cauchy-Schwarz operator 
inequality: 


Y AHB; < (34) # (4). (5.49) 
i-l i=1 i=1 


By using the Mond-Pečarić method for concave functions, we shall show converses of 
operator Hölder’s inequality (5.48). 


Theorem 5.32 Let A; and B; be positive invertible operators such that mA; < Bj < MA; 
for some scalars 0 < m < M and i = 1,2,- -- ,n. Then for each œ € [0,1] 


(£a) « P < K(m,M, a) js #a B (5.50) 


i=l 


146 5 OPERATOR NORM 


and 


(£4) Ho (32) - XA #a B; < —C(m,M,a 373 (5.51) 
i-l i=l 


i-l i=l 


where the generalized Kantorovich constant K(m, M, œ) is defined by (2.29) and the Kan- 
torovich constant for the difference C(m,M, œ) is defined by (2.38). 


If we put œ = 5 in Theorem 5.32, then we have the following converses of the Cauchy- 
Schwarz operator iequalitios 


Corollary 5.7 Let A; and Bj be positive invertible operators such that mA; € B; < MA; 
for some scalars 0 < m < M and i = 1,2,::- ,n. Then 


n n 
(ža) # PDEE dE LAM A^ # Bi 
i-l i-l 
and 
n n 2 n 
YA} #| MB: -X^ #Bi< [VP VUE DA 
i=l i-l 4(VM + ym) vm) i— 
To prove our results, we need the following Lemmas, also see [124, Corollary 5.33]. 


Lemma 5.8 Let A and B be positive operators such that mA < B < MA for some scalars 
0 « m X M and let ®: B(H) + B(K) be a positive linear mapping. Then for each œ € |0, 1] 


D(A) stg (B) < K(m,M,a) '@(A t; B), (5.52) 
where the generalized Kantorovich constant K(m, M, œ) is optimal. 
Proof. Put C = A~'/*BA~'/2. If we put 


a M!-%_m}\-@ «(M — m) 
A = Te m MOS d mr m 
then 
ot *-(1—a)Aot " «uo — forallt € [m, M]. 


Since mI < C < MI, we get 
aC + (1— A9) < MoC% 


and hence 
CB + (1 — &)ÀoA € WoA #a B 


This implies 
(1 — a&)Ap®(A) + («b(B) < uo9(A tto B). 


By the weighted arithmetic-geometric mean inequality, it follows that 


(1— a)AoO(A) + ob(B) > Ad. (A) #a (B). 
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On the other hand, since sig = K(m,M, a)! by an easy calculation, we have the desired 


inequality (5.52). 

Moreover, the generalized Kantorovich constant K(m, Mo) is optimal in the sense that 
for each a € [0, 1] there exist two positive operators A, B such that mA < B < MA for some 
scalars 0 < m < M and a positive linear mapping ® such that 


$(A) #a (B) = K(m,M,a) ! YA ft, B). 


As a matter of fact, let  : Mo(C) + C be a positive linear mapping defined by 


X11 X12 . 
(X) =rxı + (1 —r)x fo X= withO<r<l 
(X) = ra + (1 — Ead 


and A and B positive definite matrices such as 


10 M 0 
A- ($1) and 5-5 i 


Then it is clear that the sandwich condition mA < B < MA holds. If we put 


m? (M — m) — m(M* — m?) 
r=, 


(1 — @)(M—m)(M%—m®) ` 


then we have 0 < r < 1. Therefore it follows that 
P(A) stg (B) B (m4 r(M — m))* 


D(A ty B) m* -- r(M* — m?) 
_( gee a(Mm* — mM“) ) (1 — à)(M — m) 
o)(M* — m?) m* M —mM@ 
= K(m,M,a) |. 


Lemma 5.9 Let A and B be positive operators such that mA < B < MA for some scalars 
0 « m € M and let 6 : B(H) — B(K) bea positive linear mapping. Then for each œ € |0, 1 


P(A) ty P(B) — P(A ft, B) € —C(m,M, a)®(A), (5.53) 
where the Kantorovich constant for the difference C(m,M, œ) is optimal. 


Proof. Put C= A-'?2BA-/? and for each a € [0, 1] 


" M? — m” oT 
"imeem 
Since mI < C < MI, it follows that 


(1— a)A*1-aA*^!C < C? — C(m,M,a)l 
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and hence 
(1—a@)A%A+ 00% 1B < A stg B— C(m, M,a)A. 


This implies 
(1—a@)A%@(A) + «A9 1 6(B) < P(A ty B) - C(m, M, a) ®(A). 
On the other hand, by the weighted arithmetic-geometric mean inequality 
(1— a@)A%@(A) + «A9 ^ b(B) > D(A) s, (B) 


and hence we have the desired inequality (5.53). 

Moreover, the Kantorovich constant for the difference C(m, M, œ) is optimal in the 
sense that for each o € [0, 1] there exist two positive operators A, B such that mA < B < MA 
for some scalars 0 < m < M and a positive linear mapping such that 


P(A) t, P(B) — (A fta B) = —C(m,M, a) ®(A). 
As a matter of fact, put A, B and ® be as in Lemma 5.8. If we put 
1 
| 1 M? — m? \ oT m 
"= M-m a(M —m) M-m’ 


then we have 0 < r < 1 and 


D(A) st (B) — D(A ft, B) = (m+r(M — m))* — m* — r(M* — m?) 
= —C(m,M,a) 
= —C(m,M,a)9(A) 


as desired. 


Proof of Theorem 5.32. If we put & = diag(A1,::: , A5), Z = diag(B1,::- ,B,) and 
(A) = Z* AZ where Z* = (I,--- ,I) in Lemma 5.8 and Lemma 5.9 respectively, then a 
sandwich condition mc? < Z < M «f is satisfied and we have Theorem 5.32. 


5.7 Notes 


Kantorovich type converse inequalities for operator norm and spectral radius are firstly 
discussed by Bourin [26] and afterward generalized by J.I. Fujii, Seo and Tominaga [76]. 
The results in Section 5.2 are due to [102], in Section 5.3 [235], in Section 5.4 [236, 
263], in Section 5.5 [268] and in Section 5.6 [167, 28, 93, 266]. 
Matrix Young inequality is due to Ando [10]. 


Chapter 


Geometric Mean 


This chapter is devoted to the geometric mean of n operators due to Ando-Li-Mathias 
and Lowson-Lim. We present an alternative proof of the power convergence of the sym- 
metrization procedure on the weighted geometric mean due to Lawson and Lim. We show 
a converse of the weighted arithmetic-geometric mean inequality of n operators. 


6.1 Introduction 


First of all, we present a definition for the geometric mean of three or more positive invert- 
ible operators on a Hilbert space. For positive invertible operators A and B on a Hilbert 
space H, the geometric mean A # B of A and B is defined by 


1 
A#B=A? (4752473) a3. 


As an extension of A#B, for any positive integer n>2, the geometric mean G(A),A2,---,An) 
of any n-tuple of positive invertible operators A; ,A2,--- , Aj on a Hilbert space H is defined 
by induction as follows: 


(i) G(A1,A2) 2 A t B. 
(ii) Assume that the geometric mean of any (n — 1)-tuple of operators is defined. Let 


G((Aj) jzi) = G(Ai; idi ;,Ai-1 »Ai+1; UT »An) 
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and let sequences (A? % be AUD = A; and am = G((A") ji). Then there exists 


lim... AC) uniformly and it does not depend on i. Hence the geometric mean of n opera- 
tors is defined by 
lim Aj =G(Ay,A2,:--,4n)  foricl,-,n. 
For positive invertible operators A and B, let 
R(A,B) = max (r(A^! B),r(B !A)), 


where r(T) means the spectral radius of T. Then 


R(G(A1,A2,:*: , An), G(B1, B5, ,Bn)) (6.1) 


IA 

pede 
-— 

A 

ES 

& 
pts 
EI 


In particular, 
2 2 zT. 
R(AD AO) < R(Ai,Aj)™. (6.2) 


We have the following converse of the arithmetic-geometric mean inequality. 


Lemma 6.1 Let A, and A» be positive operators such that mly < A1,A2 < MIy for some 
scalars M > m > 0. Then 


AtA , Mm M+m 


2 2/Mm |. 2/Mm 


Hä zai 
Proof. If we put C = A, ! 42A, ?, then we have ,/ Ig < C2 «4j “Iy. Since 


TE. M old M Es m 
max —:4/— m qur vd pace e 
t M^ ^Vm Vm M’ 


A € A. 


it follows that 


and hence we have 


For any positive integer n > 2, we show a converse of the arithmetic-geometric mean 
inequality of n operators, which is an extension of Lemma 6.1: 
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Theorem 6.1 For any positive integer n > 2, let Aj,:-- , As be positive invertible opera- 
tors such that mlg < Aj < MIy for i=1,2,--- ,n for some scalars 0 < m < M. Then 


rel 


Aite tAn c — 2 
" « 


) 2 
Ay,°*: , Ag). 
4Mm G( l; , ) 


Proof. We will prove it by induction on n. In the case of n = 2, it holds by Lemma 6.1. 
Assume that Theorem 6.1 holds for n — 1. For positive integer r, we define AD ,h, and K, 


as follows: 
AU —A; and A? =G (as) ) 
d j£ 


ho=h and h,— maxR (4,4) l 
LJ 


o l+h 
C 2yh. 


Then by the induction hypothesis on n, we have 


1X . E n—2 4() 
aii PE LY Aj 


i-l 1 i=l 
1 n 


n 
= Kr? AN < (KoKi)" aLyaP 
i=1 


IA 


1 
< (KoK\ --- K,) m 2 ay art. 
am 


Since 
lim AU = G(AiA2,-,An) fori=1,2,---,n, 


we have 


lim — Art = G(A1,42,-* ,Ax). 


r—oo n ^ 2 


So we have only to prove the following inequality: 
n—l 
lim sup KoKi <- K, < K 
roo 


By (6.2), we have 
1 ay 
Ed E eo x ae) 


Since 
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holds for 1 € x € y“ and o € (0,1], we have 


cB dee x) e (Lee) nn 


Therefore we obtain 


1+ 1 edu 1 r 
KoKı K, < K) 1 (a1) > Kj" asr—e. 


Hence we have 


Ay de As pind, [xg 
A] tAn LEN GU 2:569). 
n Wh 


By putting h = “, we obtain this Theorem 6.1. 


m? 


The following result is a noncommutative variant of the Greub-Rheinboldt inequality, 
which is equivalent to the Kantorovich inequality. 


Lemma 6.2 Let A and B be positive operators such that mly < A,B < MIy for some 
scalars 0 < m < M. Then 


M+m 
2 m 


(Ax, x) (Bx,x) < (A # Bx,x) 


3 


for every unit vector x € H. 


Proof. By the Kantorovich inequality, if C is a positive operator such that aly < C < 
blg for some scalars 0 < a < b, then 


(a+b)? 
4ab 


(C^x,x) € (Cx, xy? (6.3) 


1 

AZ 
T 

[A2 xl 


for every unit vector x € H. Replacing C by (A^ ?BA-3 ) > and x by in (6.3), we have 


and hence 


(Bx,x) (Ax,x) < I (= ' (A 3t Bx,x)?. 


For any positive integer n > 2, we show a noncommutative variant of the Greub- 
Rheinboldt inequality of n operators, which is an extension of Lemma 6.2: 
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Theorem 6.2 For any positive integer n > 2, let Aj,--- , As be positive invertible opera- 
tors on a Hilbert space H such that O < mlg < Ai < MIy , i= 1,2,::-,n, for some scalars 
0 « m « M. Then 


n—l 


(M+ 2^) =o (G(A;, u Adea 


vU (A A "— Ay x < | ————— 
(Aix, x) (Aox, x) +++ (Anx, x) ( Mm 


for all x € H. 


Proof. By using Theorem 6.1 and arithmetic-geometric mean inequality, we have 


^ 


(Tha) < XE 


i=l 
= t Sana) 


n—l 


m)2 o 
< (SG) (G(A1,A2,--- ,An)x,x). 


This completes the proof. 
We recall the Specht theorem: For x;,::: ,Xn € [m, M] with M > m » 0, 
X1 + eee + Xn 
n 


where h = “(> 1) and the Specht ratio S(h) is defined by (2.35). 
We recall the t-geometric mean for t € [0, 1]: 


< S(h) 4/xi n, (6.4) 


1 1 IN. 1 
A s B— A* (A-BA-1) A? 
for positive invertible operators A and B. The following theorem is a noncommutative 


version of the Specht theorem (6.4) in the case of n — 2. 


Theorem 6.3 Let A, and A» be positive invertible operators such that mly < A1,A2 X 
MIgy for some scalars 0 < m < M and put h = M“, Then 


(1—t)A1+tA2 < S(h) A Ao. for all t € [0,1]. 


To prove Theorem 6.3, we need the following converse ratio type inequality of Young's 
inequality. 


Lemma 6.3 Let a be a positive number. Then the inequality 
S(a)a* > (1—-t)a4+t (6.5) 
holds for all t € [0,1]. Consequently, for a,b > 0, the inequality 
s()a^w » (1—t)a-tb (6.6) 


holds for all t € [0,1]. 
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Proof. Let a # 1. We put 


jj = mE (= 1) d. 


qi-t 


1 
Then we obtain the constant S(a) = cans as the maximum of fa(t) for t € [0,1]. In- 


deed, we have by the elementary differential calculus 


1— 1— 
MOE { a ty (=r 1) toga} d 


and so the equation f7(f) = 0 has the following unique solution f = fo: 


a 1 


= — — € [0,1]. 
a—1 ioa An 


In fact, the Klein inequality ensures fo € [0, 1]. Furthermore it is easily seen that 
fit) 20 fort<t and fi(t)<O for ttg. 


Therefore, the maximum of f, (t) takes at t = ty and we have 


max falt) = falto) = S(a). 


0<t<1 


In the case of a = 1, the inequality (6.5) is clear since S(1) = 1. Finally, the inequality 
(6.6) is obtained replacing a by 7 in (6.5). 


Proof of Theorem 6.3. Let C be a positive operator such that mly < C < MIy for some 
scalars 0 < m < M. Then we have 


max S(a)C'* > (1—1)C4-tIg 


m<a<M 


for all t € [0, 1]. Moreover, since S(a) is decreasing for 0 < a < 1 and increasing for a > 1, 
the maximum of S(a) in a € [m, M] is given by max(S(m), S(M)) and hence 


max{S(m),S(M)}C!* > (1—t)C+tly. 


Here we replace C by A-3BA-3. Then we have alu ES A-3BA-3 < “in, i.e. iln Á 
A^ 3 BA-?b < hIg. Hence it follows that for any t € [0, 1] 


S(h)(A~2BA~2)! > (1— 0)A-3BA-3 + tIy 
by S(h) = SG). Multiplying both sides by A?, we have 


S(h)A3 (A-3 BA-3)!743 > (1—t)B+tA. 
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6.2 Weighted geometric mean 


In this section, we present the construction of the weighted geometric mean of n operators, 
which extend to the geometric mean G(A,,::- , An) of n operators due to Ando-Li-Mathias. 
For two positive invertible operators A and B, the weighted (power) arithmetic, geometric 
and harmonic means for ¢ € [0, 1] are defined by 


the weighted arithmetic mean A V, B:— (1—1f)A 4 tB, 
t 
the weighted geometric mean A#, B:— A? (A-3BA- t) A? : 


the weighted harmonic mean AV B:-((1-1)A! dE) 


We need some preparations to define weighted means of n operators. We use a limiting 
process to define a weighted means of n operators. In proving convergence we use the 
following Thompson metric on the convex cone Q of positive invertible operators: 


d(A,B) = max(logM(A/B),logM(B/A)) 


where M(A/B) = inf(À » 0:A € AB). We remark that Q is a complete metric space with 
respect to this metric and the corresponding metric topology on Q agrees with the relative 
norm topology. 


Lemma 6.4 Let A and B be positive invertible operators. Then the following estimates 
coincide with the Thompson metric: 


d(A, B) = max{log||B~2AB~2||,log|A~2BA~2||} 
= log(max(r(B^ A), r(A 1 B))) 
= ||logB~2AB~? || = ||logA~2BA~? ||. 
The Thompson metric has many nice properties, cf. [13]: 
Lemma 6.5 Let A,B and C be positive invertible operators. Then 
(i 
(ii) d(A,B) > 0 and d(A,B) 20 <= A=B. 


d(A,C) < d(A,B) +d(B,C). 


) 
) 
(iii) exp(—d(A,B))A < B < exp(d(A,B))A. 
(iv) 
) 
) 


(v 


(vi 


(T*AT,T*BT)=d(A,B) for every invertible operator T. 
(A,B') € td(A,B) — forallt € [0,1]. 


|A — Bl] < (expd(A,B) — 1) |A|]. 
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Next, we estimate the distance among weighted geometric means. 
Lemma 6.6 d(A#,C,B#, D) X (1—1) d(A,B) -t d(C,D) forall t € [0,1]. 
Proof. Note that 


T T 
POT = Irr (Tox) < ITT 
ir m 


qr rp er eee 
by Jensen's operator inequality. So we have 

log r ((A&C) ! (B&,D)) = logr((A C  )(B&D)) 

= logr (A7 (A2 CM Vy A- Vgl? (g- V pg-V2y B12) 

= log |(A!2C-1AU2y/24- V2 V2 (g- V? pp-1/2y gl24-1/2 (41/2 6-134122) 

< log |A- 2 BA-V/2|!-*| (A267 14V/2y/2 (A-V/2 p4-1/2y (AU/26-141/2y/2 

< log |A- "2 BA-!/2|1-!|(AU20-141/2)1/2(4-1/2pA-V/2y (AU/2 6141/21/24 

= logr(A-! B)! ((A C14? (a7 2-12) 

= logr(A-!B)'-*r(C-! D) = (1-1) logr(A~!B) + tlogr(C-! D) 

= (1—1) d(A,B) t- t d(C,D). 


We present the definition of the weighted geometric mean G[n,1] with t € [0, 1] for an 
n-tuple of positive invertible operators A1,425,::: , Aj. Let 
G[2,t](A1,A2) = A1 #; A2. Forn > 3, G[n,t] is defined inductively as follows: Put AU) = A; 
for alli=1,--- ,n and 

r =] r-1 r-1 -1 r=] 

AP = Gin —1,2)((AP?) jas) = Gp — L(A, AG? ALS AN?) 
inductively for r. If sequences (A7) have the same limit lims AU? for all i — 1,---,nin 
the Thompson metric, then we define 


G[n,f](A1,--- ,An) = lim AO”, 


r= 


To show that sequences (A0) converge, we investigate the construction of the weighted 
arithmetic mean due to Lawson and Lim: Let A[2,1](A1,A2) = (1 —1)A14- tA2. For n > 3, 


A[n, t] is defined inductively as follows: Put AU = A; for all i= 1,--- ,n and 


AU — A[n — 1,0] ((A 


rN Oa Nw 


y "pu — A[n — Ay ess ACP A a ,AC-D) 


inductively for r. Then we see that sequences (A9 } have the same limit lim, ss A? for 
all i = 1,---,7 because it is just the problems on weights. If we put 


A[n,t](A1,--- , As) = lim AP, 


r—oo 
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then it is expressed by 


A[n,t](A1,--- , As) = t[n]hiA1 +: H t[n]4As (6.7) 
where t[n]; > 0 for i = 1,--- ,n and X}; ¢[n]; = 1. Similarly, we can define the weighted 
harmonic mean H [n,t](A1, --- , A4) as 


Hí[n,t((Ai,--: An) = (tInhAp ++ tinnar 


We remark that the coefficient {t|n];} depends on n only. For example, in the case of 
n — 2,3, it follows that 


A[2,t](A1,A2) = (1 -tJAi +tAo, 
t2] —1-: and t[2h =t, 


1-t 1-t4£ t 
A|[3,1|(A1,ÀA2, À3) = ———A1-- —— —A25 + ——A 
[3.7] (A1,42,43) 37 T Ica B PX Ed 35 
1-t 1-142 t 
Pep We gegen 65 sq 


For the sake of convenience, we show the general term of the coefficient {t[n];}: 


Lemma 6.7 For any positive integer n > 2 


m(m 4- 1) 4- 2m(n — 2m — 2)t - (n? — (4m 4- 1)n - Am(m + 1))t? 


tl nm = Gi— Dont ion) ont 1+ (i 2098-1 DOE on 
for m —0,1,---,n— I. 
Proof. We prove this lemma by induction on both n and m. First of all, we show 
t 
t[n\n = 1r(n-2y (6.9) 


for any integer n > 2. Suppose that the expression (6.9) holds for n and put @ = t|[n], € 
(0, 1). Noticing that t[n - 1],4.1 — A[n 4- 1,1] (O, --- , O, Ip), we consider the case A; = - - - = 


(r) 


An = O and A,,, = Ig. In this case, for i = 1,--- ,n, all A; ` are equal and hence we can 


(7) 


ni: Then simple observation shows 


write a,ly = AP, and also put b,Jy =A 


a =0,b) = 1,441 = (1— @)ar+ Ob, and b,41 =ar, 


and hence we have 


a, = 0, ar41 — 4; = —o(a, — dp). 
It follows that 
: 1—(—0) t[n] t 
k n 
"pe 2 ) Ito «ph ltn- iy 57/7 
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It follows from r[n + 1],..1 = lim,—... a; that (6.9) holds for any integer n > 2 by induction. 
Replacing t by 1 — t in (6.9), we have 


iile (6.10) 
MES nc eee 
By a similar consideration, we have the following recurrence formula: 
» dni; D "[nJ; 
EN ES MENU: s (6.11) 


EET 1+rthk 


fork — 2,---,n. 
Now, we show (6.8) by induction. Since /[2]5 = t, it follows that (6.8) holds for n = 2. 
Inductively, let n > 2 be an integer such that (6.8) holds. Then it follows from (6.9) and 


induction that 
(m 4- 1D)(m 4- (n — 2m — 1)t) 


tni iene 0920-2) 


j»n—-m-1 
for all m such that m < n. If m = n, then it follows from (6.10) that t[n + 1], = wea If 
m < n, then it follows from (6.9) and (6.11) that 


m(m -- 1) + 2m(n — 2m — 1)t+ (n? — (4m — 1)n+ 4m?)t? 


t[n 4- 1-5 = n(m 4- (n4- 1 — 2m)t)(m - 1 4- (n 2m — 1)t) 


In the case of n + 1, it follows that (6.8) holds for all m < n+ 1. Therefore, (6.8) holds for 
all n 7 2 by induction. 


To confirm that the above weighted geometric mean can be always defined, we observe 
properties of the weighted geometric mean. 


Lemma 6.8 For any positive integer n > 2, let Aj,--- , A, and Bj,:-- ,Bn be positive in- 
vertible operators. Assume that G|[n,t] is defined for n < no for some no. Then 


d(G[n,t\(Ai,-+- A5), Gp r] (s Bn) < Apr(d(Ai. Bi), d(As B,)) — (62) 
holds for n < no. 
Proof. It follows from Lemma 6.6 that the inequality (6.12) holds for n = 2: 
d(A1 ff, Ao, By #, B2) < (1— t) d(A1,Bi) +t d(A2,Bz) for allt € [0,1]. 


Assume (6.12) holds for n = N < no. For (N + 1)-tuples (A1,::- ,Ay+1) and (Bi,--- ,By+1), 
it follows by induction that 
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Note that this process is parallel to that of the definition for the weighted arithmetic mean: 


For a fixed J, put weights D inductively with 


N41 
1 r 1 
AT SANAA a) = Y PAP 
Å 
N41 a N+1 
SS A Van ye: 
j=l j=l 


Then we have 


2 
= 
RA 
E 
w 
i 
Il 
Lamm 
M 
es 
> 
Sa 
A 
P se 
z 
Ra 
NO 
S 
a) 
p 


The left hand in the above equation converges to 
NH 


A[N + 1,1] (A1ViB1,: Angi ViByyi) = Y t[N + 1]AkV:Bk as r > eo, 
k=1 


which implies 
wP — N+ Ie. 


Then the same weights appear in the successive relations for d (Aut) BC+) as that for 


ACTDy, pet), 
(rkl) g(rtl) () pr) AU (Dora po 
d(Ay By ’) <AIN,t\((d(Az’, By”) eg) = Y, w; d(Aj BY) 
k=1 
N+1 N+1 
« Y waar BY) «sse Y w dlr By), 
k=1 k=1 


so that, taking limit as r — œ , we have 


d(G[N + Lt(Ar, ,An+1), G|N + 1,t](B1, ;Byaa)) 


N+1 
< > '[N + 1d (Ax, Bx) =A[N+ 1,t](d(A1,B1), ,d(Ay+1,By+1))- 


k=1 
Thus (6.12) holds for all n < no. 


Remark 6.1 /ft = 1, then we have t|n]; = 1 for i=1,---,n and hence Lemma 6.8 is a 


generalization of (6.1). In fact, 


R(GU.--- An), Gn. B9)) € [Eres] ! 
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Taking the logarithm of both sides of this inequality, we have 


log R(G(Ai,--: ,A5),G(Bi,:-- ,Bn)) € : (log R(A1, B1) +---+logR(An,Bn)), 


that is, 


1 n 
d(G(Ai,::: ,An), G(Bi,-++ ,Bn)) <= J d(A;, Bi). 
n: 


Now we confirm that G[n, t] (A1, --- ,An) is defined for all n: 


Theorem 6.4 For any positive integer n > 2 and 0 <t < 1, the weighted geometric mean 
G[n,t] can be defined for all n-tuples of positive invertible operators and 


d (G[n,t](Ai,--- , An), Gps t](Bi,--- ,Bn) ) < At) (d(Ai, B1), ,d(An,Bn)) 
holds. 


Proof. For n = 2, GD,t](A1,A2) = Ai#;A2 is defined. Assume that G[n,t] is defined 
for n € N. Take (N + 1)-tuples (A1,::: ,Ay+1) and (By,--- ,By41) of positive invertible 
operators. By Lemma 6.8, we have 


d (G[n.t] (Ait), TN Ailn)» G[n,¢| (Bit), US Biin) ) 
< Afn,t|(d(Aiq); Bia) d (Ain Bim )) 


for all n < N. Take the sequence (A0) for (A1,::: ,Aw+1) to define G[N + 1,1]. To show 


the existence of the weighted geometric mean, we have only to show that y cum fora 
fixed J is a Cauchy sequence in the Thompson metric. Then the above inequality shows 


a(AC*?, AC) aa (GIN, 1) (A) js), GIN, 1]((A)) 
& AN. AP) jas) 
= AJN, AGIN rd Af 2) GIN DAT Jigs) 
= AN (a(GIN AA D GIN Ag) 
<AIN, 1] (AIN, (a (46, Afr?) 


Since d is a metric, then aa” Ata”) = 0 when j(i) = J(i). Moreover a direct compu- 


tation shows the above last form can be expressed by only the terms d (av?) ACD ) (k= 
1,--- , N). There exist positive numbers v; which do not depend on r with 


N 
aA) AP) < ¥ vaa f ACD, 
k=1 
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Since Lemma 6.8 implies 


(AD AO 


r-1 red r=] =] 
(1) =a(Gtn, (at ) ACS) al AC SAT Jj; 


k+1 t2 ^ 
(r-1) (r—1) 
nz 305 ZU )) 


< (Nl d(AU P AED) < +++ < tN T (Ass Anat), 


r-1 r—1 r-1 
GIN, t] (A$ b essa 


we have 


N N 
a(A5* 9,4) < V va(A ADD) < Y vet NT (Ac, Ar). 
k=1 k=1 


Putting p = max{ 1 — t,t } and M = max;d(Ax,Ag+1), we have t[N], < p and 


N 
ad(AC*9, A) < 63 vx) Mp". 


k=1 
Therefore, for s >r, 
sor - N s—r a 
d(AU9 AC) < Y a(ae ae i) < (> ve) X mpi! 
j=l k=1 j=l 
N r-1 s—r N r-1 
_ pip) MB " 
= (2u p 5 (X»)M1—; DE 


which means the sequence (A0 for J =1,---,N-+ 1 is Cauchy. Finally, we show {A} 
for J=1,---,N-+1 have the same limit. It is enough to show that lim, AU — lim,— AD. 


Let B, and B; such that lim, ... AP = B, and lim, ... AD = B5. Then 
d(Bi, B5) < d(Bi AT) + (AT, AP) - d (AT), Ba) 


and 
0 x dA, AD) < (N]-!d(Ai,A2) 50. as r— o. 


We conclude that B; = B2. Hence (AY for J = 1,--- , N + 1 have the same limit by the 
same way. Thus G[n,t] is defined and the required inequality holds by Lemma 6.8. 


Remark 6.2 The 5-weighted geometric mean G|n, 3](A;,--- , As) coincides with the ge- 
ometric one G(A,,::- ,An) due to Ando-Li-Mathias. 


We sum up some properties of the weighted geometric mean: 


Theorem 6.5 Let 0 <t < 1 and any positive integer n > 2. 
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(P1 


— 


Consistency with scalars. IfA,- -- , Ay mutually commute for i = 1,--- „n, then 
n " 
G[n,t] (Ai, asa An) = JJa, 
i=1 


where 1t|n]i) is defined by (6.7) and (6.8). 


(P2 


— 


Joint homogeneity. For a; > 0 


G[n,t](04A1,-- , nAn) = G[n,t](05,--- ,0)G[n.t] (Ai, ,An) 
n 


-TIe"Gp.qa:.--- Em 
i=l 


where {t|n];} is defined by (6.7) and (6.8). 


(P3) Monotonicity. The mapping (A1,::: , As) > G[n,t](Ai,:-- , As) is monotone, i.e. if 


Aj > Bj for i — 1, ,n, then 


— 


G[n.t)(A1,--: , As) > Gin,t]}(Bi,--+ , Bn). 


(P4) Congruence invariance. For every invertible operator T 
G[n,t(T*AiT, --- , T*A,T) = T*G[n;t](Ai,--- ,An)T. 

(P5) Joint concavity. The mapping (A1,::* , As) 5 G[n,t](A1,+++ , An) is jointly concave: 

n n n 

G[n,Q (Y. AiAi, X, AiAu) > Y AGI] Au); 
i=l i=l i=l 
where A; 2 0 with Y? ., A; = 1. 
(P6) Self-duality. 
G[n,t] (A1, An) =G[n,t](Ap!,-- ALD). 

(P7) The arithmetic-geometric-harmonic mean inequality holds: 


H[n.t](Ai,:-- ,An) € Gp. t)(Ais As) € AB.t](Ais As). (AGH) 


Proof. The properties (P1)-(P7) can be easily proved by induction and the fact that they 
are known to be true for n — 2. To illustrate that we prove (P7). We know that the result is 
true for n = 2. Now let us assume it is true for n and prove it for n+ 1. 


AY) = Gb, dA) < An CAP) 


L 


<An tA) jas) = AP? 
for i=1,---,1+1. Therefore, as r — œ, we have G[n + 1,1](A1,--+ ,An+1) < Aln + 
L,t)(Ai, 77 ,An+1). By (P6), we have the left-hand side of (P7). 
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6.3 The Kantorovich type inequality 


First of all, we show a converse of the weighted arithmetic-geometric mean inequality of n 
operators, which is an improvement of Theorem 6.1 for n > 3: 


Theorem 6.6 For any positive integer n > 2, let A1,A25,:-- ,An be positive invertible op- 
erators on a Hilbert space H such that 0 < mlg < Aj € MIy for i = 1,2,--- ,n and some 
scalars 0 < m < M. Then 


— ——Gn,tl(Ai,:-- ,An) 
for 0 « t « 1. 
Remark 6.3 Jn the case of t = n we have 


AiotAs 1 (M+m)? 


a < im Qc „An). (6.13) 


For n — 3, the constant in (6.13) coincides with one in Theorem 6.1. For n > 4, the constant 
in (6.13) is less than one in Theorem 6.1. 


To prove Theorem 6.6, we need the following lemma. 


Lemma 6.9 Let ® be a positive linear mapping on the algebra B(H) of all bounded 
linear operators on a Hilbert space H such that (Ig) = Ig. Then 


(M +m)? 


@(A) < 
(4) < 4Mm 


(A 1 ) -1 
for all positive operators A such that mIg <A < MIy for some scalars M > m >Q. 


> ; -1 < Mt 1 
Proof. Since t^' < 553 — prz‘ for all t € [m, M], we have 


@(A) < (M+m)I—Mm®(A) 


UM UE m) (A71)! - pa @(A-!)-3 — Vim!) 


4Mm 2/Mm 
M+ 2 
( m) $(A^!)-!. 

4Mm 


Proof of Theorem 6.6. Let a mapping V : B(H) ®---@ B(H) — B(H) ®---@B(A) be 
defined by 


Aj 0 t[n A +--+ t[n|,An 0 


0 Ax 0 t[n] A +--+ t[n],An 
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where {t{n];} is defined by (6.7). Then Y is a positive linear mapping such that ¥ (I4) = Ig. 


Since 
Ty 0 A1 0 n 0 


0 Iu 0 An 0 Ty 


it follows from Lemma 6.9 that 


A1 0 0 
(M +m)? i 
bd 
i 4Mm 
O An Ay! 
and hence 
(M +m)? 


A Aint NIE ec 
[t (Ar An) S mm 


By (P7) in Theorem 6.5 we have the desired inequality 


H[n,t](A1,-- ,An). 


By using Theorem 6.6 and the weighted arithmetic-geometric mean inequality, we ob- 
tain a weighted version of Greub-Rheinboldt inequality of n operators: 


Theorem 6.7 For any positive integer n > 2, let A1,A25,:-- ,An be positive invertible op- 
erators on a Hilbert space H such that mly < Aj € MIy for i — 1,2,:-- ,n and some scalars 
0 « m « M. Thenfor 0 «t «1 


(Aix, x) (A5 x, x) le... (A x, yrs < 
holds for all x € H, where (t|n]i) is defined by (6.7) and (6.8). 
Proof. For 0 <t < 1, we have 
(Aix, x) Pi (Asx, x) P2 (Anxa) Ph < rn] (Aix, x) e t [n] (Ans x) 
= (Aln,t|(Ai,--- ,An)x,x) 


(M +m)? 


< 
^ 4Mm 


(G[n,t](A1,42,--- ,An)x,) 


for all x € H. 


Remark 6.4 Jf we put t = } in Theorem 6.7, then tn]; = 1 for all i — 1,--- ,n. Therefore, 
we have an improvement of Theorem 6.2 for n > 4. 
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6.4 The Specht type inequality 


We recall a 2-operators version of the Specht theorem (Theorem 6.3): If A; and A» are 
positive invertible operators such that mIy < A1,A2 < MIy for some scalars 0 < m < M, 
then 

(1—£)A1-- tA2 € S(h)A| ft, A2 for all t € [0,1], 


where h = LE Actually, the Specht ratio is the upper bound of the arithmetic mean by the 
geometric one for positive numbers. We show a noncommutative version of the Specht 
theorem of n operators. For this, we state the following lemma. 


Lemma 6.10 Let A1,45,:-: , A, be positive invertible operators such that mly < Aj < 
MIy for some scalars 0 < m < M and i = 1,2,--- ,n and 04 ,00,::- ,Q positive numbers 
with 37 40; = 1. Put h = L1 . Then 

OA, + 05À2 +--+ + nAn < S(h) exp(ailogA; + œ logA2 +---+ a, logA,) , 
where S(h) is the Specht ratio defined by (2.35). 


Proof. Put A = diag(A,--- ,An) and y = (/Oqx,--- ,,/Onx)’ for every unit vector x. 
By Theorem 2.14, we have 


(Ay,y) € S(h) exp(logA y,y) 
since mly < A < MIy. Therefore, it follows from Jensen’s inequality that 


((04A1-F +++ + OAn)x,x) = (Ay,y) € S(h) exp(logA y,y) 


wool a logAjx, ? 


xp(oi logA, +--+ + Glog An)x,x) 
for every unit vector x € H and hence we have 


oA +-+-+Q,An € S(h) exp(oy logA; +--+ On logAn). 


By virtue of Lemma 6.10, we have the following theorem. 


Theorem 6.8 For any positive integer n > 3, let A,,--- , As be positive invertible opera- 
tors such that mIg < Aj € MIy for i= 1,2,--- ,n and some scalars 0 < m < M. Puth = *. 
ThenforO «t «1 


A[n,t] (Ai: ;An) € S(h? G[n,t](A1,--- , As). 
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Proof. By Lemma 6.10, it follows that 
A[n,t](Ay',-+ A5.) € S(h) exp (A[n.t](logA; l.--- .1ogA; ))). 
Taking inverse, we have 
H|n.t)(Ai,--- ,An) 2 S(h) ! exp(A[nt](logAi,--- ,logAn)) 
and this implies 


(h) exp (A[n,t](logAy,--- ,logAn)) 
(h)? H[n,t](A1,--- ,An). 


and we have this theorem. 


By using Theorem 6.8 and the weighted arithmetic-geometric mean inequality, we ob- 
tain another n operators version of Grueb-Rheinboldt inequality: 


Theorem 6.9 For any positive integer n > 3, let Aj,--- , As be positive invertible opera- 
tors on a Hilbert space H such that 0 < mlg < Aj < MIy for i =1,---,n and some scalars 
0 « m « M. Put h — P: Then 


(Arx, xy Ph (Apx, x) Pb... (Aux, x) < $(h)?(Gln,t](A1,--- An)os.x) 


for all x € H, where (t[n];) is defined by (6.7) and (6.8). 


6.5 The Golden-Thompson-Segal inequality 


For the construction of nonlinear relativistic quantum fields, Segal proved that 
H+K HK 
le ^l S lee. 


Also, motivated by quantum statistical mechanics, Golden, Symanzik and Thompson in- 
dependently proved that 
we « Tr eat 


holds for Hermitian matrices H and K. This inequality is called Golden-Thompson trace 
inequality. 
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In the final section, we discuss the Golden-Thompson-Segal type inequalities for the 
operator norm. Ando and Hiai gave a lower bound on ||e"^* || in terms of the geometric 
mean: For two self-adjoint operators H and K and o € [0, 1], 


1 
|| (e?" #a ePE) || < Je FAR (6.14) 


holds for all p > 0 and the left-hand side of (6.14) converges to the right-hand side as p | 0. 


Hiai and Petz showed the following geometric mean version of the Lie-Trotter formula: 
If A and B are positive invertible and t € [0, 1], then 


1 
lim (AP #, BP)» E e(l-1)logA+tlog B 
p-0 


We firstly show an n-variable version of the Lie-Trotter formula for the weighted geo- 
metric mean: 


Lemma 6.11 Let A,,A2,--- , A, be positive invertible operators such that mly < Aj < 
MIy for i= 1,---,n and some scalars 0 < m < M, and let ,,--- ,An € [0,1] such that 


1 
A; = 1. Then G[n.t) (A7, -- , AT)? uniformly converges to the chaotically geometric 
mean eAlnt](logAi,--- log An) as p | 0. 


Proof. It follows that for each A; > 0 such that X7, Àj = 1, 


n n 
0 X log V iA; — M AilogA; < logS(h). 
i=1 i-l 


In particular, we have 

0 € logA[n.t](A1,:-: , As) — Aln,t](logA1,--- ,logAn) € logS(A). 
Replacing A; by A? for p > 0, 

0 < logA[n.t] (AT, --- ,A7) — A[n.t] (logA?,--- ,logA?) < log S(h”) 
and hence 


0 < logA[n.1](A7.--- AP)? — A[n.t](logA;,--- ,logA;) € log S(h?)?. 


1 
Since S(h?) — 1 as p | 0, it follows that A[n,t](A?,--- ,Ah)? uniformly converges to the 
chaotically geometric mean e4!"*](log41084n) as p | 0. 
On the other hand, since 


0x logA[n.r](A; '., ok ,A;,') —A[n.t](logA; !,- 23 ,logA; !) < log S(h-'), 
it follows from S(h™!) = S(A) that 


0 > logH[n.t](Ai,:-: ,An) — A[n,t](logA1,--- ,logA;) > —log S(h) 
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and this implies 
0 > logH[n,r (A2,--- AP)? — A[n,t](logA1,--- ,logA;) > —logS(h")? 


1 
for all p > 0. Hence H[n,t](A),--- ,Ah)? uniformly converges to the chaotically geometric 
mean e4/7#](logA1,- logAn) as plo. 
By arithmetic-geometric-harmonic mean inequality, we have 


Rie 


logH{n,t](A?,--- ,AP)? <logG[n,t](AP,--- AP)? <logAln,t](A?,--- AP) 


for all p > 0 and hence we have this lemma. 


1 
For the case of n = 2, Ando and Hiai are showed that the norm ||(A? #, A5)7|| is 
monotone increasing for p > 0. For n > 3, we have the following result. 


Lemma 6.12 Let Aj be positive invertible operators such that mly < A; < MIy for i= 
1,--- ,n and some scalars 0 < m € M. Put h = M, Then for each 0 < q < p 


2 1 
S(h?) ? [IG[n,t(AT,--- AD)? | 
1 2 1 
< ||G[n,2](44,--- AT) || S SP)” |IGins t (AT.--- An)? I, 
where S(h) is defined by (2.35). 
Proof. By the arithmetic-geometric mean inequality, it follows that for each 0 < q < p 
4 4 4 4 
Gj[n,t|(A? wt Ad) < Al[n,t](A? YU Ad) 
<Aln,t}(Ai,--: An)? by concavity of t? and 0 < $ «1 


2q 
P 


< S(h)? G[n,t|(Ai,--- As)? 


The last inequality follows from Theorem 6.8 and the Lówner-Heinz theorem. Replacing 
A; by AP, we have 


2 
Gln,t](A4,--- ,A9) < S(^)? G[n,t](A?,--- ,AP)?. 
Also, 


sb 


G[n.t](A, 4, -- ,A,4) « S(h-?) G[n,t|(A,?, + ATP) 


and hence 
2q 


Gln, t](Af,--- Ag) > SAP) P Gln, r Af, AD? 
Therefore we have for all q > 0 
2 H 
S(h?)? ||G[n,t (AT. --- An)? || 
1 2 1 
< |IG[n,r (AT, Af) * || < SP)? [Gl r(AT, AR)? I 


By Lemma 6.12, we show n-variable versions of a complement of the Golden-Thom- 
pson-Segal type inequality due to Ando and Hiai: 
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Theorem 6.10 Let Hı, H2,--- ,Hn be self-adjoint operators such that mlg < Hj < MIy 
for i — 1,:-- ,n and some scalars m < M. Then 


she) P pGinsr(ePP,-.. eo 
2 
< [eA Fr. 8) || < s(eP M-m) P IIG[n, r] (e^, ... eH | (6.15) 


for all p > 0 and the both-hand sides of (6.15) converge to the middle-hand side as p | 0, 
where the Specht ratio S(h) is defined by (2.35). 


Proof. If we replace A; by e"! in Lemma 6.12, then it follows that 
ES i 
s(erM-m) | P \G[n,t}(eP!,--- ,eP An) > || 
2 
T 1 
< NGAE, e «s (ertt) " hape, et] 


for all 0 < q < p. Hence we have (6.15) as q | 0 by Lemma 6.11. 
2 


The latter part of this theorem follows from S (er (M om) P _. ] as plo. 


6.6 Notes 


For our exposition we have used Ando-Li-Mathias [13], Yamazaki [292], J.I. Fujii-M. 
Fujii-Nakamura-Peéari¢-Seo [60] and J.I. Fujii-M. Fujii-Seo [63]. 


Chapter 


Differential Geometry of 
Operators 


In this chapter, we study some differential-geometrical structure of operators. The space of 
positive invertible operators of a unital C*-algebra has the natural structure of a reductive 
homogenous manifold with a Finsler metric. Then a pair of points A and B can be joined 
by a unique geodesic A #, B for t € [0,1] and we consider estimates of the upper bounds 
for the difference between the geodesic and extended interpolational paths by terms of the 
spectra of positive operators. 


7.1 Introduction 


We recall the Kubo-Ando theory of operator means [165]: A mapping (A,B) + A o B 
in the cone of positive invertible operators is called an operator mean if the following 
conditions are satisfied: 


Monotonicity AxCandB x DimplyAc BxCo D. 
Upper continuity A, | A and B, | B imply A, oB, | Ao B. 


Transformer inequality T*(AOB)T < (T*AT)o(T*BT) for all operator T. 
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Normalized condition AOA=A. 


In [124, Chapter 5], several inequalities associated with operator means are discussed. 
For example, the bound f in the inequality 


P(A oj B) > a®(A) o» (B) + BA) 


is determined, where A and B are positive invertible operators on a Hilbert space H, 01,0» 
are two operator means with not affine representing functions, ® is a unital positive linear 
mapping and o > 0 is a given real constant. 

We observe the weighted arithmetic mean Vg and the weighted geometric mean #,, 
for a € [0, 1], defined by 


1 


AVoB:=(1-a)A+QB and Ad B:=A?(A~2BA~2)%A? 


, 


respectively. Like the numerical case, the arithmetic-geometric mean inequality holds: 
Aft B<AVoB for all œ € [0,1]. (7.1) 


In [124, Corollary 5.36] it is obtained the following converse inequality of the arithme- 
tic-geometric mean inequality (7.1): Let A and B be positive invertible operators satisfying 
0<mly <A < Milg and 0 < mlu < B < Moly. Then 


A Va B—A #a B < max(1— & + om — m?,1 — &+ «M — M”}A, 


where m = 7? and M = m. 

Tominaga [280] showed the another converse of (7.1) for the arithmetic mean and 
the geometric one: Let A and B be positive operators on a Hilbert space H satisfying 
mly < A,B < Ig for some scalars 0 < m < M. Then (like the numerical case) 


A Va B—A #q, B < hL(m,M) log S(h) for all a € [0, 1], 


where h = “, the logarithmic mean L(m, M) is defined by (2.41) and the Specht ratio S(/) 
is defined by (2.35). 


7.2 Interpolational paths 


Let æ% be a unital C*-algebra, ./ * (resp. «/^) be the set of all positive invertible (resp. self- 
adjoint) operators of æ. Following an excellent work due to Corach, Porta and Recht [37, 
38], <* is a real analytic open submanifold of ./" and its tangent space (T.c/ * )4 at any 


A € &* is naturally identified to <”. For each A € ./*, the norm ||X |] = lA73xA-? In 


7.2 INTERPOLATIONAL PATHS 173 


X € (T. c *)4 defined a Finslar structure on the tangent bundle Tc *. For every A,B € %7, 
there is a unique geodesic joining A and B: 


Yap(t)=A#,B — fort € [0,1]. 


As usual, the length of a smooth curve y in «/* is defined by 


1 
iQ) - f Old 
and the geodesic distance between A and B in «^ is 
d(A,B) = inf(I(y) : y joins A and B}. 
Then it follows that : 
d(A,B) = |log(A ?BA ?)J| 
also see [14]. It is a general fact that (./ * , d) is a complete metric space. 

J.I.Fujii [55] showed that if the manifold </* has a metric L;(X) = ||X|| (resp. Lj(X) = 
||A~!XA~'||) on the tangent space T.+, the geodecis and the distance from A to B for 
A,B € &* are given by 

AV,B=(1—t)A+tB and = di(A,B) — ||B—A|| 
(resp. AL B-—((1—27A- +B!) | and d_4(A,B) = A! — Bo |. ) 


The paths of means m; = #,,V; and !, satisfy the following interpolationality [89]: 


(A mp B) m, (A m, B) =A ma-r) B 


p+tq 


for 0 € p,g,t <1. 

We next recall an interpolational path for symmetric operator means. Following after 
[89, 96], for a symmetric mean o, a parametrized operator mean ©; is called an interpola- 
tional path for o if it satisfies 


(1) A œ B=A,A 0,7; B — A o B andA o; B =B, 
(2) (A ©p B) o (Ao, B) 2A Or B, 
(3) the mapping t — A o; B is norm continuous for each A and B. 


Typical examples of symmetric means are so-called power means: 


1 


1 1 T 
1+(A~2BA~2)" \ 
Am, B — A! (see) A3  forre[-L,1] 


and their interpolational paths from A to B via A m, B are given as follows: For each 
r € [-1,1] 


A my B— A? (1 -t+t (4-5a73))) A? forte [0,1]. 
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In particular, A mı ; B = A V; B, Amo; B =A tt; Band A m_i; B=A Y, B. 
Here we consider them in a general setting: For positive invertible operators A and B, 
an extended path A m;.; B is defined as 


1 
Amy B— A! (1 —1+1(A~4BA-4)") 'A3 — forallr € R andr € [0,1]. 
The representing function f; for m,, is given by 


falE)=1m E=(1—-t+1E")F — forE 0. 


Notice that A m,r B for r ¢ [—1, 1] is no longer an operator mean, but we list some proper- 
ties of interpolational paths m,, and the representing function fr, also see [62]. 

Since every function f,;(€) is strictly increasing and strictly convex (resp. strictly 
concave) for r > 1 (resp. r < 1), it follows that an extended path A m;; B for each t € (0, 1) 
is nondecreasing and norm continuous for r € R: For r € s 


A y; B < A Mst B. 


Moreover, it is also interpolational for all r € R. In particular, the transposition formula 
holds: 
B m, A =A m,i B. (7.2) 


For the sake of convenience, we prepare the following notation: For kz > kj 2» 0, rc R 
and t € [0, 1] 


spp SA). potes 


ko fri (ki) ad ki fri (k2) 
ko— kı i 


EE (7.3) 


We investigate estimates of the upper bounds for the difference between extended in- 
terpolational paths: 


Lemma 7.1 Let A and B be positive invertible operators such that kyA < B < kA for 
some scalars 0 < kı < ky. Then for r < s and t € (0,1) 


OXAm;,B—Am,, B< pA if r<l (7.4) 
and 
0<Am ,B-Am,;B<BA  ifrz2l (7.5) 
hold for 
B = B(r,s,t,kı,k2) = max Us (S) ^ a(n1)6 — b(rt)) 
ky <6 <ky 
and 


B =B (rs,t,kı,ko) = max, {a(s,1)§ b.) — (5), 


where a,b are defined by (7.3). 
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Proof. Suppose that r € 1. If we put C —A^3BA 3, then we have kalp > C > kiIy > 0. 
Since f; (£) is concave for r < 1, it follows from the definition of f that 


B > fs ($) -a(nt)$ —b(nt) > fsal) -f(S) forall é € [ki , ky], 
and hence 
Blu = fs, (C) — fii (C). 
This fact implies 


BA > A? f, (C)A* — AT ,(C)JA? =A mss B —A m, B, 


which gives the desired result (7.4). Conversely, if r > 1, then f;, (6) is convex for 1 < r < s 
and (7.5) follows from the same way. 


Remark 7.1 The constant B = D (s, r,t, k1,k2) and p = B(s, r,t,kı,k2) in Lemma 7.1 can 
be written explicitly as 


1 
—tNS s g 
a) ( — ) (Fany -1) 7 bet) f nS bo Sh 


fst (k1) — fra (Ka) if &o< kı 
fsalk2)— fra (kz) if ka € 6o 
eei (ss (an +) E 
| Eos (2) (asn) T $060) ir xh 
P di) EL) 
fsalka) — fa(Ka) if ky < Či 


where & = (2 (82) 55) 


By Lemma 7.1, we obtain estimates of the upper bounds for the difference between the 
geodesic A #, B and extended interpolational paths: 


Theorem 7.1 Let A and B be positive invertible operators such that kyA < B < kA for 
some scalars 0 < kı < k2. Then for each t € (0,1) 


OcxAm;, B—AH B<B(0,s,t,ki,k)A for s>0 (7.6) 


and 
0O<A#,B-Am,, Bx (rO,t, kj, k5)A for r € 0, (7.7) 


where D is defined by Remark 7.1. 
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As special cases of Theorem 7.1, we obtain an estimate of the upper bound for the 
difference between the geodesic A #, B and the arithmetic interpolational paths A V, B, the 
harmonic one A !, B: 


Theorem 7.2 Let A and B be positive invertible operators such that kA < B < kA for 
some scalars 0 < kı < ky. Then for each t € (0,1) 


0 €x A V, B- Af, B X max(1—t-F tki — Kj, 1 t tk; — k }A 


and 
OCA B—A B € B(—1,0,t,k1,k2)A 


3 


where 


B(—1,0,t, k1,k2) = 


1-t 


(1-54 +)(0—-)b +h) (a-k) (tkt) — kiko) 


if ky’ < ((1—t)ki +t) ((1—t)ka+t) < ky 
B ba if B+ «(01-25 0( 14-1) 
KE if kt » ((0—-0k-4f)((1—0k +18) 


Proof. If we put r = 0 and s = 1 in (7.6) of Theorem 7.1 , then fi; (£) = 1 — t - t and 
fo, (£) = £'. Since a(0,t) = at , the condition fi ,(k2) < a(0,t) € fi, (kı) is equivalent 


to a(0,t) — t. Therefore we have 


k,—K 
l-t+th—k if 2—1 <t 
B= ko —ky 
" o aK 
l-t+th-K if 2—1 >r. 
ko —ky 


Similarly, we have the latter part of this theorem by using (7.7) in Theorem 7.1. 


Next, we show estimates of the lower bounds of the ratio for extended interpolational 
paths: 


Lemma 7.2 Let A and B be positive invertible operators such that kA < B < kA for 
some scalars 0 < kı < ka. Then for r < s and t € (0,1) 


Am ,B>aAm,B if rxl 
and / 
Am, B > & A ms B if r2l 


hold for 


a= airs tho) = min. {ad see | 
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and 
mE falé) 
œ =a (r,s,t,kı,k2)= min Aeh 


kı <% <k 


where a,b are defined by (1.3). 


Proof. Suppose that r < 1. Since f;., (Ó) is concave for r < 1, it follows that 


falé) _ alr,t)E +5(n2) 
u^ ie) ^^ 


and hence f;,(£) > a fci(€) on [ki,k2]. Therefore we have 


1 


A my, B= A? (A3 BA-3)A3 > aA? f, (A-3BA-3)A3 = OA mg, B. 


Similarly, since f,;(£) is convex for 1 < r < s, the latter part follows from the same way. 


Remark 7.2 The constant à = a(r,8,t,k1,k2) and a = ot (r,s,t,k1,k2) in Lemma 7.2 
can be written explicitly as follows: In the case of s > 1, 


In the case of s < 1, 


a(rt}éo+ b(sr) €— ( 
(1— t4 163)5 
T e iff k2 < ĉo 
my MBE 
where čo = (1809) ae 

Wu f MSE Sh 

a “a if k< & 

a O y as 
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By Lemma 7.2, we have the following theorem. 


Theorem 7.3 Let A and B be positive invertible operators such that kA < B < kA for 
some scalars 0 < kı < k2. Then for each t € (0,1) 


A #, B > mi 5 AV;B 
DIIS SS ME 
= 1—=t+tki lt : 
and 
AV B> a(—1,0,t,kı,k2) A # B 
holds for 
l-t 
— ah” if k<1<k 
((1—r)ki +t) ((—t)k +t) 
d^ 
Q(—1,0,5, kj, k2) = 4. ————— f 1<k 
pen (1—1)ko 9t p ee 
i 
f k<l. 
(1—f)k +t f kas 


7.3 Velocity vector of extended paths 


Kamei and Fujii [67, 68] defined the relative operator entropy S(A|B), for positive invert- 
ible operators A and B, by 


S(A|B) — Až? (IgA 38A 1) A}, 


which is a relative version of the operator entropy —AlogA considered by Nakamura- 
Umegaki [238]. The relative operator entropy S(A|B) is exactly the velocity vector yA.p(0) 
of the geodesic A #, B at t = 0: 


A3, BAM B 


ir OE 


= Yap(0). 


In [153], Kamei analogously generalizes the relative operator entropy: For each r € R 


Am,,B—Am,o B 
S-(A|B) = lim e ADT 
t—0 t 
which is considered as the right differential coefficient at t = 0 of the extended path A m,; B. 
By the fact that 
1 
1—t+tő") F — r— 
yo E predi 
t0 t r 
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it follows that 
A? (75473) A5—A 


S,(A|B) = forre R 
r 
and the representing function is 
F(E) = (§"—1)/r 
In particular, 
AV, B-A 
S1(A|B) = lim —— =B-A 
t—0 t 
So(A|B) = S(A|B) 
Al: B—A 
S_1(A|B) = lim : : A AB 1A 
t— 


Since f,(&) is monotone increasing on r € R, the velocity vectors S,(A|B) is monotone 
increasing on r € R: 


r<s implies S,(A|B) < S,(A|B). 
The left differentiable coefficient of A m,; B at t = 1 is —S,(B|A): 


i Amy; B—Am, B 
lim ——————— = 


—S,(B|A). 
tl t—1 SAABA) 
If B > A, then the velocity vectors of extended paths at t = 0,1 are positive: 


S(A|B) 20 and  —S,(B|A) 7 0. 


For the sake of convenience, we prepare the following notation: 


fia) — fia) — affa) afa) 


= d b 7.8 

a(r) ih an (r) looky (7.8) 
for 0 < kı < ko andr ER. 

We investigate estimates of the upper bounds for the difference between velocity vec- 


tors of extended interpolational paths. 


Lemma 7.3 Let A and B be positive invertible operators such that kA < B < kA for 
some scalars 0 < kı < ko. Then for r < s 


Ss(A|B) —S,(A|B) < yA ifr<s<l, (7.9) 


ks '—1 EK-1 
S,(A|B) — S,(A|B) < max{ I= Zoe ee athe ifr<1<s (710) 
AY 3 r 


and ; 
Ss(A|B) — S(A|B) < y A ifl<r<s 
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hold for 
y— Y(ns,ki,k) = max. {fs(§) —a(r)§ - b(7)) 


K <E<ky 


and 
K= (ns, ki, ka) = emma, tas + b(s) — f-(€)}, 
where a,b are defined by (7.8). 


Proof. Suppose that r € 1. If we put C =A- BA-À, then we have 0 < k4/g € C € kaly. 
Since f, (£) is concave for r < 1, it follows that 


F(E) - F-E) € (6) alr) - b(r) E Y 


and hence we have the desired result (7.9) and (7.10). The remainder parts follow from the 
same way. 


Remark 7.3 The constant y = y(r,s,kı,k2) and Y = y (r,s,kı,k2) in Lemma 7.3 can be 
written explicitly as 


1— s ] 
"a(r)!t-b(r-- if kp Ea(r)*t <k 
s 
k—1 &B-1 
y= 2 -2 if ky < a(r)* T 
k—1 k-i 
1 -— if ki > a(r)*1 
s r 
and 
r—1 r 1 , 1 
als) T +b(s)+- if ky<alļls)™ <k 
r 
/ k—1 &B-1 
pes z if ky < a(s) 7T 
k—1 k-i 
L—-2 if k > a(s)" 
E r 


By Lemma 7.3, we obtain estimates of the upper bound for the difference between the 
velocity vectors $(A|B) and S,(A|B) of the extended interpolational paths A m;; B at t = 0: 


Theorem 7.4 Let A and B be positive invertible operators such that kA < B < kA for 
some scalars 0 < kı < ko. Then 


Ss(A|B) -S([AB) << yA for O<s<1 


and 


á-1 B-1 
S,(A|B) — S(A|B) X max{ 17" —logk, 2 —logk; JA for 1<s 
M M 
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where 


= kjlogk—kilogko 1 


M ky — ky ky — ky S 


1 
logk; —logk, VT 
if « < (2e est) sh 
y= 2—ky 
5-1 logky — logki \ =T 
- —logk if r x (ERE 
2—K] 

1 
sj logkz — logki VT 
L— —logk if m> (Be en 

s ky — ky 


7.4 q-operator divergence 


The concept of a-divergence plays an important role in the information geometry. 

Let (X, 4, u) be a measure space, where u is a finite or a O-finite measure on (X, c7) 
and let assume that P and Q are two (probability) measures on (X,.«/) such that P< u, 
Q « u are absolutely continuous with respect to a measure u, e.g. u = P +Q and that 
p= æ and q = m the (densities) Radon-Nikodym derivative of P and Q with respect to 
u. Following [5], the basic asymmetric c-divergence is defined as follows: For positive 
valued measurable functions p and q, and œ € R 


Dalla) = I | (000 Mala) - a 5 aut). (a # +1), 
111) 
D. (pla) = Dalal) = f (69 - p) peog ap 


If we putt = 13 in (7.11), then 


D.(pla) = py f ( -Dp +a) - p) "ay Mu) — 60.0. 


From the viewpoint of this, Fujii [53] defined the following operator version of a-diver- 
gence in the differential geometry: For positive invertible operators A and B, 


1 
A Va B—A #a B) (0 € a « 1). 


Da(A, B) = ao 
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In particular, 


A—B Bh, gA—B 
Dj(A,B) :— limDg(A,B) = lim | —— — ——9——— 
afl atl\ a a(1— o) 
=A—B-S(B|A) 
alo 


B—A A#gB—A 
Do(A,B) := limDa(4,B) tim ( x ) 
a 


l-a a(l—a) 
= B— A — S(A|B). 


By definition, @-operator divergence is considered as the difference between the arith- 
metic and the geometric interpolational paths. In particular, for the case œ = 1/2, it follows 
that @-operator divergence coincides with by four times the difference of the geometric 
mean and the arithmetic mean. For the case of density operators, it coincides with a rela- 
tive entropy introduced by Beravkin and Staszewski [20] in C*-algebra setting. 

Also we have the following different interpretation of @-operator divergence. 


Theorem 7.5 The a-operator divergence is the difference between two velocity vectors 
S1(A[B) and So (A|B): For each a € (0,1) 


1 
Do(A,B) = 1 


i-z($ 4B - s«AIB)) 


= ~ (sıla) E Si-a(BIA)) 


We investigate estimates of the upper bounds for @-operator divergence: 


Theorem 7.6 Let A and B be positive invertible operators such that kA < B < kA for 
some scalars 0 < kı < k2. Then a-operator divergence is positive and for every operator 
mean p and œ € (0,1) _ 

(BA) p (BB) > Da(A,B) > 0 


holds for 
ane 1— æ+ akı- k? 1—a+ ak, — k$ 
7 a(l—a) ^" all-a) 
ja at+(1—a)ky'— ke! at (1—-a)ky!— Ke! 
a(l- a) , a(l- a) 


Proof. Since A Vg B > A fty B (0 € a < 1), it follows that o-operator divergence 
is positive, that is, Dy (A, B) > 0. On the other hand, it follows from Theorem 7.2 that 
BA > Da (A,B) > 0. Since A V; B- Asta B= BVi 4 A—B #1_¢ A by (7.2), we applied 
B,A and 1 — a in Theorem 7.2 to obtain the constant B = B(0,1,1— o, kl ; kí!) such that 
BB > Da (A,B) > 0 because ky 1p <A< kj |B. Therefore we have for every operator mean 


p 
(BA) p (BB) > Da(A,B) p Do(A,B) = Da (A.B) > 0. 


If we put œ — 0,1 in Theorem 7.6, then we have the following corollary. 
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Corollary 7.1 Let A and B be positive invertible operators such that k4A < B < kA for 
some scalars 0 < kı < k2. Then for every operator mean p 


(BA) p (BB) > Do(A,B) = S1 (A|B) — So(A|B) 


holds for B = max{k, — 1 — logkı,k2 — 1 — logk2 } and B = max(1— k3 ' — k;! logo, 1 — 
kj! — kr logkı } and 


(BA) p (BB) > Di (A,B) = SY (BIA) — So(BIA) 


holds for B = max(1— k;! — k;j!logko,1 — kī ' + kī 'logkı} and B = max{k; — 1 + 
logkı,k2— 1 — logk2 }. 


7.5 Notes 


For our exposition we have used J.I. Fujii-Mićić-Pečarić-Seo [71], Kamei-J.I. Fujii [67, 68] 
and J.I. Fujii [53]. Further study may be seen in [55, 56]. 


Chapter 


Mercer's Type Inequality 


This chapter devotes some properties of Mercer's type inequalities. A variant of Jensen's 
operator inequality for convex functions, which is a generalization of Mercer's result, is 
proved. We show a monotonicity property for Mercer's power means for operators and a 
comparison theorem for quasi-arithmetic means for operators. 


8.1 Classical version 


Let a < xı € xo € +++ € x, € b and let wi,1 < i < n, be nonnegative weights such that 
Ya wi = 1. Then Jensen's inequality asserts: 


Theorem 8.1 Jf f is convex on |a,b], then 


(3 2 < Y wif (x). (8.1) 
= 


Proof. Refer to [124, Theorem 1.1] for the proof. 


The following theorem is a variant of Jensen's inequality (8.1). 
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Theorem 8.2 /f f is convex on |a,b], then 
(i-r) < f(a) + f(b) - M wif (x). 
i=1 i=l 


Proof. If we put y; = a +b — xi, then a+b = xi + yi, so that the pairs a,b and xj, y; 
possess the same mid-point. Since there exists A € [0, 1] that 


xj=Aa+(1—A)b, yi-(l—A)a-cÀb forl<i<a, 


it follows from (8.1) twice that 


and hence we have 
f(a+b—x;) € f(a) -- f(b) - f(x) forl<i<n. (8.2) 


Therefore it follows that 


2) ZIP») 
= 


i= i=l 


< once a by (8.1) 
i=l 


< Yw[f(a) -f() -f()]. by 8.2) 
i=] 


= fü) f0)- Y fü). 
i=l 


Let A,G and H be the arithmetic, geometric and harmonic means of the positive num- 
bers 0 < x1 <x2 < <+- € Xn formed with the positive weights w; whose sum is unity. Since 
(b — t)(t — a) is non-negative for 0 < a < t < b, division by t gives 


b 
a+b-t> Z (with equality if and only if t = a or t = b). 


Put t = x; for i = 1,2,...,n. Forming the arithmetic mean on the left and geometric mean 
on the right derives the following inequality: 


ab 
b-A>—. 8.3 
a+ Bv (8.3) 
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Making the substitutions a > a~!, b = b ^l, x; > i in it and taking inverses extends 
(8.3) to 
ab -1l 
a+b—A> T > G oo -H`') 
With r > 0, we substitute a — a", b — b", x; — x; in this and then raise all three members 
to the power 1, We get 


Now introducing the notation 


Q,(a,b,x) = (« +r -5 ve) for all real r Æ 0, 


i-l 
these last inequalities read 
Q,(a,b,x) > Qo(a,b,x) > Q (a, b,x) for r > 0, (8.4) 


where ; 
a 
Qo(a, b,x) = lim Q,(a,b,x) = G 


This consideration leads us to formulate the following theorem. 
Theorem 8.3 Let +% >r » s > —eo. Then 
b> Q,(a,b,x) > Qs(a,b,x) >a. (8.5) 


Proof. There are three cases which remain to be considered: 
(a) r>s>0, (b O>r>s, and (c) r>0>s. 
Once these are proved it is a simple matter to verify that 


lim Q,(a,b,x) =b and lim Q,(a,b,x) =a, 
r—-+eo r—-oo 


giving the upper and lower bounds in the theorem. 

The cases (b) and (c) follow easily from (a) and (8.4) above. So let us suppose the truth 
of case (a) for the moment and dispose of these other cases first. 

(a) reads 


1 


L l 
n io n i 
(« +p -> ve) > (e +b°-¥) ve) fo r>s>0. 


i=l i=1 


If we make the substitutions a > a~!, b > b, xj x in this and then invert both sides 
it reads 


= i 
n Ss 
a +b” -— bj va) 
i-l 


n 
d (= +b — > vei") for —-r<-—s<0. 
il 


l 
r 
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Writing r = —p and s = —q this reads 
Q,(a,b,x) > Qp(a,b,x) for O>q>p 


which is case (b). 

The case (c) where r > 0 > s has two subcases namely |r| > |s| and |s| > |r|. 

The former follows by noting that Q,(a,b,x) > Q_s(a,b,x) > Q;(a,b,x) by virtue of 
(a) and (8.4). The latter follows since Q,(a,b,x) > Q_,(a,b,x) > Q_s(a,b,x) by virtue of 
(8.4) and (b). So the cases (b) and (c) have been dealt with. 

It now remains to give the proof of case (a). If we put f(t) = t* for æ > 1 in Theo- 
rem 8.2, then we have 


1 


n @ n 
(eur enr] > (sea 2 fo a>. 
i=l i=l 


Putting œ = +, making the substitutions a — a*,b — b*,x; — xj and then raising each side 


to the power 1, we get (a). 


8.2 Operator version 


In this section, we show an extension of Theorem 8.2 to self-adjoint operators on a Hilbert 
space. We use this result to prove a monotonicity property of power means of Mercer's 
type. Moreover, we consider quasi-arithmetic means in the same way. 

First of all, we recall that an operator version of Theorem 8.1 (Jensen's inequality) is 
true [124, Theorem 1.3]: 


Theorem 8.4 Let A,,...,A, € B(H) be self-adjoint operators with mly < Aj < MIg for 
some scalars m <M and let xy,...x, € H satisfy XJ 4 \|xi||? = 1. If f € C([m, M]) is 
convex, then 


n n 
y (3 D) < XU (Ai) xi, xi}. 
i-l i-l 

The following theorem stands for a geometrical property of convexity and is frequently 
useful. 


Theorem 8.5 Let A,,...,A, € B(H) be self-adjoint operators with mIy < A; € MIy for 
some scalars m < M and let xi,...x, € H satisfy XL |xil? = 1. If f € C([m, M]) is 
convex, then 


f (m)+ 


—m M—m 


c M — X4 (Aixi, xi) ry (Aixixi) - m 
— m EE Zap] ee f (M). 
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Proof. Since f is convex on [m, M], we have 


ft) < HE f(n) + FM) for all t € [m,M]. 


Since mly < A; € Mly fori=1,...,n and X7 (xi, xi) = 1, it follows that m € X; _; (Aixi,xi) 
< M. Using the functional calculus, we have this theorem. 


The following theorem is an operator vertion of Mercer's inequality. 


Theorem 8.6 Let A,,...,A, € B(H) be self-adjoint operators with mIy < A; < MIy for 
some scalars m < M and let xi,...x, € H satisfy X74 ||x;\|? = 1. If f € C([m, M]) is convex, 
then we have the following variant of Jensen's inequality 


n n 

r[mem- > m) < f (m) +f (M) — M (f(Ai) xxi). (8.6) 
i i-l 

In fact, to be more specific, we have the following series of inequalities 


f (^ +M-— > (ama) 


i=l 


a Aia 67 
ie] 
M - Xia (Aixi xi) i1 (Aixi, xi) — m 
Slc eee ce 


n 


< f (m) + f (M) - È, (f (A)xi, xi). 


i=1 


If a function f is concave, then the inequalities (8.6) and (8.7) are reversed. 


Proof. From the conditions m (x;,x;) < (Aixi,xi) < M (xixi) for all i = 1,...,n and 
E; ixi) = 1, by summing it follows that m < Y7., (Aixi, xi) € M and hence, m < m+ 
M-— pm (Aixi, Xi) < M. 

Since f is continuous and convex, the same is also true for the function g : [m, M] —^ R 
defined by g(t) = f(m+ M — t), t € [m, M]. By Theorem 8.4, 


g p (sma) < Ys (Ai) xj, x), 


i=1 


Ei i=1 


i.e. f (mem 3 nn) < uc +MIy — Aj) xi Xi). 
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Applying Theorem 8.5 to g and then to f, we have 


n 
Y f (min + MIy — Aj) xi, Xi) 
i=l 


M —Y24 (Axi,xi) DL, (Aixi, xi) —m 


: M-m (m) + M-m (M) 
- M Iin Na (Aixi, xi) —m 
an gee 

Z Zins Ass i1 (Aixi, Xi) — 


n 


< f (m)+ f (M) - Y (f (Ai) xixi}. 


i=l 


The last statement follows immediately from the fact that if f is concave then — f is convex. 


Next, we consider an operator version of power means of Mercer’s type. 

Let A = (Aj,...,An), where A; € B (H) are self-adjoint operators with mIy < A; < MIg 
for some scalars 0 < m < M, and x = (x1,...,X%), where x; € H satisfy Y7., (xi,xj) = 1. 
We define, for any r c R 


n l 
In +m- b (Ata, xi)| E r#0, 
M,(A,x) :— El " 


exp (logm +logM — > ((logA;)x;, x) ) , 
i=l 


3 
Il 
© 


Observe that, since 0 < m (xi,x;) < (Aixi, xi) € M (xi, xi) and Xf; (x; xi) = 1, then 


n 
0cm' < > (Abx,xi) € M' — forall r > 0, 
i=l 


n 
0<M< ‘3 (Aixi xi <m  forall r « 0, 
i=l 


i= 


n 
logm < pj ((logA;)xi,x;) € log M. 
i=1 
Hence, M,(A,x) is well defined. 
Furthermore, we define, for any r,s € IR 


n 


[$ (0na +M' ly — AD* xxi) "y rx 0,5 0, 
i=l 
R(r,s, A,X) :— exp (>, (log (m' Iu + M' Ty — Al)? xix) : r X 0,s — 0, 
i=l 
n l 
by (exp(s (logm) In + (logM) In — logAi)xi,%i)| n r=0,s40, 
i=l 
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LO Saw a2 
Em e ul i PENETAN, 
M'—S S,— m! 
S(r,s, A,x) :— exp( 17. B a -logM+ (m — logm) ; r#0,s=0, 
logM) — -( E 
[LEM =o, = OEM Jt p osgo, 
logM —logm logM — logm 
where S, = Y7 , (Atxi, xi) and So = XL, ((logA;)xi,xi). It is easy to see that R(r.s, A,x) 
and S(r, s, A, x) are also well defined. 
Theorem 8.7 IfrscR,r«s, then 
M,(A,x) € M,(A,x). 
Furthermore, 
M,(A,x) € R(rs, A,x) € S(r,s, A,x) < M,(A,x). (8.8) 


Proof. STEP 1: Assume QO « r « s. 
In this case we have 0 < m'Ig < A! < M'Ig (i=1,...,n). Applying Theorem 8.6 to the 
continuous convex function f(t) = t? (note that = > 1 here) and replacing A;, m and M 
with A}, m" and M”, respectively, we have 


n 
í Y» ((m In M'Ig — A)? xix) 
i=l 
< M Rie (Ami) s | Ei (Aiii) — m 
al M" —m* M" —m* 
n 
<m -M* — V (Aixi xi), 
i=l 


M 


or 


~ $ S 
r 


[i (Ax| < [RG s A.x)] < [S6 A x] « [ax] . 


Since s > 0, this gives (8.8). 

STEP 2: Assumer < s <0. 

In this case we have 0 < M'Ig < A; < m'Ig (i=1,...,n). Applying Theorem 8.6 to the 
continuous concave function f(t) = t? (note that 0 < * « | here) and replacing A;, m and 
M with A}, M" and m”, respectively, we have 
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n 
> py (Ml + m! Ig — AD xix) 


1 
.m-Xa (Ajai) s ii (Abu, Xi) - M" 
m” — M" m' — M" 
n 
> M'+m — Y (Ajxi, Xi) 
i=l 


M’ 


[ia] > [Rosa] > [S6 A x] > [ma]. 


Since s < 0, this gives (8.8). 
STEP 3: Assumer<0< s. 

In this case we have 0 < M'Ig < Al < m'Ig (i — l,...,n). Applying Theorem 8.6 to 
the continuous convex function f(t) = t? (note that = < 0 here) and proceeding in the same 
way as in STEP 1, we obtain (8.8). 

STEP 4: Assume r « 0,5 — 0. 
In this case we have 0 < M'Ig < A; < m'Ig (i=1,...,n). Applying Theorem 8.6 to 
1 


the continuous convex function f(t) = -logt (note that i « 0 here) and replacing A;, m 


and M with A7, M" and m’, respectively, we have 


i=1 


1 . ; n " 
; 08 (v +m — > sss) 


n 1 i . 
< 2 (Hog (M'In +m Ig -Aa ) 


2 m! — m (Axi, xi) died Ll (APxi, xi) — M" 


m” — M" m” — M" dogM 


n 
X logM + logm — M ((logAi) xi, xi) 
i=l 


or 
logM,(A,x) < logR(r,0,A,x) € log S(r,0,A,x) < log Mo(A,x). 


This gives (8.8) for s = 0. 
STEP 5: Assume r — 0, s > 0. 

We have (logm)Ig < logA; € (logM) Ig (i — 1,...,n). Applying Theorem 8.6 to the 
continuous convex function f(t) = exp(st) and replacing A;, m and M with logA;, logm 
and log M, respectively, we have 
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n 
exp ( (log +logM — Y ((logA;) xix) 
i-l 


< $ (exp (s ((logm) Ig + (log M) In — logA;)) x; xi) 
i=l 


< OEM - Xi, (logAi)xiox) ys | Zizi (logAi)xi s) —logm ys 
log M —logm log M —logm 
n 
< m! +M — BY (Ajxi, Xi) 
i=l 
or 


s S Ss 


[io (A, x) < [R(0.s,4,x)] < [S(0,s,A,»)| < [ax] 


Since s > 0, this gives (8.8) for r = 0. 


Next, we consider quasi-arithmetic means of Mercer’s type. 

Let A = (A1,...,An), where A; € B (H) are self-adjoint operators with mIy < A; < MIy 
for some scalars m < M, and x = (x1,...,Xn), where x; € H satisfy Y7 , (xixi) = 1. Let 
9. V € C ([m, M]) be strictly monotonic functions on an interval [m, M]. We define 


n 


Mig (A,x) = 97 (e(m)- o(M) - Y (0(4).x)). 
i=l 
Observe that, since mly < Aj < MIg and Y? , (xi, xi) = 1, then 


9 (m) < M (o(A)xix) € e(M) if ọ is increasing, 
i=l 


9 (M) € M (p(Ai)xi,x1) € (m) if q is decreasing. 
Hence, Mo (A,x) is well defined. 


Theorem 8.8 Under the above hypotheses, 


(i) if either y o Q^! is convex and y is strictly increasing, or wo Q^! is concave and V 


is strictly decreasing, then 


Mo (A,x) < My (A,x). (8.9) 
In fact, to be more specific, we have the following series of inequalities 
Me (A,x) 
cy! (3 (wo!) (o (m) In + 9 (M) In — @ D) (8.10) 
i=1 
< y ( UD - Xia (9 (A)ox) (ug q Zi (9 (A) xix) — o (n) ) 
e (EU ivan iwi 
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(ii) if either y o Q^! is concave and y is strictly increasing, or V o 9^! is convex and V 


is strictly decreasing, then the reverse inequalities of (8.9) and (8.10) hold. 


Proof. Suppose that y o Q^! is convex. If in Theorem 8.6 we let f = yo Q^! and 
replace A;, m and M with ọ (A;), 9 (m) and @ (M), respectively, then we obtain 


< z ((yo@ 1) (o (m) In + 9 (M) In — 9(Ai)xixi) (8.11) 


it (P (Ai) xi, xi) — 9 (m) 


VM) E77 01 - o) 


y (m) 


< y (m) + v (M) — ¥ (v (A) xix). 
i-l 
If yo Q^! is concave then we obtain the reverse of inequalities (8.11). 

If y is strictly increasing, then the inverse function y~! is also strictly increasing, so 
that (8.11) implies (8.10). If y is strictly decreasing, then the inverse function y^! is also 
strictly decreasing, so that in this case the reverse of (8.11) implies (8.10). Analogously, we 
get the reverse of (8.10) in the cases when yo Q^! is convex and y is strictly decreasing, 
or y o Q^! is concave and y is strictly increasing. 


8.3 Operator version with mappings 


Assume that (®,,...,@,) is an n—tuple of positive linear mappings ®; : B(H) — B(K), 
i=1,...,n. If X; G;(Ign) = Ix, we say that (0,,...,65,) is unital. 


We have the following generalization of discrete Jensen's operator inequality. 


Theorem 8.9 Let (A,,...,A,) be ann—tuple of self-adjoint operators in B (H) with spec- 
tra in [m, M] for some scalars m < M, and let (®1,...,®,) be a unital n—tuple positive 
linear mappings 9; : B(H) — B(K), i= L,...,n. If f is an operator convex function on 
[m, M], then 


((Esw) = Soir, (8.12) 


i=1 


Proof. Using continuity of f, ®; and uniform approximation of self-adjoint operators 
by simple operators using decomposition of unit we can assume that Aj = Y jez, ti, jei j where 
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I; are finite sets and {eit jer, are decompositions of unit, i = 1,...,n. We have 
n n 
f (Zou JE (Eoi Y tijej ) = (š bà L2) 
i-l jel; i=1 jel 
= (XV Vo ilei j)tijy D ileij) 
i=1 jel; 
= Y X (eij) f (tij) \/ Dleiz) 
i=l jek 
n n 
=), Y ft, @i(ei,;) = 3, D: F(A) 
i=1 jel; i=l 


The second proof: We use the idea from [81] (also compare to [221]). If f is operator 
convex in J = [0,1] and f(0) < 0, we can suppose, with no loss of generality, that it is non- 
positive. Then there is a connection o such that — f(t) = t o (1 — t). We use the following 
properties of a connection o: 


(i) P (Ac B) < B(A) c (B) for a positive linear mapping ® and positive operators A 
and B ([15]). 


(ii) (subadditivity) Y7., Ajo Bi< (E; Ai) 6 (XL, Bi) for positive n—tuples (A1,...,An) 
and (Bi,...,Bn) ([81]). 
We obtain 


- Moi(f(A)) = Şo, (Aio (In — Ai)) 


i=1 i=l 


< Y o;(A)oi(Iu — Ai) SS (£o) Oo (Zeta) 


i=l i=l 
i (Zew) o (i Eoo) =-f (Zew) ! 


Consider now an arbitrary operator convex function f defined on [0,1]. The function 
f(x) = f(x) — f (0) satisfies the previous conditions, so (8.12) becomes 


f (£o) < S o4 (4)) + O) («- Zou) (8.13) 
i-l El = 


By setting g(x) = f ((B — o)x-- &) one may reduce the statement for operator convex 
functions defined on an arbitrary interval |œ, B] to operator convex functions defined on 
the interval [0, 1]. 


We show a variant of Jensen's operator inequality which is an extension of Theorem 8.2 
and Theorem 8.6 to self-adjoint operators and positive linear mappings. 
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Theorem 8.10 Le: (A,...,An) be n—tuple of self-adjoint operators in B(H) with spec- 
tra in [m, M] for some scalars m < M, and let (®,,...,®,) be a unital n—tuple positive 
linear mappings ®; : B(H) > B(K), i=1,...,n. If f € C([m, M]) is convex on |m, M], 
then 


n n 
f (meat > 9; a) < f (m) Ig + f (M) Ik — Y o; (f (A). (8.14) 
i-l i-l 

In fact, to be more specific, the following series of inequalities holds 


f (mi +MIk — 5 o; a) 


i=1 
Z MIr — Y. ®; (Ai) 
pi M—m 


< f (m) Ig + f (M) Ik — Yo (f (Ai). 
i=l 


f(M) + f(m) (8.15) 


If a function f is concave, then inequalities (8.14) and (8.15) are reversed. 


Proof. Since f is continuous and convex, the same is also true for the function g : 
[m, M] — R defined by g(t) = f(m+M — t), t € [m, M]. Hence, the following inequalities 


t—m M-t t—m M-t 


FO S gnl D en and HOS dem 


g(m) 


hold for every t € [m, M] (see e.g. [249, p. 2]). 
Since mly < Aj < MIy for i= l,..., n and X7 , ®; (In) = Ik, it follows that mlx < 


? ? 


" 4 @;(A;) € MIg. Now, using the functional calculus we have 


n x OD; (Ai) — mlx MIr — Yi 4 o; (Ai) 
D; (Ap | <a hu E VEM 
($ ( JE M—m SMS M-m PP 
or 


f (occi — Y o; a) 


i=l 
< M o; (A;) = mlg 


MIk — Xi. ®; (Ai) 
MI&y — 3? Ọ; (A; i4 9;(Ai) ^ ml 
= Fm + F(M = ETE qu , BELAY mk qp 
On the other hand, we also have 
jo a 


M—m M—m 
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Applying positive linear mappings ®; and summing, it follows that 


MIr — X1. 6;(Ai) 


Ye (r(4)) « E1509 x qu p Me TIU 


Wom f(m). (8.17) 


Using inequalities (8.16) and (8.17), we obtain desired inequalities (8.14) and (8.15). 
The last statement follows immediately from the fact that if @ is concave then —@ is 
convex. 


We consider Mercer's power means for positive linear mappings. 

Let A = (Aj,...,An) be an n—tuple of positive invertible operators in B(H) with 
Sp (Ai) € [m, M] for some scalars 0 < m < M, and let ® = (),...,®,,) be a unital n—tuple 
positive linear mappings ®; : B(H) — B(K), i= l,...,n. We define, for any r € IR 


1 


n Fr 
m Ix -- M'Ig — > o; (AÑ) 
i=l 


exp((logm) Ix + (log M) Ix — b ®; (log (Ai)) » r=0. 
i-l 


, r#0, 


M,(A,®) :— (8.18) 


Observe that, since 0 < mIy < Aj € MIg and Y7., ®; (In) = Ik, then 
0 <m'Ik € V 9; (Af) € M'I for all r > 0, 
i=l 
n 
0 < M'Iy < V, ®; (AF) X m' Iy for all r < 0, 
i=l 
n 
(logm) Ik < b (log(A;)) € (logM) Ix. 
i=l 
Hence, M,(A,@®) is well defined. 
Furthermore, we define a constant A (m, M, p) for 0 < m < M and p € Ras follows: 


1 
K (mrm, +) Qe Mn) (8pm m) AO 
A(m,M,p) :— P (1— p) (M? — mP) m? M — M?m 
, 4 M = M—m èx m(1+logM)—M(1+logm) =, 
m)  logM-logm M—m PSY 


We remark that A(m, M,0) = limp—o A(m, M, p) by using Theorem 2.17. 
We show a monotonicity property of Mercer's power means for positive linear map- 
pings and investigate a complementary domain to Mercer's power means. 


Theorem 8.11 LerrscmR,r«s. 
(i) If either r < —lors > 1, then 


M, (A, ) < M,(A,®). (8.19) 
(ii) If —1 « r and s < 1, then 


M,(A,®) < A(m,M,s)-M,(A,®). (8.20) 
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Proof. (i) STEP 1: Suppose that 0 < r < s and s > 1. 
Applying the inequality (8.14) to the convex function f(t) = t? (note that = > l here) 
and replacing A;, m and M with A‘, m” and M”, respectively, we have 


5 


n 5 n 
m' Ik - M'Ik - M 6;(A)) | <m'Ik + M'Iy — V o,(Aj). (8.21) 
i=l i=l 


Raising both sides to the power l (0 < + < 1) , it follows from the Lówner-Heinz theorem 
(Theorem 3.1) that (8.19) holds. 
STEP 2: Suppose that r < 0 and s > 1. 

Applying the inequality (8.14) to the convex function f(t) = t? (note that = < 0 here) 
and proceeding in the same way as in STEP 1, we have that (8.19) holds. 
STEP 3: Suppose that r = 0 and s > 1. 

Applying the inequality (8.14) to the convex function f(t) = exp(s-t) and replacing 
A;,m and M with log (A;), logm and log M, respectively, we have 


exp (Cem Ix + (logM) Ik — » o; (log (A))) 
i=1 


n 
< exp (slogm) Ix + exp(slogM) Ix — Y. ®; (exp(slog (Ai)) 
i-l 
= m'Iy + M'I — V (Aj) (8.22) 
i=l 
or 


~ s 
s 


~ S 
[ido (A.)| < [maa]. 
Raising both sides to the power 1 (0 < H < 1) , it follows from the Lówner-Heinz theorem 
that (8.19) holds for r = 0. 
STEP 4: Suppose that r < —1 and s > r. 

The inequality (8.19) follows from the above cases replacing A;, r and s by A; |, =s 
and —r, respectively, and using the equality Ms (A~, ®) = M, (A,0) !, where A~! = 
[Ar sar 
(ii) STEP 1: Suppose that 0 « r « s « 1. 

In the same way as in (i) STEP 1 we obtain inequality (8.21). Observe that, since 
mig < Xa [0n (Aj) X M^ Ix, it follows that m*Ix < m'Iy + MI — bam o; (Aj) X MPI&. 
Raising both sides of (8.21) to the power H (i > 1) , it follows from Theorem 4.3 (i) that 


~ ete ce He 
M,(A,®) <K (nar. 3 M,(A,®). 
M 


STEP 2: Suppose that 0 — r « s « 1. 
In the same way as in (i) STEP 3 we obtain inequality (8.22). With the same observa- 
tion as in (ii) STEP 1 and raising both sides of (8.22) to the power H (4 > 1), it follows 
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from Theorem 4.3 (i) that 
~ ns oe 
Mo(A,®) < K (war. J M;(A,®). 
s 


STEP 3: Suppose that —1 <r < s <0. 

The proof follows from (ii) STEP 1 replacing A;, r and s by AS, —s and —r, respec- 
tively, and using the equality K (M,m, p) = K (m,M, p) (see [96, p. 77]). 
STEP 4: Suppose that —1 < r < s— 0. 

Applying the inequality (8.14) to the convex function f(t) = logt and replacing Aj, 
m and M with A}, M" and m”, respectively, we obtain 


n n 
“tog (mn +MIx-> en) < (logm)Ix + (logM)Ik — Y. ®;(log (Ai). 
i=l i=1 

Observing that both sides have spectra in [logm,log M], it follows from Theorem 4.7 that 
(8.20) holds for s = 0. 
STEP 5: Suppose that -1 «r «0 « s « I. 

In the same way as in (i) STEP 2 we obtain inequality (8.21). With the same observa- 
tion as in (ii) STEP 1 it follows from Theorem 4.3 (i) that 


~ sonis PY 
M,(A,®) < K (war. 3 M,(A,®). 
M 


Furthermore, we define S(r, s, A, 5) for A, as in (8.18) and r,s € R as follows: 


1 
M'Ig — S, " S,—m' Ix s 
M? S 
M" — m” M" — m” n! i aC 
M'Ik — S, S,—m'I 
S(r,s, A, b) := exp (ioen S ogm) ; FÆ 0,5 = 0, (8.23) 
1 
logM) Ix — ; —(1 Ik |" 
(log Mic =S s. So log) Ie cn ream 
logM —logm log M —logm 


where S, = Y? ., 6; (A7) and So = Xi; Ó;(log(A;)). It is easy to see that S(r,s, A, 5) is 
well defined. 

If we use inequalities (8.15) instead of the inequality (8.14), then we have the following 
results. 


Theorem 8.12 Letrsc R, r « s. 
(i) If s > 1, then 


M,(A,®) < S(r,s,A,®) < M,(A,®). (8.24) 
If r € —1, then > P 
M,(A,®) < S(s,r, A.) < M,(A,®). (8.25) 
(ii) If —1 « r and s < 1, then 
1 ~ m 
-M,(A,®) € S(r,s, A, ) < A(m,M,s)-M;(A,®). (8.26) 


A(m,M,s) 
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Proof. (i) STEP 1: Suppose that 0 < r < s and s > 1. 
Applying inequalities (8.15) to the convex function f(t) = t* (note that * > 1 here) and 
replacing A;, m and M with A‘, m" and M”, respectively, we have 


m WS S,—m'I 
m”Ig +M'"Ig— M ®;(4;)) < P Br TE nil 
i-l 
< mI + MI — V oi(Aj). (8.27) 
i=l 


Raising these inequalities to the power + (0 < + < 1), it follows from the Löwner-Heinz 
theorem that the desired inequality (8.24) holds. 


STEP 2: Suppose that r < 0 and s > 1. 

Applying inequalities (8.15) to the convex function f(t) = t? (note that * < 0 here) and 
proceeding in the same way as in STEP 1, we obtain the desired inequality (8.24). 
STEP 3: Suppose that r = 0 and s > 1. 

Applying inequalities (8.15) to the convex function f(t) = exp (s-t) and replacing Aj, 
m and M with logA;, logm and log M, respectively, we have 


exp (eoi Ik + (logM)Iy — Y ©; (log (Ai)) 
i-i 


logM) Ik — S 
x (logM) Ix — So : exp(slogM) + 
logM —logm logM —logm 


—(l I 
Som MET M 


n 
< exp (slogm) Ix + exp(slogM) Ix — Y. ®; (exp(slog (A))) 
i-l 


= m'Ik + M? Ik — V o (Aj) (8.28) 
i=l 


or 


[ia (A.e)| < [S(0,5,A,®)]° < [iao]. 


Raising these inequalities to the power H (0 < H < i); it follows from the Löwner-Heinz 
theorem that (8.24) holds for r = 0. 


STEP 4: Suppose that r < —1 and s > r. 
The proof of (8.25) follows using the same way as in the above cases. 


(ii) STEP 1: Suppose that0<r<s< 1. 

In the same way as in (i) STEP 1 we obtain inequalities (8.27). Observe that, since 
m'Iy < Ei QD; (A7) < M'Iy and m'Ig < ÈO; (Aj) < M? Ig, it follows that my < 
[m Ig + M'Ig — X5. i (AD)]* < M? Iy and m'Ig < n'Iy + M*Iy — Yi, ®; (AS) € Mig. 


8.3 OPERATOR VERSION WITH MAPPINGS 201 


Raising inequalities (8.27) to the power 1 (4 > 1), it follows from Theorem 4.3 (i) that 


IN 
K (n.i c) 
s 


1 
M'Ix — S, BELLIS |" 
e eue 


<K (wae J 
s 


which gives the desired inequality (8.26). 
STEP 2: Suppose that 0 — r < s « 1. 

In the same way as in (i) STEP 3 we obtain inequalities (8.28). Observe that, since 
(logm) Ix € (logm) Ix + (log M) Ix — X; ®; (log (Aj)) < (logM) Ix and n'Iy € Y. ®; (A?) 
< M? Ig, it follows that 


m' Ig + M'Ig — X d; em 
i=l 


m * 
mI + MI — V (Aj) 
i=] 


a 


n 
m'Iy < exp ( C + (log M) Ix — V o; (log 2 < M*IK 
i-l 

and m'Iy < m'Ix + M Ik — Y7.4, 6; (Aj) € M'Iy. Raising inequalities (8.28) to the power 
1 (12 1), it follows from Theorem 4.3 (i) that (8.26) holds for r = 0. 
STEP 3: Suppose that —1 <r < s <0. 

Applying reversed inequalities (8.15) to the concave function f(t) = t? (note that 0 < 
7 < 1 here) and replacing A;, m and M with A;, m" and M”, respectively, we obtain reversed 
(8.27). With the same observation as in STEP 1 it follows that (8.26) holds. 
STEP 4: Suppose that —1 < r < s — 0. 

Applying inequalities (8.15) to the convex function f(t) = + logt (note that l « 0 here) 
and replacing Aj, m and M with A;, m" and M”, respectively, we obtain 


1 n 

-log (wn +M'Ik-} 9; an) 

r i=l 

M'Ig — S, $,— m^ 

arcae PEU ge 
n 

€ (logm) Ix + (log M) Ix — > 9; (log (A;)). 
i-l 


-logm 


Now, it follows from Theorem 4.7 that 
T a 
S (co ve M,(A,®) < S(r,0,A,®) < S Ga m Mo (A, D), 


which gives (8.26) holds for s — 0. 

STEP 5: Suppose that -1 « r «0 « s« I. 
Applying inequalities (8.15) to the convex function f(t) = t? (note that = < 0 here) 

and replacing A;, m and M with A‘, m” and M”, respectively, we obtain inequalities (8.27). 

Proceeding in the same way as in STEP 1, we obtain (8.26). 
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Remark 8.1 Since obviously S(r,r, A, ^) = M,(A,®), inequalities in Theorem 8.12 (i) 
give us 


S(r, r, A, o) < S(r,s,A,®) < S(s,s,A,®), E < S, S = 1 


and 


S(r,r,A,®) < S(srA, 0) < S(s,s,A,®), r<s,r<-—l. 


An open problem is to give list of inequalities comparing “mixed means” S(r,s,A,®) in 
remaining cases. 


Finally, we consider quasi-arithmetic means of Mercer’s type for positive linear map- 
pings. 

Let A and ® be as in the previous context and m < M. Let 9, y € C([m, M]) be strictly 
monotonic functions on an interval [m, M]. We define 


Mo(A,®) := 9^! E (m) Ix + 9 (M) Ix — Soa] . (8.29) 
i=1 


It is easy to see that Mo (A, 5) is well defined. 


Theorem 8.13 Under the above hypotheses, 


(i) if either y o Q^! is convex and y! is operator monotone, or V o Q7! is concave 
and -y is operator monotone, then 


Mo (A,9) < My (A, 4). (8.30) 
In fact, to be more specific, we have the following series of inequalities 


Mo (A,®) 
-1 ( PM) Ik ~ Xi oi(9(A)). 
d ( pm- om  ¥™) 
ii Oi 


q Dizi Pi (9 (Ai) — Pm) IK | vi) (8.31) 


(ii) if either y o Q^! is concave and V! is operator monotone, or V o Q ! is convex 
and -y is operator monotone, then inequalities (8.30) and (8.31) are reversed. 


Proof. Suppose that y o Q^! is convex. If in Theorem 8.10 we let f = yo Q^! and 
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replace A;, m and M with ọ (A;), 9 (m) and ọ (M), respectively, then we obtain 


(yoo ') (omic eni See) 
i=l 


9I - ZDA) yog) (g(a) 


S1 ©; (¢ (A:)) - 9 (m) Ix 
p (M) — p (m) 


or 


y (o^ (eom t e(M)Ik — > ;(@ en] 


9 (M) Ir — Xa Pi ( (Ai) © 
9 (M) — (m) 


< v(m) I +y (M)I — Y, iy (42). (8.32) 
i=l 


< 


If y o Q^! is concave then we obtain the reverse of inequalities (8.32). 

If yw! is operator monotone, then (8.32) implies (8.31). If -y is operator monotone, 
then the reverse of (8.32) implies (8.31). Analogously, we get the reverse of (8.31) in the 
cases when yo Ql is convex and —y~! is operator monotone, or yo Q^! is concave and 
y! is operator monotone. 


8.4 Chaotic order version 


Let A = (Aj,...,An) bean n—tuple of positive invertible operators in B (H) with Sp (A;) C 
[m, M] for some scalars 0 < m < M, and let ® = (®,,...,®,,) be a unital n—tuple positive 
linear mappings ®; : B(H) — B(K), i= l,...,n. We recall that we define the r-th power 
operator mean for r € IR as 


(£o en) pu 
M,(A,@) := ¢ Vel (8.33) 


exp Yo tesa) j r — 0. 


i=l 


204 8 MERCER'S TYPE INEQUALITY 


The ordering among these means is given in Chapter 9. Here we discuss the chaotic 
ordering among them: the chaotic order A >> B for A, B > 0 means logA > log, also see 
3.4. 

The following theorems are generalizations of the theorems in [124, p.135, 136]. 


Theorem 8.14 /fr,scIR,r« s, then 
M, (A, b) < M,(A,®). 


Proof. STEP 1: Assume 0 < r < s. Applying Theorem 8.9 to the operator concave 
function f(t) — 15 (note that 0 < £ < 1 here) and replacing A; with A} we have 


Since the function f(t) = logt is operator monotone and r > 0, it follows that 


1 n : 1 n 
= log (£o an) > -log (3 o; en) i 
» i=l r i=l 

Le. logM,(A,®) € logM,(A,®). 


STEP 2: Assume r < s <0. Applying Theorem 8.9 to the operator concave function 
f(t) =t" (note that 0 < 7 < 1 here) and replacing A; with A; we have 


Since s < 0, it follows that 


1 n 1 n 

-1 @; (At <=] o; (A? 3 

oT 
ie. logM,(A,®) € log M;(A,4). 


STEP 3: Assume r « 0 — s. Applying Theorem 8.9 to the operator convex function f(t) = 
Logt (note that i « 0 here) and replacing A; with A7 we have 


1 n n 
—log (3 ®; an) < Y Glog (Aj), 
r i-l i-l 

ie. logM,(A,®) € log Mo(A, €). 


STEP 4: Assume r= 0 < s. Applying Theorem 8.9 to the operator concave function 
f (t) = +logt and replacing A; with A? we have 


S 


1 n n 
-log | o; e) > Y ®; (log (4;)), 
5 i=l i=l 
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ie. log Mo(A, 9) < logM,(A,®). 


STEP 5: Assume r « 0 « s. From STEP 3 and STEP 4 it follows that 
log M,(A,) < logMo(A,) < logM,(A,®). 


To prove the following theorem, we need the following lemma. 


Lemma 8.1 Let (A,,..., A5) beann-—tuple of self-adjoint operators in B (H) with spectra 
in |m, M] for some scalars 0 < m < M, and (®,,...,®,) be a unital n—tuple positive linear 
mappings ©; : B(H) — B(K), i=1,...,n. Denote h = “. Then 


m` 


n P n n P 
o2 p oa) < Y eA) X 0n p oy) 
i=l i= 


i-l i-l 


for 
K(h, p) if p«Oorl« p, 
1 = 
i 1 if 0<p<1, 
K(h,p)`! if p«-lor2«p, 
05 = 1 if —l>p<0orl<p<2, 


K(h,p) if Ocp«l, 
where the generalized Kantorovich constant K(m,M, p) is defined by (2.29). 


Proof. This lemma is proved in a similar way as [124, Lemma 4.13] using converses 
of Jensen’s inequality. 


Theorem 8.15 /f7,5 € R, r< s, then 
A(h,r,s) ! Ms(A,®) « M,(A,®), (8.34) 
where the generalized Specht ratio A(h,r,s) cf. [124, eq. (2.97)] for h > 0 is defined as 


1 
K (h, £) if r<s, nsz 0, 
n sgn(p) 
A (h, r, s) = eloghi=1 p (8.35) 
— if r=0<s=p,orr=p<s=?0. 
hi 


Proof. STEP 1: Assume 0 < r < s. Then 0 < m'Ix < Y? 4 ®; (Aj) < M'Ik. Applying 
Lemma 8.1 with p = * (0 < p < 1) and replacing A; with A} we obtain 


«(^2 (Zou) 


Since the function f(t) = logt is operator monotone and r > 0, we have 


T 
s 


«You. 
i=1 


1 


1 
l n s n T 
log | K (n, “) f (£o an) < log (3 o; en) ; 
» i-l 


i=1 
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log (^ (1,5) 1M,(A,®)) < log M, (A, 4). (8.36) 


Since A(h,s,r) = A(h, ns) | (see [124, p. 87]), (8.34) follows from (8.36). 
STEP 2: Assume r < s < 0. Then, 0 < M'Iy € 37.4, 6; (A7) < m'Iy. Applying Lemma 8.1 
with p = 4 (0 < p < 1) and replacing A; with A7 we obtain 


n r n 
K (w',5) (£o en) < Y oa). 
7^ Niel i=l 
Since s < 0, we have 
1 1 
iL, n r n S 
log k (w. -) ` (3 o; en) > log P en) ; 
i=l i-l 
i.e. 
log (A(h,r,s) M,(A,®)) > logM,(A,®). (8.37) 
Now, (8.34) follows from (8.37). 
STEP 3: Assume r<O<s. If0<-—r<sor0<s< —r, we let p=‘ or p= in 


Lemma 8.1 (—1 « p < 0), respectively. Then we obtain 


f 


s 


$ a(r) < K (r, 1) (£o e) 


Or 
Y oA) < k (w$) (£o an) 
i=l T^ Nil 
So we have 
log M,(A, €) > log (Aq. r,s) 'M,(A,®)) 
or 


logM,(A,®) < log (A (h,r,s)M,(A,®)). 
STEP 4: Assume r = 0 < s. If r — 0 in (8.36), then 


log (00,5) 'M,(A,®)) < log Mo(A, ). 
STEP 5: Assume r « s = 0. If s — 0 in (8.37), then 


log Mo(A,®) < log (A(h, r,0) M,(A,®)). 


Next, we consider the chaotic ordering among Mercer's power operator means defined 
by (8.18). 
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Theorem 8.16 /fr.sc R, r « s, then 
M,(A,®) « M,(A,®). 


Proof. Analogously to the proof of Theorem 8.14, but using Theorem 8.10 instead of 
Theorem 8.9. 


Now, we define, for any r,s c IR 


s 


Xo (Inr enu - p) à r X 0,s #0, 


i=l 


R(r,s,A,®) = (£o (log (m" Lies ait), r#0,s=0, (838) 


n 


i9 (exps[ ogi) noe] , r=0,540, 


and S(r, s, A, 4b) by (8.23). It is easy to see that R(r,s,A,®) is well defined and also notice 
that R(r,r, A, ) = S(r,r, A, *) = M,(A,®) (including r = 0). 


Theorem 8.17 Letrsc R, r « s. 
(i) If r > 0, then 


M,(A,®) < S(s,r, A, 4) < R(s,r,A,®) <M,(A,®). (8.39) 
(ii) If s < 0, then 

M,(A,®) < R(r,s, A, 4) < S(r.s, A, 4) <M,(A,®). (8.40) 
(iii) If r <0 < s, then 


M,(A,®) < R(r,0,A,®) < S(r,0,A,®) < Mo(A, ®) 
< S(s,0,A,®) < R(s,0,A,®) < M,(A,®). (8.41) 
Proof. (i) STEP 1: Assume 0 < r < s. Applying Theorem 8.10 to the operator concave 


function f(t) = t5 (note that 0 < + =$ 1 here) and replacing A;, m and M with A7, m° and 
M we have 


(erm - Een) > Y (((m «wi -an*) 
i=1 


M'Ik— Ss, S; nik 
sx t ump Qu Mee Y ®; (A7) 


i=1 


Since the function f(t) = logt is operator monotone and r > 0, it follows that (8.39) holds. 
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STEP 2: Assume r = 0 < s. Applying Theorem 8.10 to the operator concave function 
f(t) — logt and replacing Aj, m and M with Aj, m° and M* we have 


Lig (in tmu- Xon: te(: log ((m* + M°) In -4i)) 


i-l 
MS Ik - S: Ss — mI Ik n 
> ian logM + Ts logm > (logmM) Ix — 2,9 (log (A;)) , 
which gives (8.39) for r = 0. 
(ii) STEP 1: Assume r < s <0. Applying Theorem 8.10 to the operator concave 
function f(t) = t? (note that 0 < = < I here) and replacing A;, m and M with A7, m” and 
M” we have 


(Gana E > à; en) pr Xe (w +M”) Ig — AD!) 


M'Ig — S, " Sp m'Ig s 
Rc M qd mE (ni? + M*) Ix — Xe 
Since s « 0, it follows that (8.40) holds. 
STEP 2: Assume r « 0— s. Applying Theorem 8.10 to the operator convex function 
ft) 2 + logt (note that + < 0 here) and replacing A;, m and M with A}, m" and M" we have 


hoes- Eon JE Xe(: log ((m (m M") - AD) 


i=1 


< M'Ik -8, Sy —m "Ig 


< [rom bet = —logm < (logmM) Ix — Yo, (log (A;)) , 


i=1 
which gives (8.40) for s = 0. 

(iii) Assume r < 0 < s. The desired inequality (8.41) follows set s = 0 in (ii) and r = 0 
in (1). 
Remark 8.2 If we define by M,(B) = (m'1-- M'1— B")? (Mercer’s mean for positive 


invertible operator B with Sp(B)C|m,M], 0<m<M) and by M,(A)—(M,(A1),..., M(As)) 
(for n—tuple A of positive invertible operators), we can write: 


M,(A,®) = M,(M,(A,®)) 


R(r,s,A,®) = M,(M,(A),®), 


so we can describe inequalities in Theorem 8.17 as mixed mean inequalities. One can also 
ask the question: What is the complete set of inequalities among mixed means M,(M,(A),®), 
M,(M,(A,®)), M,(M,(A,®)) and M,(M,(A),®) under the chaotic order? One part of the 
answer is in Theorem 8.16 and Theorem 8.17. 
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8.5 Refinements 


In this section, we give a refinement of Mercer's inequality for operator convex functions. 
We use that result to refine monotonicity properties of power means of Mercer's type for 
operators. Finally, we consider related quasi-arithmetic means for operators. 


Theorem 8.18 Let (Aj,...,An) be an n—tuple of self-adjoint operators in B(H) with 
spectra in [m,M] for some scalars 0 < m < M, and (65,,...,5,) be a unital n—tuple posi- 
tive linear mappings ®; : B(H) — B(K), i=1,...,n. If f € C([m, M]) is operator convex, 
then we have the following series of inequalities 


f (mie Yo, a) < Y 0, Cf (mIg + MIy — Ai)) 
i-l 


E 
d MIr — Y, ®; (Ai) 
EM a 


< f (m) Ix + f (M) Ig — Xe 


- QD; (Aj) = mlg 


p+ Se 


- f(m) (8.42) 


If a function f is operator concave, then the inequalities (8.42) are reversed. 


Proof. The proof of this theorem is quite similar to the proof of Theorem 8.6. We omit 
the details. 


We give applications to the ordering among Mercer's power operator means defined by 
(8.18). 

Let R(r,s, A, ) and S(r,s, A, ») are defined by (8.38) and (8.23), respectively. To 
simplify notations, in what follows we will write M,, R(r,s), S(r,s) instead of M,(A,®), 
R(r,s, A, 5), S(r,s, A, b), respectively. 

Figure 8.1 illustrates regions (7) — (vii) which determine the seven cases occurring in 
Theorem 8.19. 


Theorem 8.19 Letrsc R, r « s. 
(i) If 1 <r, then 


M,(A,®) < S(s,r, A, ) < R(s,r A, ) < M,(A,®). (8.43) 
(ii) If s < —1, then 
M,(A,®) < R(r,s,A,®) < S(rs, A, D) < M(A,®),. (8.44) 


(iii) Ifr € —1,s > 1, then 

M,(A,®) < R(r,—1,A,®) < S(r, —1, A, 4) 

M_,(A,®) < S(1,—1,A,®) < R(1,—1,A,®) 

1(A,®) < S(s,1,A,®) < R(s,1,A,®) (8.45) 
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Figure 8.1: Regions (i) — (vii) 


(iv) If 3 « r« 1« s, then 


M, (A, €^) < R(r,1,A,®) < S(r,1,A,®) 
< M,(A,®) < S(s,1,A,®) < R(s,1,A,®) (8.46) 
< M,(A,®). 


(v) ffr € -13«s « —4, then 


M, (A, b) < R(r, -1,A,) < S(r, -1,A,.) 
< M_\(A,®) < S(s,—1,A,®) z R(s,—1,A,®) (8.47) 
< M,(A,®). 


(vi) f-l<r< Ls lior—s rcs l, then 


(m, M, r) S(s,r, A, ) < C (m, M,r)? R(s,r, A, b) 
(m,M,r)? M,(A,). (8.48) 


(vii) If r € -L-i <s<l;or—l<r<s<--r, then 


(m, M, s) R(r,s, A,) < C(m,M,s). S(r,5,A,®) 
(m,M,s)? M;(A, 4). (8.49) 


M,(A,®) < C 
4C 
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_ Proof. To simplify notations, in this proof we will write M,, R(r,s), S(r,s) instead of 
M,(A,®), R(r,s, A, ), S(r,s, A, ), respectively. 
(i) Suppose that 1 € r < s. 

Applying inequalities (8.42) to the operator concave function f(t) = t5 (note that 0 < 


< 1 here) and replacing A;, m and M with A7, m? and M^, respectively, we have 


s 
we E d " ELA 
[ids > [RG,r)] > [SG,)] > [ia (8.50) 
Raising these inequalities to the power i, by the Lówner-Heinz theorem it follows that 
(8.43) holds. 


(ii) Suppose that r < s € — 1. z 
Applying inequalities (8.43) to A^! = (A1. ...,A,!) and observing that M_,(A~!, ®) 


= [i.e]. M ,(A-1,0) = [m (A. b) T S (=r,-s,A71,®) = [S(ns,A, &)] 7, 
R (—r,-s,A7!,®) = [R (r.s, A, 5)] !, we have 


i] «5637 < G3] < [8] is 


Hence, (8.44) holds. 


(iii) Suppose that r < —1 and s > 1. 
Applying inequalities (8.42) to the operator convex function f(t) — t^! we have 


[ín] < Ra,- «ia. -Dr < [a] ^ 
Hence, 
Mı <S(1,-1) X R(1,-1) <M. 


If we let r= 1 in (8.43) and s = —1 in (8.43) then it follows thatM, < S(s,1) < R(s,1) < M, 
and M, € R(r,—1) € S(r, —1) € M_, holds. Hence, (8.45) holds. 


(iv) Suppose that 4 < r < 1 < s. 


Applying inequalities (8.42) to the operator convex function f(t) = t? and replacing 
Ai, m and M with A‘, m" and M”, respectively, we have 


M, € R(r1) € S(r.1) < Mi. 


If we let r — 1 in (8.43) then it follows that (8.46) holds. 


(v) Supposethatr < —1« s < —4. 

Applying inequalities (8.46) to A^! = (AG's leg Ay 3) and following analogous arguing 
as in (ii), we obtain (8.47). 
(vi) 

STEP 1: Suppose that 0 < r < },1 Es. 

In the same way as in (i) we obtain that (8.50) holds in this case. Raising (8.50) to the 
power +, by Theorem 4.3 (i) it follows that (8.48) holds. 
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STEP 2: Suppose that —1 < r «0, 1 € s. i 
Applying inequalities (8.42) to the operator convex function f(t) = t5 and replacing 
Ai, m and M with A7, m° and M^, respectively, we have 


[A| < (n.n «iS. < [4]. 

Raising these inequalities to the power 1, by Theorem 4.3 (ii) it follows that (8.48) holds 
(since K (M,m, p) = K (m,M, p) by [124, p. 77]). 

STEP 3: Suppose that 0 < r < s < l and —1 € —s <r < O. 

In the same way as in STEP 1 and STEP 2, we have (8.48). 

STEP 4: Suppose that 0 — r < s. 

Applying inequalities (8.42) to the operator concave function f(t) = logt and replac- 
ing A;, m and M with A7, m? and M^, respectively, we obtain 


logM, > logR(s,0) > logs (s,0) > log Mo. 


By using Theorem 4.7, it follows that (8.48) holds for r = 0. 


(vii) Suppose that r < — oizs« lor-l1zr«st-r. 


Applying inequalities (8.48) to A^! = Ars iss AL”) and following analogous arguing 
as in (ii), we obtain (8.49). 


Remark 8.3 Besides these results in Theorem 8.19, one can prove in the same way that 
forr<s<2rns>1 


M,(A,®) < R(r,s,A,®) < S(r,s,A,®) < M,(A,®), 
and forr < s < inr «-1 
M,(A,®) € S(s,r, A, ) € R(s,r A, ) < M,(A,®) 


also hold, but to include these cases in the figure we should compare sequences of inequal- 
ities in common regions (see Remark 8.4). 


Remark 8.4 If we define by M,(A,®) = ( ^ (AD) (the weighted power mean), 
by M,(B) = (m1 + M'1— B" (Mercer's mean for positive invertible operator B with 
Sp(B) C [m, MJ, 0 < m < M) and by M,(A) = (M,(A1),..., M,(Ax)) (for an n—tuple A of 
positive invertible operators), we can write: 


M,(A,®) = M,(M,(A,®)), 

R(r,s,A,®) = M,(M,(A),®), 
so one can describe inequalities in Theorem 8.19 as mixed mean inequalities. We can also 
state the following open problem: What is the complete set of inequalities among mixed 


means M,(M,(A),®), M,(M,(A,®)), M,(M;(A,®)) and M,(M,(A),®) ? Some special 
cases are given in Theorem 6.19 and Remark 8.3. Also, it is easy to see that 


M,(M,(A,®)) < M,(M,(A,®)) 


8.5 REFINEMENTS 213 
reduces to monotonicity property of Mercer's means, and that in some cases, 
M,(M,(A,®)) < M,(M,(A. €) 


reduces to inequalities between (X? ., b;(AT))'/* and Y? , (A). 


Finally, we consider quasi-arithmetic means of Mercer's type defined by (8.29). 


Theorem 8.20 Let A and ® be as in the previous context and m < M. Let Q,W € 
C ([m,M]) be strictly monotonic functions on an interval |m, M]. 


(i) If either y o Q^! is operator convex and y^! is operator monotone, or V oq is 


operator concave and — y^! is operator monotone, then 


Mọ (A,) 
zy! (£o ((wo o7!) (o (m)Iu + 9(M) In — eon) (8.51) 
i=1 
—ı (Q (M) Ik - X4 ®: (f (Ai) iii (9 (A))) - 9 (m)Ix m 
EM ( e (M) - 9(m) (rot eOn-em Y ) 
< My (A, 9) 


(ii) If either y o 9^! is operator concave and w^! is operator monotone, or y oq! 


is operator convex and —y~' is operator monotone, then the reverse inequalities 


(8.51) hold. 


Proof. The proof is quite similar to the proof of Theorem 8.8 and we omit the details. 


Theorem 8.21 Under the hypotheses of Theorem 8.20, we have 


(i) if either q is operator concave and Q^! is operator monotone or Q is operator 
convex and —qQ-! is operator monotone, and either y is operator convex and y~! 
is operator monotone or V is operator concave and — y~! is operator monotone, 
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then 
Mo (A,®) 
E (È Ol (nu + Miu —A)) 
eT NS (8.52) 


< y! p 9; (y (mI ‘aly n) 
i=l 


zwi (= — DL, O;(Ai) 


M-m iu) + ES Ru) 


M—m 


(ii) if either @ is operator convex and ~~! is operator monotone or @ is operator con- 
cave and —@~' is operator monotone, and either V is operator concave and y! is 
operator monotone or V is operator convex and — y~! is operator monotone, then 
the reverse inequalities (8.52) hold. 


Proof. Suppose that @ is operator concave and o^! 


operator convex and y! 


is operator monotone, and y is 
is operator monotone. By Theorem 8.18, we have 


> ¥ o;(o(mlu + MIg —Ai)) 
i=l 


> MI iA) iy), UA) lk guy 
> ọ (m) Ik +9 (M) Ix — Zoa). 
Since Q^! is operator monotone, it follows that 
Mo (A, 5) 


cg (Eotetrts aman] 
i=l 


<M (A,®) $ 


8.6 NOTES 


Also, by Theorem 8.18, we have 
y (m +MIk — > 9; ev) 
i=l 
< Y ®; (y (mly + Mly — Ai) 
i=1 


T Mlk — Xj.) ®; (Ai) 


Since y! is operator monotone, it follows that 


Mı (A,®) 
< y! (3 9; (y (mI tmu n) 
i-l 


_ı [MIr — Xi 4 ®; (Ai 
cyt (HIRA qq, Et 


< My (A,9). 


Hence, we have inequalities (8.52). In remaining cases the proof is analogous. 


? |; (Ai) — ml, 
i=l ( ) K . vin) ) 
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Remark 8.5 Results given in this chapter we can generalize for continuous fields of op- 


erators, similarly to how it was done for Jensen’s inequality in Chapter 9. 


8.6 Notes 


For our exposition we have used Mercer [183, 184, 185], Matkovi¢c-Peéarié [176, 177] and 


Matkovié-Pecaric-I. Perić [178, 179]. 


Chapter 


Jensen's Operator Inequality 


In this chapter, we give a general formulation of Jensen's operator inequality for some 
non-unital fields of positive linear mappings, and we consider different types of converse 
inequalities. We discuss the ordering among power functions in a general setting. As an 
application we get the order among power means and some comparison theorems for quasi- 
arithmetic means. We also give a refined calculation of bounds in converses of Jensen's 
operator inequality. 


9.1 Continuous fields of operators 


Let T be a locally compact Hausdorff space, and let 2/7 be a C*-algebra of operators on a 
Hilbert space H. We say that a field (x,),er of operators in . is continuous if the function 
t + x; is norm continuous on T. If in addition u is a bounded Radon measure on T and the 
function t + ||x;|| is integrable, then we can form the Bochner integral f7.x; du (t), which 
is the unique element in 27 such that 


" ( [ sdut)) = [ oau) 


for every linear functional @ in the norm dual .%*, cf. [137, Section 4.1]. 
Assume furthermore that there is a field (®,),<7 of positive linear mappings ®, : </ — 
ZB from & to another C*-algebra Z of operators on a Hilbert space K. We say that such 
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a field is continuous if the function t — ®; (x) is continuous for every x € &. If the C*- 
algebras are unital and the field t — ®,(1) is integrable with integral equals 1, we say that 
(O,);er is unital. 


Theorem 9.1 Let f : J — R be an operator convex function defined on an interval J, 
and let & and Z be unital C*-algebras. If (®,);er is a unital field of positive linear 
mappings €, : & — B defined on a locally compact Hausdorff space T with a bounded 
Radon measure u, then the inequality 


r( [ 2) du) < [ eres) aul (9.1 


holds for every bounded continuous field (x;);er of self-adjoint elements in « with spectra 
contained in J. 


Proof. We first note that the function t + ®;(x;) € Z is continuous and bounded, 
hence integrable with respect to the bounded Radon measure u. We may organize the set 
CB(T, «/) of bounded continuous functions on T with values in < as a normed involutive 
algebra by applying the point-wise operations and setting 


Oreerl] —suplb] -eker € CBT, 0), 
te 


and it is not difficult to verify that the norm is already complete and satisfy the C*-identity. 
In fact, this is a standard construction in C*-algebra theory. It follows that f((x;);er) = 
(fGx))ier. We then consider the mapping 


zn: CB(T, £) > M(B) C B(K) 
defined by setting 
n (Qu)ier) = ] 9 602u0. 


and note that it is a unital positive linear mapping. Setting x = (x;),er € CB(T, «7), we use 
the Davis-Choi-Jensen inequality to obtain 


but this is just the statement of the theorem. 


In the following theorem we give a converse of Jensen's inequality (9.1). For a function 
f : [m, M] — R we use the standard notation: 


f(M) — f(m) 
M-m : 


By = Mf(m) -mf(M). (9.2) 


g= M-—m 


Theorem 9.2 Let (x,);er be a bounded continuous field of self-adjoint elements in a uni- 
tal C*-algebra & with spectra in [m,M] defined on a locally compact Hausdorff space T 
equipped with a bounded Radon measure u, and let (®,),er be a unital field of positive lin- 
ear mappings ®, : Y — B from & to another unital C* —algebra Z. Let f,g : |n, M| —^ R 
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and F : U x V — R be functions such that f ([m, M]) C U, g ([m, M]) C V and F is bounded. 
If F is operator monotone in the first variable and f is convex in the interval [m,M], then 


r | fer F) du(t) «(f ®, (x; )du(t) o) < sup Flayz+By.g(z)]1. (9.3) 


m<z<M 


In the dual case (when f is concave) the opposite inequality holds in (9.3) with inf instead 
of sup. 


Proof. For convex f the inequality f(z) < oz+ By holds for every z € [m, M]. Thus, 


by using functional calculus, f(x;) < ax; + By1 for every t € T. Applying the positive 
linear mappings ®, and integrating, we obtain 


[Fi dul) < af f Daul) +B. 


Now, using operator monotonicity of F(-,v), we obtain 


r[fevcreanant.e( fono) 


«roy f (saute) Bre f otaua) 


< sup F [az-4 By, g(z)] 1. 


m<z<M 


Numerous applications of the previous theorem can be given. For example, we give 
generalizations of some results from [281]. 


Theorem 9.3 Let (A,);er be a continuous field of positive operators on a Hilbert space H 
defined on a locally compact Hausdorff space T equipped with a bounded Radon measure 
LL. We assume the spectra are in |m,M] for some 0 < m < M. Let furthermore (x;),er be 


a continuous field of vectors in H such that fr ||x; | du (t) = 1. Then for any A 20, p> 1 
and q = 1 we have 


1/4 
EEO -A f (Adul) « C(À,m,M, p,q), (9.4) 
where the constant 
M (w*-! -4), 0« à < Ser) 
pase 
C(A,m,M,p,q)— 4 $— (24) m Bea Syph) «à e Pld) 
q Ap Ap q q 
il 
m (mi t-a), p <a 
q 


and Oy and Pp are the constants a and Dy associated with the function f(z) = z. 
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Proof. Applying Theorem 9.2 for the functions 
f(z) =2, F(u,v) =u'/4—Ay, 


and unital fields of positive linear mappings ®, : B(H) — C defined by setting ®,(A;) = 
(A;x;,x%+) for t € T, the problem is reduced to determine sup,,<,<y H(z) where H(z) = 


(Opz+ Bp)!” = Az. 


Applying Theorem 9.3 we obtain the following result with the r—geometric mean 
A#,B. 


Corollary 9.1 Let (A;);er and (B;);er be continuous fields of positive invertible opera- 
tors on a Hilbert space H defined on a locally compact Hausdorff space T equipped with 
a bounded Radon measure u such that 


milly XA; < Mily and mlp € B; € Moly 


for all t € T for some 0 < m, <M, and 0 < m < M5. Then for any A > 0,5 >1, p>1 
and any continuous field (x;):er of vectors in H such that f; ||x, | du (t) = 1 we have 


EEO i (J, (Bisaa) -A [Bt Asante 


; ; 9.5 
" Mh : (9.5) 
zc A, q/s ? q/s 35, P M5, 
My m 


where the constant C is defined in Theorem 9.3 and l/ p 4- 1/q — 1. 


Proof. By using Theorem 9.3 we obtain for any A > 0, for any continuous field (C, )rer 
of positive operators with mIy < C, < MIg and a square integrable continuous field (y;);er 
of vectors in H the inequality 


(J. Cran)” (J, gran) =A [Er uo 


< C(à,m,M,s,p) y Yn») du (t). 


2 = 1/s 
Set now C; = (5, 4/2 AP p; um and y; — BIP x for t € T in (9.6) and observe that 


p/s L/s mM?” 
Cla < (Bape) <n. 
M; m» 


By using the definition of the 1/s— geometric mean and rearranging (9.6) we obtain 


( i O ( | (wha xan) A [tas onto 


" m?’ oes i à m?” p/s " 
< -IR < ALL ed. 
SG PP d fr (Bi Xt, xi) u(t) XC Me mP M5, 


which gives (9.5). 
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In the present context we may obtain results of the Li-Mathias type by using Theo- 
rem 9.2 and the following result which is a simple consequence of Theorem 9.1. 


Theorem 9.4 Let (x;);er be a bounded continuous field of self-adjoint elements in a 
unital C* —algebra & defined on a locally compact Hausdorff space T equipped with a 
bounded Radon measure u. We assume the spectra are in [m, M]. Let furthermore (®;);er 
be a unital field of positive linear mappings ®, : e/ — B from & to another unital 
C* —algebra Z. Let f,g : m, M] ^ Rand F : U x V — R be functions such that f (|m, M]) C 
U, g([m, M]) C V and F is bounded. If F is operator monotone in the first variable and f 
is operator convex in the interval [m, M], then 


r [f o are anto. ( f oao) >, int Feel. Gn 


In the dual case (when f is operator concave) the opposite inequality holds in (9.7) with 
sup instead of inf. 


We also give generalizations of some results from [46]. 


Theorem 9.5 Let f be a convex function on [0,99) and let || - || be a normalized unitarily 
invariant norm on B(H) for some finite dimensional Hilbert space H. Let (®;)rer be a 
unital field of positive linear mappings 9, : B(H) — B(K), where K is a Hilbert space, 
defined on a locally compact Hausdorff space T equipped with a bounded Radon measure 
L. Then for every continuous field of positive operators (A;i)ier we have 


(||A 
[our (A))du(r) € f(0 Hc f Fol DOLES i fO) s ®,(A,) du (t). 
t 
Especially, for f (0) < 0, the inequality 
[our (Ar)) du(t) po ®,(A,) du (t). (9.8) 
is valid. 

Proof. Since f is a convex function, f(x) < #E* f(m) + j=“ f (M) for every x € 
[m, M], m < M. Since || || is normalized and unitarily invariant, we have 0 < A, < ||A;||In 
and thus IAM —A ‘A 

H At t 
f(A) < TO) + eA) 
IA: ji" 


for every t € T. Applying positive linear mappings and integrating we obtain 


o; (A) FA) 
[oaas roy - no+ [ Lies) 0» 


or 


[ eraut < FO + ree D o (A) du(r). 


Note that since fy Wied L(t) € fr ed ) = Ix, we obtain, for f(0) < 0, inequal- 
ity (9.8) from (9.9). 
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Remark 9.1 Setting T — (1) the inequality (9.8) gives 


FUAD g 
era) < Poa), 


Furthermore, setting that ® is the identical mapping, we get the inequality f(||A||) > 
|| f(A)|| obtained in [46] under the assumption that f is a non-negative convex function 


with f(0) — 


Related inequalities may be obtained by using subdifferentials. If f : IR — R is a convex 
function and [m, M] is a closed bounded real interval, then a subdifferential function of f 
on [m, M] is any function / : [m, M] — R such that 


U(x) e(f Gf) xE (m,M), 


where f” and f}_ are the one-sides derivatives of f and /(m) = f} (m) and 1(M) = f' (M). 
Since this functions are Borel measurable, we may use the Borel functional calculus. Sub- 
differential function for concave functions is defined in analogous way. 


Theorem 9.6 Let (x,);er be a bounded continuous field of self-adjoint elements in a uni- 
tal C*-algebra & with spectra in [m,M] defined on a locally compact Hausdorff space T 
equipped with a bounded Radon measure u, and let ($,),er be a unital field of positive 
linear mappings ®, : A — B from & to another unital C*-algebra ZB. If f :|m,M] —^ R 
is a convex function then 


fo) (y NE )-y1) < [our (x;)) du (t) 


(9.10) 
< f) f 9 063) au) [ G0) auc 

for every x,y € [m, M], where | is the subdifferential of f on |m,M]. In the dual case (f is 

concave) the opposite inequality holds in (9.10). 


Proof. Since f is convex we have f(x) > f(y) -- I(y)(x — y) for every x, y € [m, M]. By 
using the functional calculus it then follows that f(x) > f(y)14- I(y)(x; — y1) fort € T. 
Applying the positive linear mappings ®, and integrating, LHS of (9.10) follows. The RHS 
of (9.10) follows similarly by using the functional calculus in the variable y. 


Numerous inequalities can be obtained from (9.10). For example, LHS of (9.10) may 
be used to obtain an estimation from below in the sense of Theorem 9.2. Namely, the 
following theorem holds. 


Theorem 9.7 Let (x,);er be a bounded continuous field of self-adjoint elements in a uni- 
tal C*-algebra & with spectra in [m,M] defined on a locally compact Hausdorff space T 
equipped with a bounded Radon measure u, and let (,),er be a unital field of positive li- 
near mappings Gb, : Á — B from & to another unital C*-algebra Z. Let f,g : [m,M| —^ R 
and F : U x V > R be functions such that f ([m, M]) C U, g ([m, M]) C V, F is bounded, f 


9.2 CONTINUOUS FIELDS OF OPERATORS 223 


is convex and f (y) 4- l(y)(t — y) € U for every y,t € [m, M] where l is the subdifferential of 
f on [m, M]. If F is operator monotone in the first variable, then 


P| [ o (69) aut. e( [ut | >, int, FU) 006 9) O11 
(9.11) 
for every y € [m, M]. In the dual case (when f is concave) the opposite inequality holds in 
(9.11) with sup instead of inf. 


Using LHS of (9.10) we can give generalizations of some dual results from [46]. 


Theorem 9.8 Let (x;),er be a bounded continuous field of positive elements in a unital 
C*-algebra & defined on a locally compact Hausdorff space T equipped with a bounded 
Radon measure u, and let (®,);er be a unital field of positive linear mappings ®,: & — Z 
from & to another unital C* -algebra & acting on a finite dimensional Hilbert space K. Let 
|| - || be unitarily invariant norm on B(K) and let f : 0,99) — R be an increasing function. 


(1)  If||1]| = 1 and f is convex with f(0) < 0 then 


(i feon) zt [ocean 0.12 
(2) I fr Br(xr) du(t) < || Jr P(x) du(t)||1 and f is concave then 
[oaao s r (I fowo) (9.13) 


Proof. Since f(0) < 0 and f is increasing we have /(y)y — f(y) 2 0 and /(y) > 0. From 
(9.10) and the triangle inequality we have 


10)|| f DONN f Cre) + CO» £0). 


Now (9.12) follows by setting y = || fr ®;(x;)du(t)||. Inequality (9.13) follows imme- 
diately from the assumptions and from the dual case of LHS in (9.10) by setting y — 


|| fr B(x) du (t) |. 
Finally, to illustrate how RHS of (9.10) works, we set 
q ddr 9r Qs) dur) 
Il Fr Br (Lr) du (1) | 


and obtain a Slater type inequality 


f Faul) <f [DM 1 
T 


Il fr ® (Ur) du (e) | 


under the condition 


Alada) _ fra) dur) 
I| fr Plx) du (OlT Sr i09) du GO] 
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9.2 Non-unital fields of positive linear mappings 


In this section we observe one type of non-unital fields of positive linear mappings, which 
is a generalization of the results obtained in previous section. 

Let T be a locally compact Hausdorff space with a bounded Radon measure u. For 
convenience, we use the abbreviation P; «7, Z7] for the set of all fields (4b;);cr of positive 
linear mappings ®, : < — Z from a unital C* —algebra © to another unital C*—algebra 
B, such that the field t — c; (1) is integrable with fy ®,(1)du(r) = k1 for some positive 
scalar k. 


Let be a normalized positive linear mapping on B(H) and f an operator convex func- 
tion on an interval J. We recall that Jensen's inequality asserts that f(®(A)) < ®(f(A)) 
holds for every self-adjoint operator A on a Hilbert space H whose the spectrum is con- 
tained in J. But if (1) = k1, for some positive scalar k, then f(®(A)) < B(f(A)). Really, 
let ® : My (M5(C)) —^ M» (M2 (C)) be a positive linear mapping defined by 


o(49\_(AtB 0 
0BJ^ V 0 A+B 


for A, B € M5(C). Then ®(/) = 2I. Let f(t) = t°. Then f is the operator convex function. 


Put 
11 20 
A-(11) and B= ($1) 
We have 
A 0 A 0 
((9(52))-*6(55)) 
105 00 6200 4300 
E 5500 E 2300| |3200 žo 
B 0 0105 0062] 10043 : 
0055 0023 0032 


But, the following theorem is equivalent to Theorem 9.1. 


Theorem 9.9 Let f : J — R be an operator convex function defined on an interval J, and 
let «f and B be unital C*-algebras. Let T be a locally compact Hausdorff space with a 
bounded Radon measure u. If a field (®;)rer € P|, AB], then the inequality 


shi [ 6090) <i farao 0.14 


holds for every bounded continuous field (x;)ier of self-adjoint elements in « with spectra 
contained in J. In the dual case (when f is operator concave) the opposite inequality holds 
in (9.14). 
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In the present context we may obtain results of the Li-Mathias type, which is a genera- 
lization of Theorem 9.2. 


Theorem 9.10 Le: «/ and Z be unital C*-algebras. Let (x;)er be a bounded continuous 
field of self-adjoint elements in & with spectra in [m, M] defined on a locally compact 
Hausdorff space T equipped with a bounded Radon measure u. Furthermore, let (®;);er € 
P| X, 44] and f : [n, M] —^ R, g : [km,kM| > R and F : U x V > R be functions such 
that (kf) ([m, M]) C U, g([km, kM]) C V and F is bounded. Let {conx.} (resp. {conc.}) 
denotes the set of operator convex (resp. operator concave) functions defined on |m, M]. If 
F is operator monotone in the first variable, then 


inf F om (+2) ro 1 < F [frd (o) du().e r Ddu) 


km<z<kM 
1 
sup F |k-hy | =z} ,g(z)}1 
km<z<kM k 


holds for every hj € {conx.}, hj € f and hy € {conc.}, hz > f. 


(9.15) 


IA 


Proof. We prove only RHS of (9.15). Let hz be operator concave function on [m, M] 
such that f(z) < A»(z) for every z € |m, M]. Thus, by using the functional calculus, f(x;) < 
h(x) for every t € T. Applying the positive linear mappings ®, and integrating, we obtain 


] creant) f o aanl). 
T T 


Furthermore, by using Theorem 9.9, we have 
1 
[ 9 069) ant) et (F f 0 Gau 


andit follows that | d; (fGx)) du kh HET) Since m®,(1) < ®; (x) 


<M@,(1), it follows that km1 < fy; (x;)du(r) < kM 1. Using operator monotonicity of 
F(-,v), we obtain 


F| S oaae ( f eant ) 
«ren (s [ oant) e f oao) 


1 
< sup F [ens ($) «a 1. 
km<z<kM k 


226 9 JENSEN’S OPERATOR INEQUALITY 


Remark 9.2 Putting F(u,v) = u— v and F(u,v) = u-V?vu-V? in Theorem 9.10, we ob- 
tain that 


: 1 
oni en (z:)- g(z) ) 1 < n o, (f fx) )du (t) -«(f P, ( (x )du (t) i) 
1 
< sup [ehe (š) E 1 
km<z<kM k 


holds and if in addition g(t) > 0 for all t € [m, M] then 


wp out vh HU «(f D, (x; )d < fo o, (f(x) du(r) 
in (x f(x 
km<z<kM g(z : i) ut d 2 u( 


k-h z) 
< sup tote) (ium ) 
km<z<kM 


holds for every hj € {conx.}, hj € f and hz € {conc.}, ho > f. 


Applying RHS of (9.15) for a convex function f (or LHS of (9.15) for a concave func- 
tion f) we obtain the following theorem (compare with Theorem 9.2). 


Theorem 9.11 Let (x;),er and (®;),er be as in Theorem 9.10. Let f : [n,M|] —^ R, g : 
[km, kM] — Rand F : U x V > R be functions such that (kf) ([m, M]) C U, g ([km,kM]) C 
V and F is bounded. If F is operator monotone in the first variable and f is convex in the 
interval [m, M], then 


rif o, (Fœ) du) «(f o (x)du (t) 2] < sup Flopze+Byk,g(2)]1. (9.16) 
km<z<kM 

In the dual case (when f is concave) the opposite inequality holds in (9.16) with inf instead 

of sup. 


Proof. We prove only the convex case. For convex f the inequality f(z) < a¢z+ By 
holds for every z € [m,M]. Thus, by putting h2(z) = az+ By in RHS of (9.15) we obtain 
(9.16). 


Numerous applications of the previous theorem can be given. Namely, applying Theo- 
rem 9.11 for the function F (u,v) = u — Av, we obtain the following result. 


Corollary 9.2 Let (x,);er and (®;)rer be as in Theorem 9.10. If f : [|m, M] — R is convex 
in the interval [m, M] and g : |km,kM] — R, then for any à € R 


[ yan) <2¢ ( f oanl) ya, (9.17) 


where 


C= sup [ez Brk— Ag(z)]. 
km<z<kM 
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If furthermore Àg is strictly convex differentiable, then the constant C = C(m,M, f,g,k, À) 
can be written more precisely as 


C= ozo Bk — Ag(zo); 


where 
£g (og/A) if Ag (km) € ay € Ag'(kM), 
zo = 4 km if Ag'(km) > ap, 
kM if Ag'(kM) < Qt. 


In the dual case (when f is concave and Àg is strictly concave differentiable) the oppo- 
site inequality holds in (9.17) with min instead of max with the opposite condition while 
determining zo. 


Remark 9.3 We assume that (x;),er and (®;)rer are as in Theorem 9.10. If f : |m,M] > 
R is convex and Àg : |km,kM] — R is strictly concave differentiable, then the constant 
C z C(m,M, f,g,k, À) in (9.17) can be written more precisely as 
OfkM+ Brk — Ag(kM) if ag — A0, 2 0, 
— Leykm-d-Brk— Ag(km) if af — A04 <0, 


where 


Setting ®; (A;) = (A;x;,x;) for x, € H and t € T in Corollary 9.2 and Remark 9.3 give a 
generalization of all results from [96, Section 2.4]. For example, we obtain the following 
two corollaries. 


Corollary 9.3 Let (A;),er be a continuous field of positive operators on a Hilbert space 
H defined on a locally compact Hausdorff space T equipped with a bounded Radon mea- 
sure u. We assume the spectra are in [m, M] for some 0 < m < M. Let furthermore (x;)ier 
be a continuous field of vectors in H such that J; ||x;\|?du(t) = k for some scalar k > 0. 
Then for any real À,q,p 


f Aba - A EEEO C (9.18) 


where the constant C = C(À ,m,M, p,q,k) is 


Op q/(q—1) "E^ 1 
aya (Ze) ^ eB ir ham < hs sag, 


Aq 
C= g Op -1 9.19 
kM? — à (kM)1 if T ZAM, (9.19) 
km? — A (km)! if Es Sigm, 


in the case Aq(q — 1) > 0 and p € R\ (0,1) 
or 


kM? — A(kM)! if a — Ak o4 > 0, 
L i (9.20) 
km? — A(km)! if o — AK at, « 0, 
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in the case Aq(q— 1) < Oand p € R\ (0,1). In the dual case: Aq(q— 1) < O and p € (0,1) 
the opposite inequality holds in (9.18) with the opposite condition while determining the 
constant C in (9.19). But in the dual case: Aq(q— 1) > 0 and p € (0,1) the opposite 
inequality holds in (9.18) with the opposite condition while determining the constant C in 
(9.20). 

Constants Œp and Bp in the terms above are the constants af and B; associated with 
the function f(z) = 2. 


Corollary 9.4 Let (A;),er and (x;)ier be as in Corollary 9.3. Then for any real number 
r #0 we have 


n lexp(7A;) 5,3: dii (f) — exp (« Í (Ae) (0)) «C, (9.21) 


| (exp (rA;) xy, x)du(r) < C2 exp (« a a) l (9.22) 
where constants Cı = Ci(r,m,M,K) and Cy = C2(r,m,M,k) are 


“og (= ~) +B if re < a < rel 


Ci = \kMa+kB—e™ if re™ <a, 
kma + kB — e" if re" > a, 
Zeba if kre'™ <a<kre™, 

C2 = S kell-9m— jf kre™ >a, 


kel OM — jf kre™ <a. 


Constants œ and D in the terms above are the constants & and Dy associated with the 


function f(z) = e”. 


By using subdifferentials we can give an estimation from below in the sense of The- 
orem 9.11 (compare with Theorem 9.6). It follows from Theorem 9.10 applying LHS of 
(9.15) for a convex function f (or RHS of (9.15) for a concave function f). 


Theorem 9.12 Let (x;);er be a bounded continuous field of self-adjoint elements in a 
unital C*-algebra «f with spectra in |m,M] defined on a locally compact Hausdorff space 
T equipped with a bounded Radon measure u. Let (®;)rer € P|% , 44]. Furthermore, let 
f: [m, M] >R, g: [km, kM] ^ Rand F : U x V > R be functions such that (kf) ([m,M]) C 
U, g ([km, kM]) C V, F is bounded and f(y) - (y)(t — y) € U for every y,t € [m, M] where 
l is the subdifferential of f. If F is operator monotone in the first variable and f is convex 


on |m,M)], then 
"|f P, (f fu) ) du(t) n(A ®, ( (x )du(r) 2 
(9.23) 


> ARE gF UO IO) — yk), 82) 
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holds for every y € [m,M]. In the dual case (when f is concave) the opposite inequality 
holds in (9.23) with sup instead of inf. 


Proof. We prove only the convex case. Since f is convex we have f(z) > f(y) + 
l(y)(z — y) for every z,y € [m, M]. Thus, by putting A1(z) = f(y) +/(y)(z—y) in LHS of 
(9.15) we obtain (9.23). 


Though f(z) = logz is operator concave, Jensen’s inequality ® ( f(x)) € f (B(x)) does 
not hold in the case of non-unital b. However, as applications of Corollary 9.2 and Theo- 
rem 9.12, we obtain the following corollary. 


Corollary 9.5 Let (x;),er and (®,),er be as in Theorem 9.12 for 0 < m < M. Then 


giz | ®, (log(x;)) du (t) — log ( i oan) ) < CA, (9.24) 
where constants Cı = Ci (m, M,Kk) and C2 = Co(m,M,K) are 


kB + log (e/L(m, M)) if km € L(m,M) € kM, 


C = J log (ue /k) if kM X L(m,M), 
log (n /k) if km > L(m,M), 
L(m,M)k*-1 m . 
joa | eT 2 < kL(m,M) <M 
s ekm " L(m,M) if mS kL(m,M) S 
Cr = 4 log (ue /k) if kL(m,M) > M, 


log (n! /k) if kL(m,M) € m, 


and the logarithmic mean L(m, M), D is the constant By associated with the function f(z) = 
logz. 


Proof. We set f(z) = g(z) = logz in Corollary 9.2. Then we obtain the lower bound 
C; when we determine , min, (az 4- kB — logz). 
m<z< 


Next, we shall obtain the upper bound C2. We set F (u,v) = u— v and f(z) = g(z) = logz 
in Theorem 9.12. We obtain 


[9 tog) dit) - og ( 1 n) 


k k 
k kM 
cme ata 7] 


for every y € [m, M], since A(z) = klogy + l(z — ky) — logz is a convex function and it 
implies that f 


h(z) = h(km),h(kM)}. 
„22X , h(z) = max {h(km),h(kM)} 
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Now, if m € kL(m,M) < M, then we choose y = kL(m,M). In this case we have 
h(km) = h(kM). But, if m > kL(m,M), then it follows 0 < k < 1, which implies that 
max {h(km), BIRMY = h(km) for every y € |m, M]. In this case we choose y = m, since 


h(y) = toe (3 - 


k 

) +2 is an increasing function in [m, M]. If M < kL(m,M), then the 
y 

proof is similar to above. 


By using subdifferentials, we also give generalizations of Theorem 9.6. 


Theorem 9.13 Let (x;);er be a bounded continuous field of self-adjoint elements in a 
unital C*-algebra «f with spectra in |m, M] defined on a locally compact Hausdorff space 
T equipped with a bounded Radon measure u, and let ($,),er € P|, 4]. If the field t > 
®, (1) is integrable with fp 5, (1) du (t) = k1 for some positive scalar k and f : |m,M| —> R 
is a convex function then 


y) (y (f 9, (x, )du (t) RE [ous f(%)) du(t) 25 
< flayed — f «06: u(t) + f Deant) . 


for every x,y € [m, M], where l is the subdifferential of f. In the dual case (f is concave) 
the reverse inequality is valid in (9.25). 


Remark 9.4 In the case ($,),er € P|, Z| we may obtain analogues results as in The- 
orems 9.5 and 9.8. The interested reader may be read the details in [202]. 


9.3 Ratio type inequalities with power functions 


In this section we consider the ratio type ordering among the following power functions of 
operators: 


= ( fo Dao) re R\{0} (9.26) 


under these conditions: (x;),er is a bounded continuous field of positive operators in a 
unital C*-algebra . with spectra in [m, M] for some scalars 0 < m < M, defined on a locally 
compact Hausdorff space T equipped with a bounded Radon measure u, and (®,),er € 
Pk [x , 4 

As an application, we consider a generalization of the weighted power means of ope- 
rators: 


M, (x, ) :— (Jio DaO) r € R\{0} (9.27) 


under the same conditions as above. 
We need some previous results given in the following three lemmas. 
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Lemma 9.1 Let (x,);er be a bounded continuous field of positive operators in a unital 
C*-algebra & with spectra in [m, M] for some scalars 0 < m < M, defined on a locally 
compact Hausdorff space T equipped with a bounded Radon measure u, and let (®,),er € 
P| A, B]. 

If O<p<1, then 


p 
| D, (xP) du (t) x k^? ( Í ©, (x; )du ©) . (9.28) 
T T 
If —1€p«0 or 1<p<2, then the reverse inequality is valid in (9.28). 


Proof. We obtain this lemma by applying Theorem 9.9 for the function f(z) = z? and 
using the proposition that it is an operator concave function for 0 « p < 1 and an operator 
convex one for —1 € p < O and 1 € p € 2. 


Lemma 9.2 Assume that the conditions of Lemma 9.1 hold. 
If 0<p<1, then 


p 
kl? K(m,M, p) ) ( [oaut ) < fo ) du (t) x k^ ^ ([ecoaun) 


(9.29) 
if -1Xp«0 or 1<p<2, then 


P p 
pn ( i rn) < [ (2) aut) <P (mM, p) ( [ olean) , 
(9.30) 
if p«—1l or p>2, then 


i PR K(m,M, p) NET ) 


| ~~ 


l o, (x 


kl PK(m,M, p) (eau) ms 


IA 


where K(m,M, p) is the generalized Kantorovich constant by (2.29). 


Proof. We obtain this lemma by applying Corollary 9.2 for the function f(z) = g(z) = 
z? and choosing À such that C = 0. 


We shall need some properties of the generalized Specht ratio A(/, r,s) (see (8.35) and 
Figure 9.1). 


Lemma 9.3 Let M »m»0,rcR and 


(0 r(h-H) nr—h NU M 
aen e e ea) 0 ^7 


(i) A function A(r) = A(h,r,1) is strictly decreasing for all r € R, 
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Figure 9.1: Function A(r) = A(h, r, 1) 


(ii) limA(t.r1)— 1 and limA(h,r,1) = S(h), 
r r 
where the Specht ratio S(h) is defined by (2.35). 


(iti) lim A(A,r1)— 1/h and lim A(h,r,1)= h. 
r— oo r—=—o 
Proof. 


(i) We write A(r) = A; (r) - A2(r), where 


| r(h'—h) 7 W—h -l/r 
Ai(r) = F- Ax(r) = uu (9.32) 


By using differential calculus we shall prove that a function A, is strictly decreasing 
for all r Z 0,1. We have 


Alr) = coge (I — 1) — 8) — (r— 1)rh' (h — 1) logh) 


h" (h—1) logh 
= mpm f(r), (9.33) 
where f(r) = —— — (r — 1)r. Stationary points of the function f are 0, 0.5, 
1 and it is a strictly decreasing function on (—9e,0) U (0.5, 1) and strictly increasing 
on (0,0.5) U (1,99). Also, f(0) = f(1) =0. So, f(r) > 0 for all r # 0,1. (More 
exactly, f" (r) = et (h" —h'~") imply that the function f” is strictly increasing 
on (0.5,%) and strictly decreasing on (—99,0.5). It follows that f'(r) < 0 for r € 
(—99,0) U (0.5, 1) and f'(r) > 0 for r € (0,0.5) U(1,-)) Now, using (9.33) we have 
that LA (r) « 0 for all r Z 0,1 and it follows that A; is strictly decreasing function. 


Further, in the case of a function A» in (9.32), we obtain 


" —1/r 
d en =1 h'—h 
tol) = cate (eie) 


x [r(r— Ih" logh = r(h! — h) + (r= 1)0€ — h) 10g (PB) |. 
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By using differential calculus we can prove that a function 


: : —1)(h-1 
re r(r— 1)h' logh—r(h" —h) + (r—1)(h" —h) log (=e) 
is positive for all r 40,1. So 4 Ax(r) « 0 for all r Z 0,1 and it follows that A» is 
strictly decreasing function. 


(ii) Using the definition of the generalized Specht ratio (8.35), we have A(h,r,1) = 
K(h',l/r) if r#0. Now, we have K(h,1) = 1 by using Theorem 2.12 and 
lim K(k’, 1/r) = S(h) by using Theorem 2.17. 


(iii) We have by L’Hospital’s theorem 


- log (r= D (&- L/h) _ (= e eet) EN 


reo r r— oo 


h'—h 
So 


h'—h D(h— 1) 7 
lim A(A, 7,1) = lim —— - i sleet) oe) =e leh — 1 /h, 
re roer—1 Ar—1 h'—h 


Similarly, we obtain lim A(h,r,1) = h. 
T—-—oo 


Now, we give the ratio type ordering among power functions. 


Theorem 9.14 Let (x,),er be a bounded continuous field of positive operators in a unital 
C*-algebra & with spectra in [m, M] for some scalars 0 < m < M, defined on a locally 
compact Hausdorff space T equipped with a bounded Radon measure u, and let (®,),er € 
P|, £4]. Let regions (i) — (v); be as in Figure 9.2. 

If (r,s) in (i), then 


kK A(h,r,s)~| Fy(x,®) € E(x.) < k7 F(x, ®), 
if (r,s) in (ii) or (iii), then 
k™ A(h,r,s) | Fy(x,®) < F.(x,®) < k™ A(h,r,s) Fy(x,®), 
if (r,s) in (iv), then 


Kf A(hss D) A(hus) | F (x, ®) € F;(x,®) 
< K 5. min{A(h,r,1),A(h,s, 1)A(h,r,s)} F. (x, ), 


if (r,s) in (v) or (iv)1 or (v), then 
K A(h,s,1)~'A(h,r,s)—! Fy(x,®) € F,(x,®) < Kk A(h,s, 1) F,(x,®), 


where A(h, r, s), rs #0 is defined by (8.35). 
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rgs,s€(-1,1), r€(-1,1) 
(i) | or 1/2srs1ss 
or r<s<-1< s$-1/2, 


(ii) | s21,-1<r<1/2,r#0, 
(iii) | r< -1,-1/2«s« 1, $£0, 


(iv)| -s <r < s/2,r#0,0<s < 1, 


(liv) r<ss<2r,0<s <1, 
(v) /2<s < -r,s #0, -1< r<0, 


(V4, 2s <r <s, -1<r<0. 


Figure 9.2: Regions in the (r, s)-plain 


Proof. This theorem follows from Lemma 9.2 by putting p = s/r or p = r/s and then 
using the Lówner-Heinz theorem, Theorem 4.3 and Lemma 9.3. We give the proof for the 
sake of completeness. 

We put p = s/r in Lemma 9.2 and replace x, by x/. Applying the Lówner-Heinz 
inequality if s > 1 or s < —1 and using that K (m^, M' ,s/r)!/* = K(M",m',s/r)'/° = 
A(h, r, s), we obtain: 

(a) If r<s<-l or 1Es€-r or O<r<s<2r,s>1, then 


k^ F.(x,) < F,(x,®) < ks A(h,r,s) F,(x,). (9.34) 
(b) If Oc —r«s,s21 or O«2r«s,s2 l, then 
k^ A(h,r s) | F.(x,) < F,(x,®) < kv A(h,r,s) F,(x,). (9.35) 
Applying Theorem 4.3 if — 1 € s < 1 and using that K (km?, kM*,1/5) = K (m^, M?*,1/s) 
— A(h,s, 1), we obtain: 
(c) f r£s, -1€s«0 or s<-r,0<s<1 or O<r<s<2r,5<1, then 
k A(h,s,1)~! F,(x,®) € Fx, ) < k 5 A(h,s,1) A(h,r,s) F(x, ). (9.36) 
(d)If Oc —r«s€1 or 0<2r<s<1, then 
K^ A(h,s, 1) A(h, rs)! F(x, ®) € F,(x, 
( D (h,ns) ^ F,(x,®) € F(x, ) (9.37) 
< kF A(h,s, 1)A(h,r,s) F.(x, 5). 


Similarly, putting p = r/s in Lemma 9.2 and replace x, by x7, we obtain: 
(ay) f 1€r€s or -s<r<-l or 28<r<s<0,r<-l, then 


K A(h,r,s) | F (x, 9) € F,(x,®) < Ev Fx, à). (9.38) 
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(bi) f r<-—s<0,r<—1 or r«2s«0,r € —1, then 
k= A(h,r,s)~! F,(x, 9) € F.(x,®) < E A(h,r,s) F, (x, ). (9.39) 
(cj) If r<s,O0<r<l or —sE€r, —1€r«0 or 2s<r<s<0,r>-—l1, then 
kF A(Rh, rM) M A(h, r,s) | F, (x, ) € F.(x,®) < ks A(h,r 1) F,(x, e). (9.40) 
(d)If -l<r<-s<0 or -1€r«2s«0, then 
k A(h,r,1)~'A(h,r,s)~! Fy(x,®) < F(x, ®) 


i (9.41) 
€ ks A(h,r,1)A(h,r,s) F(x, à). 


Now, we have that in cases (a) and (a1) the inequality (9.34) holds and in cases (b) 
and (bı) the inequality (9.35) holds. If we put r = 1 in RHS of (9.38) for 1 < r € s then 
we obtain 


j 1 1/s 
| 56, (x;)du(t) € | Zo (due) , ifs >1. 
Tk rk 
Next, applying LHS of (9.34) for s = 1 and 0 < r € s € 2r, we have 


ü peu uto) "s [ Zoran. 


The assumption s > 1 implies 


(JZ x )du(n) e) s JE z o: (x) du (t) «(fs ®, (x?) du (t e)" (9.42) 


for 1/2 € r € 1 € s. Similarly, putting s = — 1 in LHS of (9.34) for r < s < —1 and r= —1 
in RHS of (9.38) for 2s < r < s < 0, we can obtain that (9.42) holds for r € —1 € s < —1/2. 
Consequently, we obtain that (9.34) holds in the region (1) and (9.35) holds in the regions 
(ii) and (iii). 

In remainder cases we can choose better bounds. In the region (iv) inequalities (9.37) 
and (9.40) hold. Now, by Lemma 9.3 we have 


A(Rh, r, 1) > A(h,s, 1) ifr<s, (9.43) 


and we get 
A(h,s, 1)  A(h,r,s) | > A(h,r, 1) 1A(A, 7,5)! 


It follows that k A(h,s, 1)~!A(h,r,s)~! is a better lower bound. The upper bound is equal 


k= -min(A(A, r, 1), A(A, s, 1)A(h,r,s)}. 


In the region (v) inequalities (9.36) and (9.41) hold. We have that kF A(h,s, 1)! A(h, r, s)! 
is a better lower bound, since (9.43) holds. The upper bound is equal 


kw -min{A(h,s,1),A(A,r, 1)A(h,r,s)} =k -A(h,s, 1), 
since (9.43) holds and A(A, r, s) > 1 by (2.32). 
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In the regions (iv); and (v); inequalities (9.36) and (9.40) hold. Analogously to the 
case above we obtain that the bounds in the inequality (9.36) are better. 


Finally, we give the ratio type ordering among means (9.27). 


Corollary 9.6 Let (x;),er be a bounded continuous field of positive operators in a unital 
C*-algebra æ% with spectra in [m, M] for some scalars 0 < m < M, defined on a locally 
compact Hausdorff space T equipped with a bounded Radon measure u, and let (®;)rer € 
P|, AB). Let regions (i) — (v)1 be as in Figure 9.2. 

If (r,s) in (i), then 


A(h, r,s) ! M,(x,®) < M,(x,®) < M,(x,®), 
if (r,s) in (ii) or (iii), then 

A(h,rs) ! Ms(x,®) < M,(x,®) < A(h,r,s) Mx, ), 
if (r,s) in (iv), then 


A(h,s,1)~!A(h, rs)! M, (x, b) < M, (x, b) 
S min{A(h, r, 1); A(R;s; I)A(h, r,s)) M;(x, 6), 


if (r,s) in (v) or (iv), or (v)1, then 
A(h,s, 1) !A(h,r,s) ! M,(x,®) < M,(x,®) < A(h,s,1) M,(x,®), 


where A(h, r, s), rs #0, is defined by (8.35). 


Proof. It is sufficient to multiply each inequality in Theorem 9.14 by id 


9.4 Difference type inequalities with power functions 


In this section we consider the difference type ordering among the power functions (9.26). 
As an application, we consider the weighted power means (9.27). 
We need some previous results given in the following two lemmas. 


Lemma 9.4 Let (x;);er be a bounded continuous field of positive operators in a unital 
C*-algebra «f£ with spectra in [m, M] for some scalars 0 < m < M, defined on a locally 
compact Hausdorff space T equipped with a bounded Radon measure u, and let (®;)rer € 
P| A, B]. 

If O0<p<1, then 


p 
ap | Odu) KBA f e GoPauto « en ( l & (duo) , (944) 
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if -1Xp«0 or 1<p<2, then 


1 i p 
kl ( | o, (x)du i) < l D, (x")du(r) < a Í ,(x;)du(t)+kBpl, (9.45) 
if p«—1l or p>2, then 


py?! f DUO- pPI f DP dul) < e, f 0 G)du( + kB pA 
(9.46) 
for every y € [m, M]. Constants œp and D, are the constants of and Br associated with the 
function f(z) = z^. 


Proof. RHS of (9.44) and LHS of (9.45) are proven in Lemma 9.1. LHS of (9.44) and 
RHS of (9.45) and (9.46) follow from Corollary 9.2 for f(z) = z^, g(z) =z and A = a. 
LHS of (9.46) follows from LHS of (9.25) in Theorem 9.13 putting f(y) = y? and I(y) = 


py? |. 


Remark 9.5 Setting y — (a / p) PP € [m, M] the inequality (9.46) gives 
ay fr Pr (x)du (t) + K(1— p) (ay / p)" "P1 « fr (x? du (2) 
< at fr Pr (x )du (t) +kpp1 


forp<-—lorp>2. 
Furthermore, setting y =m or y = M gives 


pm"! fj. (x)du(r) - k(1— p)m^1 < fr ®;(x?)du(t) 
x Op Jr o, (x; )du (t) +kßp1 (9.47) 


or 


pM?! fy. (x)dp(t) - K(1— p)M"1 < fr ® (x? )du(t) 
< Op fr Pr (Xr dM (t) + kpt. (9.48) 


We remark that the operator in LHS of (9.47) is positive for p > 2, since 


0 <km?1< pm?! fj. (;)du (t) 4- K(1 — p)m^1 
< k(pm?-! M + (1— p)m"?)1 < kM?1 (9.49) 


and the operator in LHS of (9.48) is positive for p « —1, since 


0 < kMP1 < pM?! fj. (x,)du (t) 4- k(1 — p)M?1 
X k(pM?-lm-- (1— p)MP?)1 < km?1. (9.50) 


(We have the inequality pm?-M + (1 — p)m? < M? in RHS of (9.49) and pM?-!m + 
(1— p)MP? < m? in RHS of (9.50) by using Bernoulli's inequality.) 
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Figure 9.3: Function C(r) = C(m', M", 1/r) 


We shall need some properties of the Kantorovich constant for the difference C(m, M, p) 
(see (2.38) and Figure 9.3). 


Lemma 9.5 Let M »m»0,rcR and 


—( M—m ) 5 Mmm 


M' —m' 


C(m' ,M',1/r):— 
(w^. Mfr LIP 


(i) A function C(r) = C(m', M", 1/r) is strictly decreasing for all r € R, 
(ii) limC(m',M', l/r) 20 and lim C(m", M", 1/r) = L(m,M) log S(M/m), 
where L(m,M) is the logarithmic mean and the Specht ratio S(h) is defined by (2.35). 
(iii) lim C(m', M’, l/r) 2m—M | and im C(m, M, l/r) 2 M —m. 
Proof. 


(i) We have by a differential calculation 


—C 
dr uj 
M-m V I7? m logm — M'logM 1 r(M — m) 
= |r-— ———À——— 4 log ——— —— 
M" — m" r(M* — m") r(1— r) Mr —m' 
M'm'(M — m)log(m/M) 
(Mr m")? 
Both of functions 
m'logm — M'logM 1 M'—m 
re ———— + ——__ log ———— 
r(M* — m") r(r-1) -"r(M—m) 


and 
M'm'(M — m)log(m/M) 


(Mr = m")? 


are negative for all r Æ 0,1. So 4c (r) < 0 and the function C is strictly decreasing. 


re 
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(ii) We have by L'Hospital's theorem 


log (r(M — m)/(M* — m")) _ MlogM — mlogm 


m 1-r E M-m ' 
SO 
mi (- M-m d 0. e-!+(MlogM—mlogm)/(M—m) _ Q 
rol r M" — m" 
m M'm —m'M h—h M 
5 m— m : = 
mu age a ee desse 


Then, limC(m",M", 1/r) =0. Using Theorem 2.24, we have 
lim C(m",M", p/r) =L(m?,M?)logS(h?) forall p € R and h = M/m, 
so we obtain limC(m',M', 1/r) = L(m, M)log S(M/m). 


(iii 


— 


We have by D’ Hospital’s theorem 


log (r(M — m)/(M* — m")) Len M'm— m'M 


zm 1—r mi Mm logM, 
= /(1-r) 
1/(1—r 
1- M— 
lim —— (« r) =—1 -8M __y 
r9 r M'—m 
Also, 
M"m —m'M r— M 
lim mM lim m m, PSSST 
roo M"— m" r>» hr—1] m 


Then, lim C(m', M',1/r) — m — M. 


Similarly, we obtain lim C(m',M',1/r) —- M —m. 


Also, we need the following function order of positive operators. 


Theorem 9.15 Let A,B be positive operators in Z(H). 
If A > B»0and the spectrum Sp(B) C [m,M] for some scalars 0 < m < M, then 


A? +C(m,M,p)1>B? forall pl. 
But, if A > B > 0 and the spectrum Sp(A) C [m, M], 0 < m < M, then 
B?+C(m,M,p)1>A? forall p<-l, 


where the Kantorovich constant for the difference C(m,M, p) is defined by (2.38). 
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Proof. Refer to [191, Corollary 1] for the proof. 


Now, we give the the difference type ordering among power functions. 


Theorem 9.16 Let (x;),er be a bounded continuous field of positive operators in a unital 
C*-algebra æ% with spectra in [m, M] for some scalars 0 < m < M, defined on a locally 
compact Hausdorff space T equipped with a bounded Radon measure u, and let (®;)rer € 
P{W, ££]. Let regions (i), — (v); be as in Figure 9.2. 


Then 
Col < F,(x,) — F,(x,) < C11, (9.51) 
where constants Cı = Ci(m,M,s,r,k) and C» = Co(m,M,s,r,k) are 
At if. (r,s) in G) or (ii) or (iii); 
"s [à cis {Cx(s),C(r)} if (ns) in Gv) or (v) or (iv), or (vi 

(kl/s — kl/7) m, if (ns) in (i)i; 

Dy, if (rs) in Gi; 

Dg; if (r,s) in (iii; 
Q = max [b.- 9). (kt/s — k!/") )m-G(r )h if (r,s) in (iv); 

max {Dx — Cx(r), (k!/s — k!/") m — Cy(s)) , if (r,s) in (v); 

(kt/s — kV") m — min (C(7), C (s)? , if (r,s) in (iv), or (vi. 


A constant A, = Ay(m,M, r,s) is 


Anc ks M’ T- s]1/s _ 1/7 M” 1— nr 
k max { [OM + (1— 0)m'] (0M" + (1— 0)m'] * 


a constant Dy = Dy(m,M,r,s) is 


1 
p M'— r y 
B - ws (et id Jim (s m +1) ata}, 
rm” 


D, = Dx(m,M,r,s) = —D,(M,m,s,r) and the Kantorovich constant for the difference 
Cp) = Ci (m, M, p) is defined by (2.38). 


Proof. This theorem follows from Lemma 9.4 by putting p — s/r or p — r/s and then 
using the Lówner-Heinz theorem, Theorem 9.15 and Lemma 9.5. We give the proof for 
the sake of completeness. 

By Lemma 9.4 by putting p — s/r or p — r/s and then using the Lówner-Heinz in- 
equality and Theorem 9.15 we have the following inequalities. 

(a) If r<s<-l or 1Es€-r or O<r<s<2r,5>1, then 


(e^ - pin) mi < (e F '-1)5 (x, 5) < F,(x,®) — F,(x,®) 


~ N Ms N (9.52) 
< (a [ oaut) A(x.) < Au. 
T 
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(b) If Oc—r«s,s21 or 0<2r<s,s>1, then 


r—s 


1/s 
m (Sn [eau +a 1) — F,(x,®) € F,(x,®) — F,(x,®) 


r 


1/s m 
< (a [ eani) - nom) cà. 
T 
(c) Ifr<s,-l<s<0 or s<-—r,0<s<1 or O<r<s<2r,5< l,then 


(u^ - 4") m= Cis) 1< (K= = 1) F.(x,®) —Cy(s)1 
€ F,(x,®) — F(x, ®) 


< (a [eonun Br) - eene < (Ac +Cx(s)) 1. 


(d) If Oc —r«s€1 or 0<2r<s<1, then 


" ray 1/s 
m (En [e oDauto 1) — F,(x,®) — C(s)1 
- z 


< F(x, 9) — F,(x,®) 
LN Ms - 
< (s j (sf) aq () t) — F,(x,®) +C;(s)1< (Ac +Cx(s)) 1. 


Moreover, we can obtain the following inequalities: 
(a) If 1€r€s or -s<r<-l or 2s<r<s<0,r<-—l, then 


u a\ if 
AYA > Fy(x,®) — g ®, (x; )du (t) + kB1 > F(x, ®) — F,(x, ) 


> (1 — 17) F,(x,®) > (e — l/r) ml. 


(bi) If r<—s<0,r<—-1 or r<2s<0,r<-—l, then 


E l/r 
Ad» F(x,)— (s | tano) + KB) > Fx, ) — F.(x,®) 


cr A oe A us 
> ob) -m (u= [ouo] 
S T M 


(ci) Ifr<s,0<r<l or-sEr, -1€r«0 or 28<r<s<0,r>-—I, then 


P" LN lr 
A+ al) > K(x,) — (a [ Dd) + KB) 1 O91 
> Fx, ) — F,(x,®) 


> (1 — 7") F,(x,®) —C(r)1 > (GE m- Gn) 1. 
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(9.53) 


(9.54) 


(9.55) 


(9.56) 


(9.57) 


(9.58) 


242 9 JENSEN’S OPERATOR INEQUALITY 


(di)If -l<r<-s<0 or -1€r«2s«0, then 


S - _\ Ir 
(Ak +C,(r))1 > F(x, B) — (a [ evan +481) T Cr) 
2 F;(x, ) = F,(x,®) 


u l/r 
> rx) - ur (Zar | oau) -a0 
AY T AY 


where we denote 
M$—m* R M'm*—M*m" A M'—m" a M*m" — M" m* 
A = Mr B = a A = Wm’ B = ae > 
C(km5,kM5,1/s) = kV5 C (m, M*,1/s) = C(s), 


= a ~ ls : 7a g l/r 
Age max {A (a+) -eraile } = max { k'/szt/s — jl (az B)" \, 
zceT| ze T, 
and Ti and Th denote the closed intervals joining m” to M" and m? to M^, respectively. 
We will determine lower bounds in LHS of (b) and (d), in RHS of (b1) and (di). 
For LHS of (9.53) we can obtain 


RY ys bs 
m (Em [eau 2) — F.(x, b) 
r T r 


(9.59) 
> min, <7, [tm (5m^z--1— £)!/5 — pire) 1— Dl. 


1 


Really, using substitution z = rm” (x — +) , finding the minimum of the function h(z) = 
k!/5m ($m "z4- =) 8 L klrel/r on T; is equivalent to finding the minimum of hı (x) = 
k!/5m (s(x— D — km (r(x — iyu on T = [t+ 4,1414]. The domain of h; is 
S = [},%) for r > 0 or S = [4, +) for r < 0. We have n1 (x) = k!/5m(1— s) (s(x— ras 
k'/'m(1—r) (r(x—1)) 1/77 Ter ands>1 then A} (x) «0, since k'/*m(1—) (s(x-1)) 
« 0 « k''m(1— r) (r(x— ies 
In this case we obtain 


minh(z) = minh; (x) = min {in E + *) „hı (: + m) \ = Dx. (9.60) 


zeT xeT S rm 


1/s—2 


. It follows that hı is concave on S for r < 1 and s > 1. 


If 1 « r « s, then we have lim, ,1 hı (x) = —K'/^m(3z£)* < 0, limy hi (x) = —e. If 
xo > 1 is the stationary point of the function hı, then /j(xo) is the maximum value, 


since h| (xo) = kim (s(xo — Lye (r(x0 — a (r— s)(xo +1 — =) < 0. It follows 
that (9.60) is also true in this case. 
So in the case (b) we obtain: 


Dıl € F,(x,®) — F(x,) «Aj (9.61) 
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and in the case (d) we obtain: 
(Br — Cis) 1 < KG.) - £9) < (A6) 1. (9.62) 


Similarly, for the RHS of (9.57) we obtain 


r S—r Lid 
F,(x,®) -M (2n | o, (x")du(t) +k 1) 
M D 


S 


^ : l/r 
> min [£z iu (tee 7) n 
M 


S 


zeh 
S l/r 
— min [iom n Cz +1- z) (a J 1 
s MS S 
= Dj. 


So in the case (b1) we obtain: 
Dil < F,(x,®) — F,(x,) < Ail (9.63) 
and in the case (di) we obtain: 
(D. - &())1 < F(x.) — Fx.) < (A, -- C r))1. (9.64) 
Finally, we can obtain desired bounds C, and C» in (9.51), taking into account that 


(9.52) holds in the region (i);, (9.61) holds in (i1);, (9.63) holds in (ii1);, (9.62) and (9.58) 
hold in (iv), (9.54) and (9.64) hold in (v), (9.54) and (9.58) hold in (iv); and (v),. 


Finally, we give the difference type ordering among means (9.27). 


Corollary 9.7 Let (x;),er be a bounded continuous field of positive operators in a unital 
C*-algebra & with spectra in [m, M] for some scalars O < m < M, defined on a locally 
compact Hausdorff space T equipped with a bounded Radon measure u, and let (®,),er € 
P{W, ZB]. Let regions (i) — (v)1 be as in Figure 9.2. 
If (r,s) in (i), then 

0 < M,(x,®) —M,(x,®) < Al, 


if (r,s) in (ii), then 


244 9 JENSEN’S OPERATOR INEQUALITY 


if (r,s) in (iv), then 


rm T 


max (n (i + a) lae Con M^ 1/5) Cr Mr, f 
< M,(x,®) — M,(x,®) < (A+ C(m', M*,1/s)) 1, 
if (r,s) in (v) or (iv) or (v)i, then 
—C(m',M*,1/s)1 < M,(x,®) — M,(x,®) < (A+ Cm, M*,1/s)) 1, 
where a constant A = A(m, M,r,s) is 


A — s ne sl/s _ r - ryl/r 
A pmax flom + (1—6)m'}"/5 — [0M" + (1 — 0)m” ) 


and the Kantorovich constant for the difference C(n,N, p) is defined by (2.38). 


Proof. This corollary follows from Theorem 9.16 putting k = 1, and then replac- 
ing $, by tm, t € T. Finally we choose a better bounds using that C(m",M”,1/r) > 


C(m^, M*,1/s) holds for r < s by (9.43) and Dy = Dj =m (sara. + 1) * — M, since 


rm 


1 
1-4 <1- (2404 (1— 3) ° holds by (9.49) and (9.50). 


9.5 Quasi-arithmetic means 


In this section we give the order among the following generalized quasi-arithmetic operator 
means 


Mois) = o^ ( [ t o )auto). (0.65) 


under these conditions (x;);<r is a bounded continuous field of positive operators in a uni- 
tal C*-algebra ./ with spectra in |m, M] for some scalars m < M, (®,)er € P| , | 
and @ € @[m, M] is a strictly monotone function. 


We denote M, (x, 4) shortly with Mọ. It is easy to see that the mean Mọ is well defined. 

As a special case of (9.65), we may consider the power operator mean (9.27), which is 
studied in Sections 9.3 and 9.4. 

First, we study the monotonicity of quasi-arithmetic means. 


Theorem 9.17 Let (x,);er, (9),er be as in the definition of the quasi-arithmetic mean 
(9.65). Let w,@ € € m, M] be strictly monotone functions. 
If one of the following conditions 
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(i) wo! is operator convex and y~! is operator monotone, 
(i?) yo! is operator concave and —W- is operator monotone 


is satisfied, then 
Mo < My. (9.66) 


If one of the following conditions 
(ii) woo! is operator concave and y~! is operator monotone, 
(ii) yoo! is operator convex and —y~! is operator monotone 
is satisfied, then the reverse inequality is valid in (9.66). 


Proof. We prove only the case (i). If we put f = yoo! 


x, with @(x;), then we obtain 


in Theorem 9.9 and replace 


yoo” (f ©, (9(x))) du (t )s ls o, (v(x;)) du (t). (9.67) 


Since y! is operator monotone, it follows that 


e" (f o toemau) «vt (f eo eau. 


which is the desired inequality (9.66). 


We can give the following generalization of the previous theorem. 


Corollary 9.8 Let (x,);er, (;);er be as in the definition of the quasi-arithmetic mean 
(9.65). Let w,@ € € [m,M] be strictly monotone functions and F : [m, M] x [m, M] — R be 
a bounded and operator monotone function in its first variable, such that F(z,z) = C for 
all z € [m, MJ. 

If one of the following conditions 


(i) woq- is operator convex and y^! is operator monotone, 


(à) woq-l is operator concave and —W- ! is operator monotone 


is satisfied, then 
F [My,Mo] > C1. (9.68) 


If one of the following conditions 
(ii) yog`! is operator concave and y^! is operator monotone, 
(ii) woq-! is operator convex and —y-! is operator monotone, 


is satisfied, then the reverse inequality is valid in (9.68). 
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Proof. Suppose (i) or (i’). Then by Theorem 9.17 we have My < My. Using assump- 
tions about function F, it follows 


F [My,Mo] > F [Mo,Mo| > pat F(2)) = C1. 


In the remaining cases the proof is essentially the same as in previous cases. 


Theorem 9.18 Let (x,);er, (®;),er be as in the definition of the quasi-arithmetic mean 
(9.65) and y, € € m, M] be strictly monotone functions. 


(i) If Q7! is operator convex and y~! is operator concave, then 


Mo € Mı < My. (9.69) 


(ii) If Q^! is operator concave and y^! is operator convex then the reverse inequality 


is valid in (9.69). 


Proof. We prove only the case (1): Using Theorem 9.9 for a operator convex function 
9! on [@n, Pu], we have 


Mo = (3 nc (x) )du (t )s ET Xt )du(r) =M,, 


which gives LHS of (9.69). Similarly, since y~! is operator concave on J = [Win, Ym], We 
have 


m=z foao «v ($ f ouai) - My. 


which gives RHS of (9.69). 


Theorem 9.19 Le: (x,);er, (9,),er be as in the definition of the quasi-arithmetic mean 
(9.65) and y,@ € € m, M] be strictly monotone functions. Then 


Mo =My for all (x: rer, (®, rer 


if and only if 
g=Aw+B for some real numbers A # 0 and B. 


Proof. The case 9 = Ay +B = Mọ — My is obvious. 
Mo =My = Q—AW-TB: Let 


e( [orto EE o) = v^ (s [o vesmau) 


for all (x;),er and (9);er. Setting y, = (x) € B(H), @m1 < y, € m1, we obtain 


yoo! (Jeo) (v) du(t) @)= [zo vog !(»))du(r) 
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for all (y;);er and (®;),er. M. D. Choi showed in [35, Theorem 2.5] that if b : c/ — Z 
is a positive linear mapping, f is a non-affine operator convex function on (—a,a), and 
f(®(x)) = ®(f(x)) for all Hermitian x in C*-algebra «7 with spectra in (—a,a), then ® is 
a C*-homomorphism. Similarly as above, in our case we can obtain that yo Q^! is affine, 
ie. woo !(u) = Au +B for some real numbers A Æ 0 and B, which gives the desired 
connection: y(v) = Aq(v) +B. 

Using properties of operator monotone or operator convex functions we can obtain 
some corollaries of Theorems 9.17 and 9.18. E.g. we have the following corollary. 


Corollary 9.9 Let (x,);er, (;);er be as in the definition of the quasi-arithmetic mean 
(9.65) and 0 < m < M. Let @ and y be continuous strictly monotone functions from |0, eo) 
into itself. 

If one of the following conditions 


(i) yo`! and y^! are operator monotone, 
(ii) gow! is operator convex, qo y^! (0) = 0 and y^! is operator monotone 


is satisfied, then 
My € Mi € Mọ. 
Specially, if one of the following conditions 


(ii) w^! is operator monotone, 


l is operator convex and (0) = 0, 


P) w- 
is satisfied, then 
Mi € My. 


Proof. This theorem follows directly from Theorem 9.17. 
We prove only the case (i). We use the statement: a bounded below function f € 
C({@,°°)) is operator monotone iff f is operator concave and we apply Theorem 9.17-(ii). 


Example 9.1 If we put p(t) =t", w(t) =t or p(t) — C, w(t) — t" in Theorem 9.17 and 
Theorem 9.18, then we obtain (cf. Corollary 9.6) 


M,(x,®) < M,(x, *) 


for eitherr <s,r¢(—1,1), 5s ¢(-1,1) or 1/2<r<l<sorr<—-l<s<-1/2. 


Next, we study the difference and ratio type inequalities among quasi-arithmetic means. 
With that in mind, we shall prove the following general result. 


Theorem 9.20 Let (x,);er, (®;)rer be as in the definition of the quasi-arithmetic mean 
(9.65). Let y, Q € @|m, M] be strictly monotone functions and let F : |m, M] x [n, M] —^ R 
be a bounded and operator monotone function in its first variable. 

If one of the following conditions 
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(i) woo”! is convex and y^! is operator monotone, 
(à) wo@ ! is concave and —y"' is operator monotone 
is satisfied, then 


F[My.Mo] < sup F [y~! (vim) - (1 — 6)w(M). 9 (69(m) + (1 —6)9(M)))] 1. 


0<@<1 
(9.70) 
If one of the following conditions 


(ii) wo Q-! is concave and yw"! is operator monotone, 
(i) yo! is convex and — y^! is operator monotone 
is satisfied, then the opposite inequality is valid in (9.70) with inf instead of sup. 


Proof. We prove only the case (i). Since f € € [m, M] is convex then 


holds for any z € [m, M]. Replacing f by wo q^ !, and z by ọ(z) and introducing the 
notation @m = min(Q(m), 9(M)). ọmu = max{@(m),p(M)}, we have 


(z) < P= OO) 5 9-1(g,,) + yogon), for any z € [m, M]. 


~ 9M — n Qu — 9n 


Thus, replacing z by x, for t € T, applying the positive linear mappings 1o, and inte- 
grating, we obtain that 


1 1— f. io du (t 
[Ae (ve)yau(ry « SEO 9009 eie 
T Qu — Qn (9.71) 
lg, t d m ml = l 
4 Irx $i (o(«))du(r) - 9 Veg No 
QM — Pn 
holds, since fy t ; (1) du (r) = 1. We denote briefly 
— ft 
g LD1- fr 19. (003) dir) 5 


9 (M) — e(m) 


Since 0 < g(M)1— fr 1; (@(x1)) du(r) < ((M) — e(m))1 holds for a increasing func- 
tion 9 or (e(M) — g(m))1 € g(M)1 — fr io, (o(x))du(t) < 0 holds for a decreasing 
function $, then 0 < B < 1 holds for any monotone function q. It is easy to check that the 
inequality (9.71) becomes 


[Zo (wen) u(t) < Bytom) - 1 — ew). 
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Next, applying an operator monotone function y! to the above inequality, we obtain 


wy - v ( [$e rona) < v (Qvo 1 — m)von). 


Also, using (9.72), we can write 
1 
Ms = e" ([ 1 (o(s))4u(t)) = 0! (Bom) 1 — e). 


Finally using operator monotonicity of F(-,v), we have 
F |My.M, | 
< F [w^ (By(m) + (1 — B)w(M)), 9! (B(m) + (1 — B)o(M))] 
< sup F[w ! (Ow(m) + (1— 0)w(M), 9! (9(m)-- (1— 0)o(M)))] 1, 


0<6<1 


which is the desired inequality (9.70). 


Remark 9.6 We can obtain similar inequalities as in Theorem 9.20 when F : [m, M] x 
[m, M] — R is a bounded and operator monotone function in its second variable. 


If the function F in Theorem 9.20 has the form F(u, v) = u — v and F (u,v) = v~ tuv 12 
(v > 0), we obtain the difference and ratio type inequalities. 


Corollary 9.10 Let (x,);er, (®;)rer be as in the definition of the quasi-arithmetic mean 
(9.65) and let y,q € @|m,M] be strictly monotone functions. 
If one of the following conditions 


(i) woo! is convex and y^! is operator monotone, 

(ii) yog`! is concave and —y™! is operator monotone 
is satisfied, then 

My <Mo+ max (y (@y(M) + (1—8)y(m))— e^ (00M) + (1 —9)(m))). 
If in addition @ > 0 on [m, M], then 


—— +(1 


My < Eei l o (@g(M) + (1 — 8) g(m)) 


| Oxex 


l 
2 
zx 
= 
n 
ES 


If one of the following conditions 
(ii) wo q-! is concave and y^! is operator monotone, 


(i) wo! is convex and —y~! is operator monotone 


is satisfied, then the opposite inequalities are valid with min instead of max. 
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We will give a complementary result to (i) or (1°) of Theorem 9.17 under the assump- 
tion that y o 9! is operator convex and y~! is not operator monotone. In the following 
theorem we give a general result. 


Theorem 9.21 Let (x,);er, (9),er be as in the definition of the quasi-arithmetic mean 
(9.65). Let w,@ € € m, M] be strictly monotone functions and F : [m, M] x [n, M] — R be 
a bounded and operator monotone function in its first variable. 

If one of the following conditions 


(i) wo! is operator convex and yw"! is increasing convex, 
(^) woo! is operator concave and y^! is decreasing convex, 
is satisfied, then 


F [Mo,My] < ub F [0M - (1— 0)m,y ' (Əy(M)+(1— 0)y(m))] 1. (9.73) 


If one of the following conditions 
(ii) wo Q-! is operator convex and y^! is decreasing concave, 


(i) woq-l is operator concave and y! is increasing concave, 
is satisfied, then the opposite inequality is valid in (9.73) with inf instead of sup. 


Proof. We prove only the case (i): If we put f = yoo™! 


x, with @(x;), then we obtain (see (9.67)) 


y(Mo) X v(My) (9.74) 


Since y^! is increasing, then y(m)1 < y(Mọ) X v(M)L, and also since y^ is convex 
we have 


Mo = Ww '(W(Mo)) 


in Theorem 9.9 and replace 


S wana a (w(Mo) — w(m)1) 4-ml by convexity of y~! 
S EN (w(My) — y(m)1)+m1 by increase of y and (9.74). 


Now, operator monotonicity of F (-,v) give 


F [Mp,My] < F Eeee (w(My) — w(m)1) +m1, yw (v0) 


IA 


su M - tli eat 
N-NULCET (z— y(m)) +m, v e) 1 


= sup F[0M--(1-8)m v " (0W(M)- (1—6)w(m)] 1, 


which is the desired inequality (9.73). 
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Remark 9.7 Similar to Corollary 9.10, by using Theorem 9.21 we have the following 
results. 
Let one of the following conditions 


(i) wo q-! is operator convex and y~! is increasing convex, 
(i?) wo! is operator concave and y- is decreasing convex 
be satisfied. Then 


Mo < My- max {OM & (1—6)m— y  (Gy(M) + (1—0)y(m)j 1, 


and if, additionally, y > 0 on [m, M], then 


0M + (1— 0)m 
Me < nin Tow O OWED) MY 


Let one of the following conditions 
(ii) wo q- is operator convex and y~! is decreasing concave, 
(i) yo! is operator concave and y- is increasing concave 


be satisfied. Then the opposite inequalities are valid with min instead of max. 


In the following theorem we give the complementary result to the one given in the 
above remark. 


Theorem 9.22 Let (x;);er, (®;)rer be as in the definition of the quasi-arithmetic mean 
(9.65) and y, € € (m, M] be strictly monotone functions. 


(i) woo! is operator convex and yw"! is decreasing convex, 
(à) woo! is operator concave and w^! is increasing convex 
be satisfied. Then 
My < Mg -- max {6M+ (1—@)m—y"!(By(M)+(1-8)y(m))}1, — (975) 
and if, additionally, V > 0 on [m, M], then 


0M - (1— 0)m 
"vs egt ravi a Se) "n p 


Let one of the following conditions 
(ii) yog`! is operator convex and yw! is increasing concave, 


(i) yoo! is operator concave and y~! is decreasing concave 
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be satisfied. Then the opposite inequality is valid in (9.75) with min instead of max. 
If, additionally, y > 0 on [m,M], then the opposite inequality is valid in (9.76) with 
min instead of max. 
Proof. We prove only the case (i): Since y o 7! is operator convex, then W(Mo) < 
V (My) holds. Next, for every unit vector x € H we have 
(Mox, x) 
= (wo! o v(Mg)x,x) 
> yw! (w(Mo)x,x) by convexity of y~! 
> w | (w(My)x,x) by decrease of y~! and operator convexity yoo! 
m—M 
> (Myx,x)— max {aera mv mv) 
VOUS wünszsvtm Lyr Mm) — w- (M) 
by convexity of y -I and using the Mond-Pecarié method 
= (Myx,x) - max {OM + (1—86)m— wo! (y(M) + (1 -6)v(m))] 


and hence we have the desired inequality (9.75). 
Similarly, we can check that (9.76) holds. 


We will give a complementary result to Theorem 9.18. In the following theorem we 
give a general result. 


Theorem 9.23 Let (x;):er, (®;):er be as in the definition of the quasi-arithmetic mean 
(9.65) and y,@ € € m, M] be strictly monotone functions and F : |m,M] x [m,M] — R be 
a bounded and operator monotone function in its first variable. 


(i) If 97! is operator convex and y~! is concave, then 


F[Mo,My] < sup F [0M + (1 — 0)m,y (Ow(M)-- (1—6)w(m))] 1. (9.77) 


(ii) If Q^! is convex and y~! is operator concave, then 
F[My, Mọ] > Lx [0M -- (1—0)m, o! (09(M) -- (1— 0)g(m))] 1. (9.78) 
Proof. We prove only the case (1): Using LHS of (9.69) for an operator convex function 
~~! and then operator monotonicity of F(-,v) we have 
F[Mo,My| < F[Mi. My]. 
If we put y = t the identity function and replace @ by y in (9.70), we obtain 


F [Mi My] < Ub F [0M + (1 — 0)m, y! (@y(M) + (1 — 0) y(m))] 1. 


Combining two above inequalities we have the desired inequality. 
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Corollary 9.11 Let (x,);er, (,),er be as in the definition of the quasi-arithmetic mean 
(9.65) and y, Q € € m, M] be strictly monotone functions. 
If Q^! is convex and y^! is concave, then 


My < My (9.79) 
+ max {OM + (1—0)m— yr! (Ow(M) + (1— 6) y(m))} 1 


+ max (0^! (69(M) + (1-0) 9(m)) - 0M —(1—8)m}1, 


and if, additionally, Q > and y > 0 on [m, M], then 
0M 4- (1 — 0)m 
< — MI ca GL ees 
"as eis yew a ev] 


9^ (09(M)- (1—0)9(m)) 
{ 0M 4- (1— 0)m \ 205 


(9.80) 


x max 
0<0<1 


Proof. If we put F (u,v) = u — v and @ = t in (9.77), then for any concave function y~! 
we have 


M ~My < max (6M + (1—@)m— v" (0v(M) - (1—@)w(m))} 1. 


1 


Similarly, if we put y = 1 in (9.78), then for any convex function Q^" we have 


M, -Mọ > min (6M - (1— 6)m— o^! (69(M) + (1 — 9)9(m))) 1. 


Combining two above inequalities we have the inequality (9.79). 
We have (9.80) by a similar method. 


If we use conversions of Jensen's inequality (9.1), we obtain the following two corol- 
laries. 


Corollary 9.12 Let (x,);er, (®;)rer be as in the definition of the quasi-arithmetic mean 
(9.65) and w,@ € € m, M] be strictly monotone functions. Let y o q^! be convex (resp. 
concave). 


(i) If w~! is operator monotone and operator subadditive (resp. operator superaddi- 
tive) on IR, then 


My€Meocvw (B). (resp. My > Mọ +W (B)1), (9.81) 


(i?) if —w-! is operator monotone and operator subadditive (resp. operator superaddi- 
tive) on R, then the reverse inequality is valid in (9.73), 


(ii) if w-! is operator monotone and operator superadditive (resp. operator subaddi- 
tive) on R, then 


My XMs-9 (-B)1 (resp. My > Mo- 9 (-B)1), (9.82) 
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(i) if —yw-! is operator monotone and operator superadditive (resp. operator subaddi- 
tive) on R, then the reverse inequality is valid in (9.81), 


where 


B= max {@y(M)+(1—@)y(m)— yoo ' (09(M)--(1—0)o(m)) (9.83) 


0<0<1 
(resp. B= min {8y(M)+(1— 6)w(m) - wo e^ (69(M) + (1 — 6)0()) ) 


Proof. We prove the case (i) only and when yo 7! 


and f = g = yoq-! in Theorem 9.11, we have: 


is convex: Putting F (u,v) = u — v 


V(My) = i je (wo@ (90x))) du(r) < woo" (e(Mo)) +81, (9.84) 
where 
— max w(M) — v(m) x op | wog! 
p= max { Qn) +Y 9 (Pm) yoo e 


which gives (9.83). Since y^! is operator monotone and subadditive on IR, then by using 
(9.84) we obtain 


My < v! (v(Mo) + B1) X Mo + v (B)1. 


Corollary 9.13 Let (x,);er, (,),er be as in the definition of the quasi-arithmetic mean 
(9.65) and w,@ € € [m, M] be strictly monotone functions. Let y o Q^! be convex and 
y > O (resp. y < 0) on [m. M]. 


(i) If y^! is operator monotone and operator submultiplicative on R, then 
My < v ! (e) Me, (9.85) 
(i) if —w-! is operator monotone and operator submultiplicative on R, then the reverse 
inequality is valid in (9.85), 
(ii) if y7! is operator monotone and operator supermultiplicative on R, then 
= _ -1 
My < [w^ (e 7)] Mọ, (9.86) 
(i) if —w- is operator monotone and operator supermultiplicative on R, then the re- 
verse inequality is valid in (9.86), 


where 


a= ds [Sorted —. Y p 


yog 1(09(M)-- (1—0)o(m)) 


zo dU. 
(ve ete Rr ICT FL eje 
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Proof. The proof is essentially the same as that of Corollary 9.12 and we omit details. 


Remark 9.8 We note that if y o Q^! is a concave function, we can obtain similar inequa- 
lities as in Corollary 9.13. We use the same way as we did in Corollary 9.12. 
E.g. if y > 0 (resp. y < 0) on [m, M] is operator monotone and operator supermultiplica- 
tive on R, then 
-1 

My 2 V () Mo, 
with min instead of max in (9.87). 
Example 9.2 If we put ọ(t) — t? and w(t) — t" in inequalities involving the complemen- 
tary order among quasi-arithmetic means, we can obtain the complementary order among 


power means. 
E.g. using Corollary 9.10, we obtain that (compare with Theorem 9.14) 


/ (0M* + (1 — 0)m^) 
v/ (OMS + (1— 0)m*) 


M,(x,®) « k^ max bus 
0<6<1 


holds forr <s,s>lorr<s<-—1, where 


EPN eh = iiss 
0<0<1 x? 


(MS + (1 — 8)m) 


is the generalized Specht ratio defined by (9.3), i.e. 


9.6 Some better bounds 


In this section we study converses of a generalized Jensen's inequality for a continuous 
field of self-adjoint operators, a unital field of positive linear mappings and real values 
continuous convex functions. We obtain some better bounds than the ones calculated in 
Section 9.1 and a series of papers in which these inequalities are studied. As an application, 
we provide a refined calculation of bounds in the case of power functions. 

In the following theorem we give a general form of converses of Jensen's inequality 
which give a better bound than the one in Theorem 9.2. 
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Theorem 9.24 Let (x;)er be a bounded continuous field of self-adjoint elements in a 
unital C*-algebra & with the spectra in [m, M], m < M, defined on a locally compact 
Hausdorff space T equipped with a bounded Radon measure u, and let (®;)rer be a unital 
field of positive linear mappings ®, : e£. — B from & to another unital C* —algebra Z. 
Let m; and My, my < Mx, be the bounds of the self-adjoint element x = fy ®;(x;) du (t) and 
f: [a,b] —^ R, g : [m,, Mj] ^ R, F : U x V — R, where f([a,b]) CU, g([m;, M,]) C V and 
F be bounded. 
If f is convex and F is operator monotone in the first variable, then 


r| [our f(x)) du(t) (fox x) du (t ))] cies ere, (9.88) 


where constants C, = C; (F, f,g,m,M,m,,M,) and C =C(F, f,g,m,M) are 
u M-—z z—m 
& sup [Ff sf) 
= sup — (F|pf(m) + (1— p) f(M), g(pm+ (1— p)M)]}, 


M—Mx <p pnm mx 


= M-z z—m 
co me {gras + Groat) } 


= je HEU Un t (1— p)f(M), g(pm+ (1— p)M)]}. 


If f is concave, then the opposite inequality holds in (9.88) with inf instead of sup in 
bounds C, and C. 


Proof. We prove only the convex case. Since m®, (14) < ®,(x,) < M®, (14) and 
fr &:(1a)du (tr) = 1x, then mig < fy, (x,)du(t) < Mig. Next, since m, and My, are the 
bounds of the operator f; 5; (x;) d (t) it follows that [m,,M,] C [m, M]. 

By using convexity of f and functional calculus, we obtain 


M1y — x; x,— ml 
_ Mlk- fr® x) du (t) Sr P(x) du (t) -m1 
umm cu p mE 


Using operator monotonicity of u — F(u,v) and boundedness of F, it follows 


r| forrtsnaue.e( feooaue) 


s [M E oan py j4 "oc mlk ron. e(feieoau 


nm 
M-z Z5 wa 
< F 1 


: ESL lu Safin) + oodd P 
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Remark 9.9 We can obtain an inequality similar to the one in Theorem 9.24 in the case 
when (®;);er is a non-unit field of positive linear mappings, i.e. when fr ®;(1) du(t) = k1 
for some positive scalar k. Then, 


a [oao e( focrane | 
< sup fF rom) + pa), ae) b i 


kmy <z<kMy M— M-m 


«mp fF A= rom) E o, elo) Yw 


km<z<kM M— Mes 
This means that we obtain a better upper bound than the one given in Theorem 9.11. 


We recall that the following generalization of Jensen's inequality (9.1) holds. If f is 
an operator convex function on [m, M] and Ag < f on [m, M] for some function g and real 
number À, then 


0< [ & GG)du() - e ( [ oda). 


In the following we consider the difference type converses of the above inequality. 


We introduce some abbreviations. Let f : [m, M] — R, m < M, bea convex or a concave 
function. We denote a linear function through (m, f(m)) and (M, f (M)) by fet ie. 


M-z 
M—m M—m 


fina (2) = f(M)  zeR 


and the slope and the intercept by œp and By as in (9.2). 
The following Theorem 9.25 and Corollary 9.14 are refinements of [124, Theorem 2.4]. 


Theorem 9.25 Let (x;);er be a bounded continuous field of self-adjoint elements in a 
unital C*-algebra & with the spectra in [m, M], m < M, defined on a locally compact 
Hausdorff space T equipped with a bounded Radon measure u, and let (®;)rer be a unital 
field of positive linear mappings ®, : e£. — ZB from æ to another unital C* —algebra Z. 
Let my and My, my < My, be the bounds of x = fr ®;(x;)du(t) and f : [m,M] — R, g: 
[my, M] — R be continuous functions. 

If f is convex, then 


f oF —Ag (J, 2) du) < ae (yz Bp — Ag(z)} Ix (9.89) 


holds and the bound in RHS of (9.89) exists for any m,M,m, and My. 
If f is concave, then the reverse inequality with min instead of max is valid in (9.89). 
The bound in RHS of this inequality exists for any m,M,m, and My. 
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Proof. We put F(u,v) =u—Av, A € R in Theorem 9.24. A function z — oz + By — 
A g(z) is continuous on [m,, Mx], so the global extremes exist. 


In the following corollary we give a way of determining the bounds placed in Theo- 
rem 9.25. 


Corollary 9.14 Let (x;);er, (O;)ier, A, f and g be as in Theorem 9.25. 


(i) Let À <0. 
If f is convex and g is convex, then 
[OSDO f oO) sci ew 
holds with 
Ca, = max { fag (m) — Asla), fp M) - Àg(M)). 090 


But, if f is convex and g is concave, then the inequality (9.90) holds with 
fran (ms) Ag(m;) if Ag! (2) > ap for every z€ (mx,M;), 
C, = 4 finm Co) ^&(o) if Ag (zo) € a Ag, (zo) for some zo € (ms, Ms), 
fin (M:)—Ag(M:) if Ag, (z) < ap for every z€ (mx,Mx). 


(9.92) 


If f is concave and g is convex, then 


aks f Dfa) dul) Ael li $440) (9.93) 


holds with c; which equals the right side in (9.92) with reverse inequality signs. 


But, if f is concave and g is concave, then the inequality (9.93) holds with c4 which 
equals the right side in (9.91) with min instead of max. 


(ii) Leta 2 0. 
If f is convex and g is convex, then the inequality (9.90) holds with C; defined by 
(9.92). But if f is convex and g is concave, then (9.90) holds with C; defined by 
(9.91). 


If f is concave and g is convex, then the inequality (9.93) holds with c} which equals 
the right side in (9.91) with min instead of max. But, if f is concave and g is concave, 
then (9.93) holds with c} which equals the right side in (9.92) with reverse inequality 
signs. 


Proof. (i): We prove only the cases when f is convex. If g is convex (resp. concave) 
we apply Proposition 9.2 (resp. Proposition 9.1) on the convex (resp. concave) function 
hy = fiam (z) — Ag(z), and get (9.91) (resp. (9.92)). 

In the remaining cases the proof is essentially the same as in the above cases. 


Corollary 9.14 applied on the functions f(z) = z? and g(z) = z1 gives the following 
corollary, which is a refinement of [124, Corollary 2.6]. 
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Corollary 9.15 Let (x,);er, (O;),er and x be as in Theorem 9.25, and additionally let 
operators x, be strictly positive with the spectra in [m, M], where 0 < m < M. 


(i) Leta <0. 
If p,q € (—99,0]U [1,e), then 
ri [i (x? ) du(t) -(f P (x,) du (r) 2 < Cjilk (9.94) 
holds with 
C; = max { 4p My + Ber = Ami, Op My + Ber = AMT) . (9.95) 


If p € (—99,0) and q € (0,1), then the inequality (9.94) holds with 


Op my + [yo — Am! if (4a/0,,) 179 < mg, 
C; = Byp +A(q—1) (à q/ our)!" if m, < (A q/ oup)! 09 < Ms, (9.96) 
Orp My + Ber — M1 if (A gay 09 > My. 


If p € (0,1) and q € (—,0), then 


cid < [ol @,(x?) du(t) -( f D, (x)du(t y (9.97) 


holds with c? which equals the right side in (9.96). 


If p,q € [0,1], then the inequality (9.97) holds with c? which equals the right side in 
(9.95) with min instead of max. 


(ii) Let à > 0. 


If p,q € (—99,0) U (1,%), then (9.94) holds with C; defined by (9.96). But, if p € 
(—99,0] U [1, +) and q € [0, 1], then (9.94) holds with C; defined by (9.95). 


If p € [0,1] and q € (—e5,0] U[1, eo), then (9.97) holds with c which equals the right 
side in (9.95) with min instead of max. But, if p € (0,1) and q € (0,1), then (9.97) 
holds with c? which equals the right side in (9.96). 


Using Theorem 9.25 and Corollary 9.14 with g = f and A = 1 we have the following 
theorem. 


Theorem 9.26 Let (x;);er be a bounded continuous field of self-adjoint elements in a 
unital C*-algebra & with the spectra in [m, M], m < M, defined on a locally compact 
Hausdorff space T equipped with a bounded Radon measure u, and let (®;)rer be a unital 
field of positive linear mappings ®, : e£. — B from & to another unital C* —algebra Z. 
Let my and Ms, my < Ms, be the bounds of x = fr &;(x;) du(t) and f : [n, M] —^ R bea 
continuous function. 
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If f is convex, then 


my <z<My 


ox [er f(x)) du(t) -«(f D (x;) du (t) DE max Ui - Fle) a (9.98) 


holds and the bound in RHS of (9.98) exists for any m,M,m, and M,. 
The value of the constant 


C=C(f,m,M,m,My) = max fors) - f) 


My <z< My 
can be determined as follows 
fin (ms) f(x) if f^ (z) 2 ap for every ze (mx, Mz), 
C — 4 f (z0)— fo). if 8! (zo) < a  g (zo) forsomezoc(m,,M), — (9.99) 
fo (Mx)—f (Me) if gi (z) < ap for every ze (m. M;). 


If f is concave, then the reverse inequality with min instead of max is valid in (9.98). 
The bound in this inequality exists for any m, M ,my and My. The value of the constant 


Co m Moms M;) = min, Ufa) — FG] 


my E zx My 
can be determined as in the right side in (9.99) with reverse inequality signs. 


If f is a strictly convex differentiable function on [m,,M,], then we obtain the following 
corollary of Theorem 9.26. This is a refinement of [124, Corollary 2.16]. 


Corollary 9.16 Let (x,);er, (O;);er and x be as in Theorem 9.26. Let f : |m,M] — R be 
a continuous function. If f is strictly convex differentiable on [my, M,], then 


o< [or f(x))du(r) -«(f ®, (x) du (t) DE (a z0+Br—f(zo)) Ix, (9.100) 


where 
My if f' (mx) > Of fo 
zo=4 f (a) if f(m) < a< f'(M), (9.101) 
Mx if f' (Mx) oy. 


The global upper bound is C(m,M, f) = œf Zo + By — f (Zo), where zo = (f') ! (e) € 
(m,M). The upper bound in RHS of (9.100) is better than the global upper bound provided 
that either f'(my) > o or f'(M,) < oj. 


In the dual case, when f is strictly concave differentiable on |my, M,], then the reverse 
inequality is valid in (9.100), with zo which equals the right side in (9.101) with reverse 
inequality signs. The global lower bound is defined as the global upper bound in the convex 
case. The lower bound in the reverse inequality in (9.100) is better than the global lower 
bound provided that either f'(m,) € ay or f'(Mx) > ot. 
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Proof. We prove only the cases when f is strictly convex differentiable on [m,, My]. 
The inequality (9.100) follows from Theorem 9.26 by using the differential calculus. Since 
h(z) = agz4- Br — f(z) is a continuous strictly concave function on [m, M], then there is 
exactly one point zo € [m,M] which achieves the global maximum. If neither of these 
points is in the interval [m,,M,], then the global maximum in [mx,Mx] is less than the 
global maximum in [m, M]. 


Using Corollary 9.15 with q = p, A = 1 or applying Corollary 9.16 we have the fol- 
lowing corollary, which is a refinement of [124, Corollary 2.18]. 


Corollary 9.17 Let (x,);er, (O;),er and x be as in Theorem 9.26, and additionally let 
operators x, be strictly positive with the spectra in [m, M], where 0 < m < M. Then 


P L 
o< fa xP) du(t) - (f. €, (x;) du (t )) < C(mx,Mx,m,M, p)lk < C(m,M, p) 1x 
for p € (0,1), and 
o» fæl x?) du(t) - (f. P (x,) du (r) o) > c(mx,Mx,m,M,p)lk > C(m,M, p)ik 


for p € (0,1), where 


Op my + Byo — m? if pm? > p, 
C(my,Mx,m,M, p) = 4 C(m,M, p) if pm | «o, < pM? |, — (9.102) 
o,» My + B» — M? if pM?! € op, 


and c(my, M«,m,M, p) equals the right side in (9.102) with reverse inequality signs. The 
constant C(m, M, p) is defined by (2.38). 


In the same way in the following we consider the ratio type converses of Jensen's 
inequality. The following Theorem 9.27 and Corollary 9.18 are refinements of [124, The- 
orem 2.9]. 


Theorem 9.27 Let (x;)ier be a bounded continuous field of self-adjoint elements in a 
unital C*-algebra & with the spectra in (m, M], m < M, defined on a locally compact 
Hausdorff space T equipped with a bounded Radon measure u, and let (®;)rer be a unital 
field of positive linear mappings ®, : e£. — ZB from «f to another unital C* —algebra Z. 
Let my and My, m, < My, be the bounds of x = fr 4;(x;) du(t) and f : [m,M] > R bea 
continuous function and g : [my, Mx] — R be a strictly positive continuous function. 

If f is convex, then 


[feo s E { othe (O (x) du(t) ©) (9.103) 
T my <z<My 


holds and the bound in RHS of (9.103) exists for any m, M,my and My. 
If f is concave, then the reverse inequality with min instead of max is valid in (9.103). 
The bound in RHS of this inequality exists for any m, M ,m, and My. 
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Proof. We put F(u,v) — v-3uy-? in Theorem 9.24. 
Ogzt gr 


z 
FA 


A function z — is continuous on [m,,M,], so the global extremes exist. 


Remark 9.10 7f f is convex and g is strictly negative on [my, Mx], then the inequality with 
min instead of max is valid in (9.103). If f is concave and g is strictly negative on |m x, Mx], 
then the reverse inequality is valid in (9.103). 


In the following corollary, we give a way of determining the bounds placed in Theo- 
rem 9.27. 


Corollary 9.18 Let (x,);er, (9;);er. A, f and g be as in Theorem 9.27. Additionally, let 
fM] and g be strictly positive on |m,, Mx]. 
If f is convex and g is convex, then 


[ toan) < e [ (x) au(0) (9.104) 


holds with 

fin] (my) etyg(z) 

——— df g (z) 2 —— for every ze (m; M;), 
gn.) 0? Get Br Midi 

fee (zo) a (z ) 

C=} mm if eg (z g ee 2 d zo) forsome zo € (mm, Mx (9.105) 

g(zo) if g ( 0) — zo + Br Eg 0) f 0 ( X72 ; 

finm (Mx) eg(z) 

——— if g (z) € —— —- for every zE (mx, M;). 
2(M,) 34 ) Oz 4- Dy ( ) 


If f is convex and g is concave, then the inequality (9.104) holds with 


cho mx cho M, 
a {it ) fia | 


9.106 
(m) ' £M) ic 


If f is concave and g is convex, then 


[ero ante) = zi [ (x) au(0) (9.107) 


holds with c which equals the right side in (9.106) with min instead of max. 
If f is concave and g is concave, then the inequality (9.107) holds with c which equals 
the right side in (9.105) with reverse inequality signs. 


Proof. We prove only the cases when f is convex. If g is convex (resp. concave) we 
cho (. 
apply Proposition 9.3 (resp. Proposition 9.5) on the ratio function h(z) = a with the 
convex (resp. concave) denominator g, and so we get (9.105) (resp. (9.106)). 


Corollary 9.18 applied on the functions f(z) = z? and g(z) = z1 gives the following 
corollary, which is a refinement of [124, Corollary 2.11]. 
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Corollary 9.19 Let (x,);er, (O;),er and x be as in Theorem 9.27, and additionally let 
operators x, be strictly positive with the spectra in [m, M], where 0 < m < M. 


If p,q € (—99,0) U (1,9), then 


i ®, (x7) du(t) € C* ( f oan) (9.108) 


holds with 
Op my + Bi if d Be 
mj 1-q0» ^ 
1—q r V 
eod Be qr V f meP e, (9.109) 
1—-4N q Be 1—4 05 
Op acis B» if d Bo. > Mx. 
K 1 — q Op 


If p € (—99,0]U [1,%) and q € [0,1], then the inequality (9.108) holds with 


C* = max { Owm; + By Orp My + Bir \ 


9.110 
mM AEN 


If p € [0,1] and q € (—%,0] U[1,°°), then 


nc ) du (t) Z o, (x) du (t) o) (9.111) 


holds with c4 which equals the right side in (9.110) with min instead of max. 
If p,q € (0,1), then the inequality (9.111) holds with c* which equals the right side in 
(9.109). 


Using Theorem 9.27, Proposition 9.4 and 9.6 with g — f we have the following theo- 
rem. 


Theorem 9.28 Let (x;);er be a bounded continuous field of self-adjoint elements in a 
unital C*-algebra & with the spectra in [m, M], m < M, defined on a locally compact 
Hausdorff space T equipped with a bounded Radon measure u, and let (®;)rer be a unital 
field of positive linear mappings ®, : e£. — ZB from æ to another unital C* —algebra Z. 
Let my and My, my < My, be the bounds of x = fr ®;(x;) du(t). let f : [m,M| —^ R bea 
continuous function and strictly positive on |my, My]. 

If f is convex, then 


T did 
[elf auto < mas, | LEN 2n (J, ®, (x) du (t) ©) (9.112) 


holds and the bound in RHS of (9.112) exists for any m,M,m, and My. 
The value of the constant 


526 ame 
C zC(f,m, M,m,, My) ‘= max m 


My <z< My 
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can be determined as follows: 


fpi) 9 a rf 


ym gag, Ore et) 
I E 
C= fen if f (zo) € ar < fi(zo) forsome zo € (m, Mx), (9.113) 
fan (Ms) 
E if f(x I for every z€ (my, My). 


If f is concave, then the reverse inequality with min instead of max is valid in (9.112). 
The bound in this inequality exists for any m, M ,my and Mx. The value of the constant 


cho z 
c=c(f,m,M,m,,M,):= min m 


myXzxMy f(z) 
can be determined as in the right side in (9.112) with reverse inequality signs. 


Remark 9.11 7f f is convex and strictly negative on |my, M,], then the inequality with 
min instead of max is valid in (9.112). If f is concave and strictly negative on |m,, M,], 
then the reverse inequality is valid in (9.112). 


If f is a strictly convex differentiable function on [m,,M,], then we obtain the following 
corollary of Theorem 9.28. This is a refinement of [124, Corollary 2.10]. 


Corollary 9.20 Let (x;)ier, (®r)rer and x be as in Theorem 9.28. Let f : [m,M] > R 
be a continuous function and f (m), f (M) > 0. If f is strictly positive and strictly convex 
twice differentiable on |my, M,], then 


[ogoan s (2E); (fo x)du(t » (9.114) 


where zo € (my, My) is defined as the unique solution of of f (z) = (asz + Br) f' (z) provided 
(asm: + Br) f' (mx)/ f (mx) € as < (eM + By) f' (Mx)/ f (Ms), otherwise zo is defined as 
my or M, provided ot < (rm, + Br) f! (mx) / f (mx) or as > (Mx + By) f (Mx)/ f(M;), 
respectively. 

The global upper bound is C(m,M,f) = (azo + Bp)/f(zo), where zo € (m,M) is 
defined as the unique solution of of f(z) = (a¢z+ Bp)f'(z). The upper bound in RHS 
of (9.114) is better than the global upper bound provided that either o < (amy, + 


Br) f (mx) /f(mx) or oy > (¢Mx + Br) f (Mx)/ f(M;). 


In the dual case, when f is positive and strictly concave differentiable on |m,, My], 
then the reverse inequality is valid in (9.114), with zo is defined as in (9.114) with re- 
verse inequality signs. The global lower bound is defined as the global upper bound 
in the convex case. The lower bound in the reverse inequality in (9.114) is better than 
the global lower bound provided that either of > (amy + Dy) f'(mx)/f(mx) or af < 


(aM. + By) f (Mx) /f (Mx). 
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Proof. We prove only the cases when f is strictly convex differentiable on [m,, Mx]. 
The inequality (9.114) follows from Theorem 9.28 by using the differential calculus. 

Next, we put A(z) = (ap z-- By) / f (2). Then h’(z) = H(z)/ f (z^, where H(z) = og f(z) — 
(ay z 4- By) f (z). Due to the strict convexity of f on [m,,M,] and since f(m), f(M) > 0, 
it follows that H'(z) = —(cz-- By)f"(z) < 0. Hence H(z) is decreasing on [m,,M,]. If 
H(m,)H(M,) < 0, then the minimum value of the function A on [m,,M,] is attained in zo 
which is the unique solution of the equation H(z) = 0. Otherwise, if H(m,)H (Mx) > 0, 
then this minimum value is attained in m, or M, according to H(m,) < 0 or H(M,) > 0. 

Since A(z) = (a¢z+ Dy) / f(z) is a continuous function on [m, M], then the global max- 
imum in [m,,M,] is less than the global maximum in [m, M]. 


Using Corollary 9.19 with g = p or applying Corollary 9.20 we have the following 
corollary, which is a refinement of [124, Corollary 2.12]. 


Corollary 9.21 Let (x,);er, (®r)rer and x be as in Theorem 9.28, and additionally let 
operators x, be strictly positive with the spectra in |m,M], where 0 < m < M. Then 


[OP uO < Kim Mm np) ( f. (x) aut) 
: 
< K(m,M, p) ( | $440) 
for p € (0,1), and 
[etant > mats m np ( f (x) u(t) 
> Kimat.p)( f odii)" 


for p € (0,1), where 


Orp my + Pep . 
0 EB Fp Bare (1 p), 
X 

K(m;My,m,M,p) 2 4 K(m,M,p) if pB»/m, < (1—p)ow < pBw/Ms, — (9.115) 

Om My + Pee . 

See Pr. ip pB M, < (1— p)ar, 

Mx 

and k(m,,M,,m,M, p) equals the right side in (9.115) with reverse inequality signs. 
K(m,M, p) is the Kantorovich constant defined by (2.29). 


Remark 9.12 We can obtain similar inequalities to above in the case when (®;)er is a 
field of positive linear mappings such that fp b; (1) du (t) = K1 for some positive scalar k. 
The details are left to the interested reader. 
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9.7 Appendix 


In appendix of this section we give the calculation of extreme values of a difference or ratio 
function y = h(z), of a linear function y = kx+/ and a continuous convex or concave func- 
tion y — g(x) on a closed interval. The basic facts about the convex and concave functions 
can be found e.g. in books [239, 249]. 


We first examine two cases for the difference. 


Proposition 9.1 Let g : [a,b] — R be a continuous function and let h(z) = kz 4-1— g(z) 
be a difference function. If g is convex, then 


min A(z) = min (A(a) , h(b)} (9.116) 


a<z<b 
and 
h(a) if g (z) >k for every z € (a,b), 
max A(z) = h(zo) if g (zo) < k € 8', (zo) for some zo € (a,b), (9.117) 
h(b) if g' (z) € k for every z € (a,b). 


Additionally, if g is strictly convex and h is not monotone, then a unique number zo € 

(a, b) exists so that 
h(zo) = max h(z). (9.118) 
Proof. A function y = h(z) is continuously concave because it is the sum of two con- 
tinuous concave functions y = kz+/ and y = —g(z). Since a function h is lower bounded 
by the chord line through endpoints P,(a,h(a)) and P;,(b,h(b)), then (9.116) holds. Next, 
(9.117) follows from the global maximum property for concave functions. With additional 
assumptions the equality (9.118) follows from the strict concavity of h. 


Proposition 9.2 Let g : [a,b] — R be a continuous function and let h(z) = kz 4-1 — g(z) 
be a difference function. If g is concave, then 


max A(z) = max (A(a) , h(b)) 


a<z<b 


and 
h(a) if g' (z) <k for every z € (a,b), 


min h(z) = 4 Alo) if g,(z0) < k < 8- (zo) for some zo € (a,b), 
_ h(b) if g'(z) > k for every z € (a,b). 


Additionally, if g is strictly concave and h is not monotone, then a unique number 
zo € (a,b) exists so that 


h(zo) = min h(z). 


a<z<b 
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Proof. The proof is essentially the same as the one in Proposition 9.1. 
We now examine four cases for the ratio. 
Proposition 9.3 Let g: [a,b] — R be either a strictly positive or strictly negative contin- 


uous function and let h(z) = (kz+1)/g(z) be a ratio function with strictly positive numer- 
ator. If g is convex, then 


min h(z) = min {h(a) , h(b)} (9.119) 
and 
£ ol kg(z) 
h(a)  ifg.(z)- ial for every z € (a,b), 
mM )= 4 A(zo) if g- (zo) < ee < g’, (zo) for some zo € (a,b), (9.120) 
kg(z) 


h(b) if g! (2) € ŽE for every z € (a,b). 


kz+l 


Additionally, if g is strictly convex and h is not monotone, then a unique number zo € 
(a,b) exists so that 
h(zo) = max h(z). (9.121) 


a<z<b 


Proof. Maximum value: A function y = h(z) is continuous on [a,b] because it is 
the ratio of two continuous functions. Then there exists zo € [a,b] such that A(zo) = 
maXa<z<bh(z). Also, since g is convex, then g’ (z) and g’, (z) exist and g” (z) < e (z) 
on (a,b). Then A'. and h’, exist and 


kg(z) — (kz-- I) g'.(z) 
(e(z)? 


First we observe the case when / is not monotone on [a, b]. Then there exists zo € (a,b) 
such that h(zo) = max,<,<,/(z). So for every z € (a,b) we have 


(kz+1)/g(z) € (kzo-- D)/g(zo) (because h(zo) is maximum), 
(kz+1) g(zo) € (kz4- D) g(z) +k 9(z) (zo — z) (because g > 0 or g « 0), 
(Kz+1) Me(z) (zo — z) € (kz+ I) (g(zo) — g(z)) € kg(z) (zo —z) (because g is convex), 


hz) 


< 
< 


8- (2) € Me(z) < kg(z)/(kz-- I) for a < z < zo and g', (z) > Me(z) = kg(z)/(kz+1) for 
b > z > zo, where [g(z) is a subdifferential of the function g in z, i.e. Ue(z) € [8 (z2), 84, (z)]. 
So 

h (z) >20 fora<z<zo and k (z) <0 forb>z>zo. (9.122) 


It follows that for each number zo at which the function / has the global maximum on [a, b] 
the conditione g' (zo) < kg(zo)/(kzo +1) < g', (zo) is valid. 

In the case when / is monotonically decreasing on [a,b], we have 
max,«;«ph(z) = h(a) and h’ (z) € 0 for all z € (a,b), which imply that g' (z) > kg(z)/(kz+ 
1) for every z € (a,b). In the same way we can observe the case when h is monotonically 
increasing. 
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With additional assumptions it follows by using (9.122) that the function A is strictly 
increasing on (a, zo] and strictly decreasing on [zo, b). Hence the equality (9.121) is valid. 


Minimum value: There does not exist zo € (a,b) at which the function A has the global 
minimum. Indeed, if h is not a monotone function on [a,b], it follows by using (9.122) 
that h is increasing on (a,zo] and decreasing on [zo, b), where zo € (a,b) is the point at 
which the function A has the global maximum. It follows that the function h does not have 
a global minimum on (a, b), and consequently (9.119) is valid. 


Similarly to Proposition 9.3 we obtain the following result. 


Proposition 9.4 Let g: [a,b] — R be either a strictly positive or strictly negative con- 
tinuous function and let h(z) = (kz 4- l)/g(z) be a ratio function with a strictly negative 
numerator. If g is convex, then the equality (9.119) is valid with max instead of min, and 
the equality (9.120) is valid with min instead of max . 

Additionally, if g is strictly convex and h is not monotone, then the equality (9.121) is 
valid with min instead of max. 


Proposition 9.5 Let g : [a,b] — R be either a strictly positive or strictly negative con- 
tinuous function and let h(z) = (kz+1)/g(z) be a ratio function with a strictly positive 
numerator. If g is concave, then 


max A(z) = max {h(a), h(b)}. (9.123) 


a<z<b 


and 


wa) if (2) < BS for every ze (a,b), 
min A(z) = 4 h(zo) if 8g, (z0) < us < g' (zo) for some zo € (a,b), (9.124) 


h(b  ifg z) a for every z € (a,b). 


Additionally, if g is strictly concave and h is not monotone, then a unique number 
zo € (a,b) exists so that 
h(zo) = min h(z). (9.125) 


a<z<b 


Proof. The proof is the same as the one in Proposition 9.3. 


Similarly to the above proposition we obtain the following result. 


Proposition 9.6 Let g : [a,b] — R be either a strictly positive or strictly negative con- 
tinuous function and let h(z) = (kz +1)/g(z) be a ratio function with a strictly negative 
numerator. If g is concave, then the equality (9.123) is valid with min instead of max, and 
the equality (9.124) is valid with max instead of min. 

Additionally, if g is strictly concave and h is not monotone, then the equality (9.125) is 
valid with max instead of min . 
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9.8 Notes 


A version of Jensen's operator inequality and its converses for a bounded continuous field 
self-adjoint elements in C*-algebra and a unital field of positive linear mappings is firstly 
discussed by Hansen, Peéarié and I. Perić [135] based on [137] by Hansen and Pederson. 
A generalization of the previous results on non-unital fields of positive linear mappings 
is presented by Mićić, Pečarić and Seo [202]. The results in Sections 9.3 and 9.4 for 
power operator means are given by Mićić, and Pečarić [193]. A version of these results 
is presented in Sections 9.5 for quasi-arithmetic means, which is based on the results of 
Mićić, Pečarić and Seo [203, 204]. Results with some better bounds in Section 9.6 are 
given by Mićić, Pavić and Peéarié [189]. 


Chapter 1 0 


Jensen’s Operator Inequality 
Without Operator Convexity 


In this chapter, we study Jensen’s operator inequality without operator convexity. We ob- 
serve this inequality for an n—tuples of self-adjoint operators, a unital n—tuples of positive 
linear mappings and a general convex function with conditions on the operators bounds. 
In the present context, we also study an extension and a refinement of Jensen’s operator 
inequality. As an application we give the order among quasi-arithmetic operator means. 


10.1 Jensen’s operator inequality with 
a general convex function 


In this section we give our main result about Jensen’s operator inequality without oper- 
ator convexity. We give this inequality with conditions on the bounds of the operators 
(defined by (1.2)), but for a general convex function. We also study monotonicity of quasi- 
arithmetic operator means under the same conditions. 


Suppose that J is an arbitrary interval in R. 

We recall that operator convexity plays an essential role in the Davis-Choi-Jensen in- 
equality: f((A)) € P(f(A)). In fact, this inequality will be false if we replace an oper- 
ator convex function by a general convex function (see the example given by M.D. Choi 
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in [35]). Furthermore, if f : J — IR be an operator convex function, then the generalized 
discrete Jensen's operator inequality (8.12): 


f (3 oa) < Faa) (4) 
i=l $ 


holds for every n—tuple (A1,...,A5) of self-adjoint operators in B(H) with spectra in J 
and every unital n—tuple (®,,...,®,) of positive linear mappings 6; : B(H) — B(K), 
i — 1,...,n, (i.e. (B1,...,®,) is such that Y7., ®;(Ig) = Ik). 

Next we observe an example when the above Jensen's inequality is valid for some 
non-operator convex function. 


Example 10.1 It appears that the above inequality will be false if we replace the operator 
convex function by a general convex function. For example, we define mappings «b, , eb, : 
M3 (C) — M»(C) by B; ((aij)1<i,j<3) = 1(aij)izi j<» OQ, = ®;. Then o, (I3) -F 6» (I3) =I. 


EA 
101 100 
Ai22|001] and A»—52|000 
111 000 


2 


then 
(es (4:) + @2(42))* = (Go 0) x (Go 22) - At) 9: (43). 
Given the above, there is no relation between (®,(A,) 4-05(A;))* and ®, (At) + 
D2 (A3) under the operator order. We observe that in the above case the following 
stands A — € (A1) + 5 (A) = (s a and [ma, Ma] = [0,2], |m, Mi] c [-1.60388, 
4.49396], [m», M2] = [0,2], i.e. 
(ma, Ma) C [m M1] U [m2, Mp] 


similarly as in Figure 10.1.a). 


1) If 
—14 0 1 150 0 
A= 0 —-2-1 and A5—|020], 
1 —1-1 0 0 15 
then 


(6 (A1) - 95(A5)) = (3 o) , un —247 


a 2d ) = ®, (A1) + 6» (43) . 
So we have that an inequality of type (&&) now is valid. In the above case the fol- 
lowing stands A = ®; (A1) + ®2(A2) = (2 o) and [m4,Ma] = [0,0.5], [mi,Mi] C 
[-14.077, —0.328566], [m2,M2] = [2,15], i.e. 

(ma,Ma)O[m, Mı] - 0 and (m4,Ma)O[mo, M5] = 0. 


10.1 JENSEN'S OPERATOR INEQUALITY WITH A GENERAL CONVEX FUNCTION 273 


similarly as in Figure 10.1.b). 


-e--e-e----e-e----e-- --e€--e-6-----— €-e-—-—-—9— 
m, m, m, Ma M, M, m, M, m, Ma m; M; 


a) b) 


Figure 10.1: Spectral conditions for a convex function f 


It is no coincidence that the inequality (#) is valid in Example 10.1-IT). In the following 
theorem we prove a general result when Jensen’s operator inequality holds for convex 
functions. 


Theorem 10.1 Le: (Aj,...,An) be an n—tuple of self-adjoint operators A; € B(H) with 
the bounds m; and Mj, m; € Mi, i=1,...,n. Let (®1,...,®,) be an n—tuple of positive 
linear mappings ®; : B(H) — B(K), i=1,...,n, such that Y. ;(In) = Ik. If 


(m4,Ma)n[m,M;]—-9 fori=1,...,n, (10.1) 


n 
where ma and Ma, ma < Ma, are the bounds of the self-adjoint operator A = Y, ;(Ai), 
i-l 


then 
f (£o) < ¥ 0; (f(Ai)) (10.2) 
i i=l 


holds for every continuous convex function f : J — R provided that the interval J contains 
all mi, Mi. 
If f :J —^R is concave, then the reverse inequality is valid in (10.2). 


Proof. We prove only the case when f is a convex function. 

If we denote m = min(m;,...,m;) and M = max{M,,...,M,}, then [m, M] C I and 
mly < A; € MIy,i=1,...,n. It follows mlx € Y;., ®;(Aj) € MI. Therefore [m4, Ma] C 
[m, M] C I. 


a) Let ma < Mg. Since f is convex on [m4, MA], then 


f(t) < Mat 
Ma — mA 


f(ma)-- LÀ f(Ma), t€ [ma Ma], (10.3) 


Ma — mA 


but since f is convex on [m;, Mj] and since (m4,M,4)  [mi, Mi] = 9, then 


M,-t 
(> —— 
MA — ma 


frie 2x xh) eb ted Cos 


Ma — mA 
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Since m4Ik < X7 , ®;(Ai) € Malk, then by using functional calculus, it follows from 
(10.3) 


f p oa) < Malr — Xi PHA) po) + ERA) = male qo. (10.5) 
i=l 


i MA — ma MA — mA 
On the other hand, since mJy < Aj € Milg, i = l,...,n, then by using functional cal- 
culus, it follows from (10.4) 
Maly —Aj 
MA — MA 


Aj — maly 


f (Ai) = f(ma)+ f (Ma), i=l h: 


M, A — MA 
Applying a positive linear mapping ®; and summing, we obtain 


z Malr — Xi; ®;(Ai) i1 ®;(Aj) — malk 


» CGS pm s DUET aec - AM Q9 


since 37 , ®;(I7) = Ig. Combining the two inequalities (10.5) and (10.6), we have the 
desired inequality (10.2). 


b) Let ma = Ma. Since f is convex on [m, M], we have 
f(t) > f(ma) -I(ma)(t —m4) | for every t € [m, M], (10.7) 


where l is the subdifferential of f. Since mlIg < Aj < MJy, i = l,...,n, then by using 
functional calculus, applying a positive linear mapping ®; and summing, we obtain from 
(10.7) 


Yo (f(Ai)) = f(ma)Ik + l(ma) p $;(A;) LO 


i=l 
Since malx = Y;., ®;(A;), it follows 


which is the desired inequality (10.2). 


We have the following obvious corollary of Theorem 10.1 with the convex combination 
of operators A;, i = 1,...,n. 


Corollary 10.1 Let (Aj,...,An) be an n—tuple of self-adjoint operators A; € B(H) with 
the bounds m; and Mi, mj < Mi, i= l,...,n. Let (05,...,04) be an n—tuple of nonnegative 
real numbers such that 37 ., o = 1. If 


(m4, MA) [mi, Mi] =0 fori= l,...,n, 


n 
where ma and Ma, ma < Ma, are the bounds of A= Y, 0Ai, then 
i=l 


f (3 2 € Y afla) (10.8) 
j i=l 
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holds for every continuous convex function f : J — R provided that the interval J contains 
all mi, Mi. 


Proof. We apply Theorem 10.1 for positive linear mappings ®; : B(H) — B(H) deter- 
mined by 0; : B — o;B, i= 1,...,n. 


In the present context we can study the monotonicity of the discrete version of quasi- 
arithmetic mean (9.65) defined as follows 


Mo(A,®,n) = 9! p o) , (10.9) 
l 


where (A1,...,An) is an n—tuple of self-adjoint operators in B(H) with spectra in J, 
(®1,...,®ņ) is a unital n—tuple of positive linear mappings ®; : B(H) — B(K) and ọ : 


$ 


J — R is a continuous strictly monotone function. 

Example 10.2 Theorem 9.17 will not true if we replace the operator convex function 
by a general convex function in (9.66). Indeed, we put for T = {1,2}, p(t) = 4/t and 
V = 1 (the identity function) in (10.9) (yo q^! (t) = t? is not operator convex) and we 
define mappings ®1,®2 : M>(C) — M»(C) by ®ı (B) = ®2(B) = 1B for B € M3(C) (then 
®) (55) + 65(D) = D). If 


34 14 36 28 
oS @ Hur de [o Rh 
then 


My(4,®,2) = (01 (VA) +0 (v) 


9303) oOo 


35 21 
Pı (A1) + $5 (A2) = e J , 


M,(A,®,2) 


O 1 
M,(A,®,2) —My(A, 0,2) = (i E Z 0. 
Given the above, there is no relation between M,(A,®,2) and M (A, 9,2) under the ope- 
rator order. For the bounds of Ai, A» and the mean My(A,®,2) the following stands 
[mi, Mi] C [0.2,39.8], [m2, M2] = [8,64] and [m, M] C [2.63,47.37], respectively. We ob- 
serve that in the above case the following stands 


(m,M)^[m,Mi]z 0, (and (m,M)A[|m2,M2] Z 0.) 


In the case when (m, M)'[mi, Mi] = 0 and (m, M) A (mz, M5] = 0 for some A1 and A», then 
the relation M (A, ,2) < Mı (A,®,2) holds according to Theorem 10.2. 
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In the next theorem we will examine the order among quasi-arithmetic means without 
operator convexity in Theorem 9.17 when T = {1,..., n) and k — I. 


? ? 


Theorem 10.2 Let (Aj,...,An) and (®j,...,®,) be as in the definition of the quasi- 
arithmetic mean (10.9). Let m; and Mj, mi < M; be the bounds of Aj, i = 1,...,n. Let 
Q, V :J — R be continuous strictly monotone functions on an interval J which contains all 
m;,M;. Let mg and Mo, mo X Mg, be the bounds of the mean Mg(A,®,n), such that 


(mo, Me) n [m;, M;] = 0 for i — l,...,n. (10.10) 
If one of the following conditions 
(i) wo q-! is convex and y^! is operator monotone, 


(à) wo@ ! is concave and — y^! is operator monotone 


is satisfied, then 
Mg(A,®,n) < M,(A,®,7n). (10.11) 


If one of the following conditions 
(ii) woo! is concave and yw"! is operator monotone, 


(i) woo! is convex and — y^! is operator monotone 


is satisfied, then the reverse inequality is valid in (10.11). 


Proof. We prove the case (i) only. Suppose that ¢ is a strictly increasing function. 
Since mjlg < Aj < Mily, i = l,...,n, and Molk < Mo(A,®,n) < Molk, then 


o(m;)In < ~(Aj) < o(Mi)In, i= 1,...,n, 


and — @(mg)Ix € Y x(9(42) € 9(My)Ix. 
i-l 


Then, 
(mo, Me) Nm; Mi] =0 fori=1,...,n 
implies 
(o(mg), e(Mo)) n [e(mi), e(Mi)] 20 fori=1,...,n. (10.12) 
Replacing A; by @(A;) in (10.2) and taking into account (10.12), we obtain 


(Eton) < Zoey (10.13) 


for every convex function f : J — R on an interval J which contains all [o(m;), 9(M;)] = 
9 ([mi, M;]). Also, if @ is strictly decreasing, then we check that (10.13) holds for convex 
f:J— R on J which contains all [p(M;), 9 (m;)] = e([mi, Mi]). 
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Putting f = yo! in (10.13), we obtain 
yoo | p o; ies) < Y oi(v(A)). 
El j 


Applying an operator monotone function y~! on the above inequality, we get the desired 
inequality (10.11). 


We can give the following version of Corollary 9.8 without operator convexity and 
operator concavity. 


Corollary 10.2 Let the assumptions of Theorem 10.2 hold. Let F : J xJ — R bea 
bounded and operator monotone function in its first variable, such that F(t,t) = C for 
all t € [mg, My). 

If one of the following conditions 


(i) woo! is convex and y^! is operator monotone, 


(i?) woq-! is concave and —y~! is operator monotone 


is satisfied, then 
F |My(A, 6, n), Mo (A, ,n)] > Clk. (10.14) 


(ii) wo q- is concave and y~! is operator monotone, 
(i) yo! is convex and — y^! is operator monotone 


is satisfied, then the reverse inequality is valid in (10.14). 


Proof. The proof is the same as the one of Corollary 9.8 and we omit it. 
Now, we will examine the order among quasi-arithmetic means (10.9) without operator 
convexity and operator concavity in Theorem 9.18. 


Corollary 10.3 Let (A1,..., A5) and (®1,...,®,) be as in the definition of the quasi- 
arithmetic mean (10.9). Let m; and Mj, mi < Mi be the bounds of Aj, i = l,...,n. Let 
Q.V :J — R be continuous strictly monotone functions on an interval J which contains all 
mij,M; and M, be generated by the identity function on J. 


(i) If mo and Mo, mọ X M, are the bounds of Mo (A, 6, n), such that 
(mg, Mg) n [mi,M;] = 0 fori-l,n (10.15) 
and o! is convex, then 


Mo (A, ,n) < Mi(A,,n). (10.16) 


(ii) If (10.15) is satisfied and ^! is concave, then the reverse inequality is valid in 
(10.16). 
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(iii) If (10.15) is satisfied and q^! is convex, and if my and My, my < My are the bounds 
of My(A, 6, n), such that 


(my, My) N [mi, Mi] = 0 Joricdl.n 
and y^! is concave, then 


Mo(A,®,n) < Mi(A, ,n) < My(A, ,n). (10.17) 


Proof. (i) — (ii): Putting w = M; in Theorem 10.2(i) and (ii), we obtain (10.16) and its 
reverse inequality, respectively. 

(ii): Replacing y by @ in (ii) and combining this with (i), we obtain the desired 
inequality (10.17). 


Remark 10.1 Results given in the previous section we can generalize for continuous 
fields of operators. E.g. the continuous version of Theorem 10.1 is given below (see also 
Theorem 10.7 in Section 10.5). 

Let (xy)ier be a bounded continuous field of self-adjoint elements in an unital C*- 
algebra & defined on a locally compact Hausdorff space T equipped with a bounded 
Radon measure u. Let m; and M;, m, € M,, be the bounds of x, t € T. Let (¢)rer be an 
unital field of positive linear mappings Q; : X — Z from & to another unital C* —algebra 
B. Let 


(my, My) n [m; , M;) = 0, tE T, 


where mx and My, mx < My, are the bounds of the operator x = fy &(xy) du(t). If f:J 5 R 
is a continuous convex function provided that the interval J contains all m,,M;, then 


s( l aane) < [etonanq. (10.18) 


If f is concave, the reverse inequality is valid in (10.18). 


10.2 Order among power means 


The operator power mean M, (A, b) defined by (8.33) is a special case of the quasi-arithme- 
tic mean (10.9). As a continuation of our previous considerations about the order among 
quasi-arithmetic operator means, in this section we observe the order among operator 
power means. 

We recall the known result as follows (see Example 9.1). 
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Corollary 10.4 Let A = (Aj,...,An) be an n—tuple of positive invertible operators in 
B(H) with Sp(A;) € [m,M] for some scalars 0 < m < M, and let ® = (®,,...,®,) bea 
unital n—tuple positive linear mappings 9; : B(H) — B(K),i=1,...,n. 

If eitherr < s, r €(—1,1), sg (—1,1)or1/2<r<1<sorr<-—1< s< -—1/2 (see 
Figure 10.1.a), then 


M,(A,®) < M,(A,®). (10.19) 


um cL 


a) OPERATOR CONVEXITY b) WITHOUT OPERATOR CONVEXITY 


Figure 10.2: Regions for the order among power means 


Remark 10.2 Corollary 10.4 is not valid if r,s are not in the regions (1)-(2) in Fig- 
ure 10.2.a) (see Example 10.2). 


Applying Theorem 10.2 we obtain that (10.19) holds in a broader region (see Fig- 
ure 10.2.b). 


Corollary 10.5 Let (Aj,...,A,) and (®,...,®,,) be as in Corollary 10.4. Let m; and Mi, 
0 < mj < M;i be the bounds of Ai, i=1,...,n. 
If one of the following conditions 


(i) r<s,s>lorr<s< —l (Figure 10.2.b (1),(2),(4)) and 


(m”, M”) Ofm, M]=0,  i=1,... 
where m! and MV, m! < MV are the bounds of M,(A,®), 
(ii) r€ s, r € -1orl € r< s (Figure 10.2.b (1),(3),(5)) and 
(m5, M) Ofm, M] =0,  i=1,...,n, 


where m'*! and M55, m! < Mb! are the bounds of M,(A,®), 
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is satisfied, then 


M,(A,®) < M,(A,®). (10.20) 

Proof. We prove the case (i) only. We put p(t) = t" and y(t) = t? fort > 0. 
Then woo !(r) = t/* is concave for r < s, s < 0 and r 40. Since —y~!(r) = —t!/5 is 
operator monotone for s < —1 and (ml NI uy ^ [mi, Mi] = 0 is satisfied, then by applying 


Theorem 10.2-(i’) we obtain (10.20) for r € s < —1. 

But, y o Q7! (tr) = t*/^ is convex for r < s, s > 0 and r Z 0. Since y^! (r) = t!/5 is 
operator monotone for s > 1, then by applying Theorem 10.2-(i) we obtain (10.20) for 
r<s,s>1,r40. 

If r 2 O and s > 1, we put g(t) = logt and y(t) =t", t > 0. Since yop !(t) = exp(st) 
is convex, then similarly as above we obtain the desired inequality. 


In the case (ii) we put p(t) = t* and y(t) = t" for t > 0 and we use the same technique 
as in the case (i). 


a) WITHOUT CONDITION ON SPECTRA: 

A=1, if rsin (1), (2), (3) 
1A 

A = K(h,r/s) ^, if r,s in (4), (5) 


XS 
A-K(hr) , if nsin (6) 
n a * A-K(hs) ^, if rsin(7) 
"n. E 


ia b) | WITH CONDITION ON SPECTRA: 
H A= 1, if rsin(1), (2), avert); (3), (5) 
A =K(ha s) or A=K(ha.r) ^, if r,s in (6), (7) 


Figure 10.3: Regions for the order M,(A, 4) < AM,(A,®) 


Figure 10.3 shows regions (1),(2),(3) in which the monotonicity of the power mean 
(&) holds true and regions (1)-(5) which this holds true with the condition on spectra. In 
the next theorem we observe the order among power operator means with the condition on 
spectra in regions (6) and (7) in Figure 10.3. 


Theorem 10.3 Let (Aj,...,A,) and (®1,...,®,) be as in Corollary 10.4. Let m; and Mi, 
0 < m; € Mi be bounds of Aj, i= 1,...,n. Let r,s € (—1,1), r < s (Figure 10.3 (6),(7)). 


(i) If 
(m^, M) n [mi, M;] = 0, D-—lus 


where m”! and Ml, ml < Ml are bounds of M,(A,@®), then 


M,(A,®) < C(h", s) M,(A,), AM = M” ol", (10.21) 
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(ii) If 
(m, ME) omi, Mj] = 0, i=1,...,n, 
where m! and Ml, ml < MIS are bounds of M,(A, 5), then 


M,(A,®) < C(hPl,r) M,(A,), hh = M/m. (10.22) 


The constant C(h, p), h 0, is a generalization of the Specht ratio (2.35) defined as follows 


1 
p(h—h?P —1)(h-1)\? ] 
ETE) (25552) > ifp#Oandh# 1, 


C(h,p) = 4 (i-i 


velogh > if p — 0 and h Z 1, 


1, ifh=1. 


In order to prove Theorem 10.3, we need the operator order given in the following 
theorem. 


Theorem 10.4 Self-adjoint operators A,B € B(H) with Sp(A) C |ma,Ma] where 0 < 
ma < Ma satisfy the following implication: 


AXB = e^ « S(ela mie 


where S(h) is the Specht ratio defined by (2.35). 


Proof. Refer to [124, Corollary 8.24] for the proof. 


Proof of Theorem 10.3. We prove the case (i) only. 
a) Let m"! < Ml, 


- Suppose that O c r XE s € 1. Since my < Aj € Milg, i= l,...,n, and my < 
M,(A,®) < Me, then 


milg <A < Mily, i=1,...,n, (10.23) 
(mll)"Ix < DI, ©; (At) < (MP I. (10.24) 
Then, 
(m^, M) n[m, M] 0 fori=1,...,n 
implies 


(mY, (M )) n[m', MI] 20 fori=1,...,n. (10.25) 


Putting f(t) = t*/". which is convex, in Theorem 10.1 and replacing A; by A}, we 
obtain 


n s/r n 
(3 sen) < Y di(Aj). (10.26) 
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Now, applying Theorem 4.3 for p — i > | and using that 


M s/r 
(mPysrg < (3 D; (Az ) < (Mile, (10.27) 
i=l 
we obtain 
M,(A,®) < K((m 15, (MI!)*, 1/5) M,(A,®), (10.28) 


which gives the desired inequality by using K (ml! y, (MUl)s,1/ 3) (al! ,5). 


- Suppose that —1 <r <0<s< 1. Then the reverse inequality is valid in (10.23) 


and (10.24). It follows that 
(MY, (m) n[MP,m?] 20 fori=1,...,n (10.29) 
holds. Putting f(t) = 1°/", which is convex, in Theorem 10.1 and replacing A; by 


A‘, we again obtain (10.26). Now, applying Theorem 4.3 for p = + > 1 and since 
(10.27) holds, then we obtain again (10.28). 


- Suppose that —1 <r <s<0. Then the reverse inequality is valid in (10.23) and 


(10.24). It follows that (10.29) holds. Putting f(t) = ilr, which is concave, in 
Theorem 10.1 and replacing A; by Aj, we obtain that the reverse inequality holds 
in (10.26). Now, applying Theorem 4.3 for p — E X —] and using that reverse 
inequalities is valid in (10.27), then we obtain 


M,(A,®) < K((MP)y, m"), 1/s) M,(A,®). 


Since K ((M)*, (m'"l)’,1/s) = K((m^, (MI), 1/s) we get again the desired in- 
equality. 


- Supposethat0 — r« s «x 1. Putting the operator concave function f(t) = Logt in 


reverse of Jensen’s operator inequality given in Theorem 9.1 and replace A; by Af, 
we obtain 
log(Mo(A,®)) < log(M,(A,®)). 


The spectrum of log(Mo(A,®)) is contained in [logm®l logM!], and then after use 
Theorem 10.4 we get 


[0] 
Mo(A,®) <S (5m 1) M,(A,®) = C(h®,0) M,(A,®) 


:] 


ml 


which is the desired inequality. 


- Suppose that —1<r<s=0. Putting the operator convex function f(t) = logt in 


Jensen’s operator inequality given in Theorem 9.1 and replace A; by A}, we obtain 


log(M,(A,®)) € log(Mo(A,)). 
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The spectrum of log(M,(A,®)) is contained in [logm,logM')]. Then applying 
Theorem 10.4 we get 


[r] 
TT 1) Mo(A,®) = C(h” ,0) Mo(A,®), 


ml 


M,(A,®) € S | 


which is the desired inequality. 
b) Let m"! — MU in inequalities 
M,(A,®) < K((m'*)*, (MI), 1/5) M;(A, b), 


MV 
or M,(A,®) < S m M;(A,®). 
mV 


Since K (m^, M*, 1/s) = K(m,M,s) ^ and lim. K(m, M,s) = ] for all s € R; 
lim;.4 S(h) = 1, we obtain the desired inequalities in the case ml = Mİ". 


Remark 10.3 The constant C(hl, s) in RHS of (10.21) in Theorem 10.3 is not worse than 
the constants in RHS of the inequalities in Corollary 9.6, i.e. if r,s € (—1,1), r € s, then 


C(hPÀ, s) < min{A(h,s,1),A(h,s, 1): A(h,r,s),A(h,r, 1)}, 


where h! = M” ml, h = M/m and m"! and M”, m”! < M are bounds of M,(A,®), 
such that (m, MP) N[m;,Mi| = 0, i= 1,...,n and 


m=min{m,...,mn}, M = max(M,,..., M;]. 


Indeed, we should just use the following properties of the function (h,s) +> C(h,s) = 
A(h, s, 1). 


(rl) | C(h,s) is strictly increasing in the first variable for h > 1 and s < 1 by [124, Theo- 
rem 2.62 (i)], 


(r2) | C(h,s) is strictly decreasing in the second variable for h > 1 and s € R by Lemma 9.3. 
So, let rs € (—1,1), r € s. Since |m], M] C [m, M], it follows by (r1) that 
C(RP, s) = A(RP, s, 1) < A(h,s, 1); 
since A(h,r,s) > 1, then 
C(hl” s) < A(h,s,1)-A(h,r,5); 

and it follows by (r2) that 

C(h,s) < Ch”, r) < A(h,r,1). 
The three inequalities above give the desired relation. 


Similarly, we can observe that the constant C(ns ,r) in RHS of (10.22) in Theorem 10.3 
is not worse than the constants in RHS of the inequalities in Corollary 9.6. 
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10.3 Extension of Jensen's operator inequality 
without operator convexity 


In this section, we give an extension of Jensen's operator inequality without operator con- 
vexity. As an application of this result, we give an extension of our previous results for a 
version of the quasi-arithmetic mean (10.9) with an n—tuple of positive linear mappings 
which is non-unital. 

In Theorem 10.1 we prove that Jensen's operator inequality holds for every continuous 
convex function and for every n—tuple of self-adjoint operators (A,,...,An), for every 
n—tuple of positive linear mappings (®,,...,®,,) in the case when the interval with bounds 
of the operator A = Y7. , ;(A;) has no intersection points with the interval with bounds of 
the operator A; for each i = 1,...,n, i.e. when 


(m4,Ma)n[m;,,M;] =0 fori=1,...,n, 


where m4 and My, ma < Mg, are the bounds of A, and m; and Mj, m; < Mi, are the bounds 
of Aj, i — l,...,n. 

It is interesting to consider the case when (m,MA)  [m;, M;] = 0 is valid for several 
i € {1,...,n}, but not for all i= 1,...,n. We study it in the following theorem. 


Theorem 10.5 Le: (A1,...,A,) be an n—tuple of self-adjoint operators A; € B(H) with 
the bounds m; and Mj, m; < Mi, i= l,...,n. Let (,...,0,) be an n—tuple of positive 
linear mappings ®; : B(H) — B(K), such that Y? ., ®;(Ig) = Ig. For 1 X nı <n, we denote 
m= min(m;, see, Mn, Lh M= max{M, OE Mn, } andy, ®; (Iz) = OQ Ix, Dinit O;(Iu) = 
B Ik, where a,B >0, a+ B — 1. If 


(mM)^[n,M]—-0 for i=ny+1,...,n, 


and one of two equalities 
1 n 
— Y 6/(A) = B Y, (Aj) = M (A) 
i i i-l 


is valid, then 
1 ni n 


1 n 
—Y DAD < oi(f(A)) < = Y, oi(f(A)) (10.30) 
i-l i-l i=n;+1 
holds for every continuous convex function f : J — R provided that the interval J contains 
all mi, Mi, i = 1,...,n,. 
If f : J —^ R is concave, then the reverse inequality is valid in (10.30). 


Proof. We prove only the case when f is a convex function. 
Let us denote 
1 nj 1 n n 
A=- (Aj), B= Y ((A) C=} ®(4;). 
i=l 


æ Zi B lx 
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It is easy to verify that A = Bor B = C or A = C implies A = B = C. 


a) Let m < M. Since f is convex on [m, M] and [mi, M;] € [m, M] for i= 1,..., n1, then 


f() < Fem) + xf M) re(mM]fori-l... m, (031) 
but since f is convex on all [m;,Mj] and (m, M)  [mi, Mi] = 0 for i = ni + L,....n, 
then 

ios gef" 46 rebw]doi—zgkiogn. 0032) 
| M-m M-m 


Since my < A; < Milg, i = l,...,nj, it follows from (10.31) 


MIy — Ai Aj — mlg f. 
f(A) <>, t aa O i5 beon 


Applying a positive linear mapping ®; and summing, we obtain 


al & Mak — Y; O;(A;) 4 Yi ®;(A;) — malk 


2% (FA) = —— Mos — um) 2 — CP 
since X7! , 6;(In) = alk. It follows 
1x MIy —A A — mik 
Q2" (f(A)) € fm) + Lf. (10.33) 


Similarly to (10.33) in the case my < Aj < Milg, i = ni + 1,...,n, it follows from 


(10.32) 
1 x MI& —B B-— mlg 
BÈ PUA) 2 Fen) + FE). 003 
Combining (10.33) and (10.34) and taking into account that A = B, we obtain 
gXeUMD)rs X eua). (10.35) 
iel i-nj4l 
It follows 
] zu nı nı 
LY e) = Loran) +2 Y era) (by a B =1) 
i-l i=l i-l 
< EDAD Y, e((f(A)) (by (10.35) 
i-1 i=n,+1 
= Y ®;(f(Ai)) 
i=] 
sg È 900 Y eU) (by (10.35) 
i-nj4l i=nj+1 
1 n 
=a ®;(f(Ai)) (by a+ B — 1) 
i-nj4l 
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which gives the desired double inequality (10.30). 


b) Let m = M. Since [mi, Mj] € [m, M] for i = 1,...,ni, then A; = mly and f(A;) = 
f(m)Ig for i — 1,...,n1. It follows 


: » ®;(A;) = mlg and = 29; (f(Ai)) = f(m\Ik. (10.36) 


i=1 
On the other hand, since f is convex on J, we have 
f(t) > f(m)+l(m)(t—m)  forevery t € I, (10.37) 


where / is the subdifferential of f. Replacing t by A; for i = nı + 1,...,n, applying 
€; and summing, we obtain from (10.37) and (10.36) 


i-nj-cl 


g X, BMAD) > Flom + on) (5 » 0) mis 


So (10.35) holds again. The remaining part of the proof is the same as in the case a). 


Remark 10.4 We obtain the equivalent inequality to the one in Theorem 10.5 in the case 
when Y? 4 Oi (I) = YIr, for some positive scalar y. If a+ B = y and one of two equalities 


1 ny 1 n 1 n 
— 2, Di(Ai) = 5 O;(Ai) = — 2, PMi 
Zama) = gD ea =F O(a) 
is valid, then 
1 ny 1 n 1 n 
~F DAD € M O(f(Ai)) < > Y, DlA) 
e i YE Pass 


holds for every continuous convex function f. 


Remark 10.5 Let the assumptions of Theorem 10.5 be valid. 


(1) We observe that the following inequality 


(5 > oa) «g È 900). 


i=n+1 


holds for every continuous convex function f : J — R. 
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Indeed, by the assumptions of Theorem 10.5 we have 


ni 1 ni 1 n 
mally < Y ®;(f(Ai)) < Maly and z2,0/(A) = B ` ®;(A;) 
i=1 i=1 i=nı+1 


which implies 


mly < Y g iU (40) < My. 


i=n; +1 


Also (m,M) 0 [mi,Mi] = 0 for i= nm +1,...,n and Xj 444 goin) = Ik hold. So we can 
apply Theorem 10.1 on operators An, +1,...,An and mappings Boi and obtain the desired 


inequality. 
(2) We denote by mc and Mc the bounds of C = X7 ., ®;(Ai). If (mc, Mc) A [mi, Mi] = 0, 
i= L,...,ni or f is an operator convex function on |m,M], then the double inequality 


(10.30) can be extended from the left side if we use Jensen's operator inequality in Theo- 
rem 9.9 


< Pe) <Souian<s Y eut) 


Example 10.3 If neither assumptions (mc, Mc) A [m;, M;] = 0, i= 1,...,ni nor f is op- 
erator convex in Remark 10.5 (2) is satisfied and if 1 <n, < n, then (10.30) can not be 
extended by Jensen's operator inequality, since it is not valid. Indeed, for nj — 2 we define 
mappings $4,» : M3(C) — M»(C) by ® (aij) 1<i,7<3) = $ (aij)J1«i «2, 92 = 41. Then 
®) (I3) + $5(I3) = ah. If 


101 100 
A1—-2[001 and A5—2|000 
111 000 
then 
1 1 * 1 /160\ ,1/8040\ 1 "WE 4 


for every œ € (0,1). We observe that f(t) = t^ is not operator convex and (mc,Mc) ^ 
, 20 

[mi, Mi] 0, since C C A— 16, (A1)- 25(45) = 4 (s o) , Pnc, Mc] = [0,2/4], [m Mi] 

C [- 1.60388, 4.49396] and [m», M2] = [0,2]. 


With respect to Remark 10.4, we obtain the following obvious corollary of Theo- 
rem 10.5. 
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Corollary 10.6 Let (Aj,...,An) be an n—tuple of self-adjoint operators A; € B(H) with 
the bounds mj and M;, m; < Mj, i= l,...,n. For some 1 < nj <n, we denote m = 
min(mi,...,mj, , M = max(Mi,..., Mj ). Let (pi,..., pn) bean n—tuple of non-negative 
numbers, such that 0 < Y7! | pi = pn, < Pn = Xr Pi. If 


(mM)n^n[n,M]—-0 for i=n+1,...,n, 


and one of two equalities 


ee T Da Pa; PES 
is valid, then 
px 1g 1 n 
p. 2, Pf DES p. Pit As) < EA pif (Ai) (10.38) 


holds for every continuous convex function f : J — R provided that the interval J contains 
all m;,M;, i= 1,...,n. 
If f : J — R is concave, then the reverse inequality is valid in (10.38). 


By applying Corollary 10.6 we obtain the following special case of Theorem 10.1. 


Corollary 10.7 Let (A1,...,A,) be an n—tuple of self-adjoint operators A; € B(H) with 
the bounds m; and Mi, mj < Mi, i= l,...,n. Let (05,...,04) be an n—tuple of nonnegative 
real numbers such that Y7 ., o = 1. If 


(m4,Ma)nm,M;]—-90 fori=1,. (10.39) 


n 
where ma and Ma, ma < Ma, are the bounds of A= Y, 0Ai, then 
i-l 


f p 2 < Y oif(Ai) (10.40) 


holds for every continuous convex function f : J — R provided that the interval J contains 
all mi, Mi. 

Proof. We prove only the convex case. We define (n + 1)—tuple of operators 
(Bi,... ,Bn+1), Bic B(H), by B} =A = E oA; and B; = A;i-1, i= 2,...,n4- 1. Then 
mp, = ma, Mg, = Ma are the bounds of Bı and mg, = mi—1, Mg; = M;_ are the ones of Bj, 
i — 2,...,n4 1. Also, we define (n + 1)—tuple of non-negative numbers (pi,..., Pn+1) by 


n+l 
pi = l and pj = oj-1,1=2,...,n +1. Then Y, p; = 2 and by using (10.39) we have 


i=1 


(mp, Mp) [mp,, M,] — 0, fori —2,...,n4- 1. (10.41) 
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Since 
n+l n+l 
> piBi = Bit Y piBi =S dd PL p= 2B, 
i=l i=2 i-l 
then 
172! n4l 
piBi = 5 PB = 2 PB - (10.42) 


Taking into account (10.41) and (10.42), we can mi Corollary 10.6 for n; = 1 and Bj, pi 
as above, and we get 


1^4 ntl 


pif (Bi) P pif (Bi) < Y pif (B 
i=2 


which gives the desired inequality (10.40). 


10.4 Extension of order among quasi-arithmetic 
means 


In this section we study an application of Theorem 10.5 to the quasi-arithmetic mean with 
weight. For a subset {Ap,,...,Ap,} of {A1,...,An} we denote the quasi-arithmetic mean 
by 

Mo(7,A,®, pi, p2) = e( y $;( va»). (10.43) 

i= P1 

where (Ap,,.-.,Ap,) are self-adjoint operators in B(H) with the spectra in J, (Pp, ,..., D, ) 
are positive linear mappings ®; : B(H) — B(K) such that Ep L i(Ig) = yik, and ọ : J > 
R is a continuous strictly monotone function. 


The following theorem is an extension of Theorem 10.2. 


Theorem 10.6 Le: (A1,...,An) be an n-tuple of self-adjoint operators in B(H) with the 
spectra in J, (®,,...,®,) be an n-tuple of positive linear mappings ®; : B(H) — B(K) 
such that X7 ., (In) = Ig. Let m; and Mi, mi € Mi be the bounds of Aj, i= l,...,n. Let 
9,V : J — IR be continuous strictly monotone functions on an interval J which contains 
all mi, Mi. For 1 X nj < n, we denote m = min[mi,..., ms, }, M = max(Mi,..., Ms, } and 


Yi Oi) = otk, Lien +1 inu) = D Ig, where &, D > 0, a+ B = 1. Let 
(m,M)n[m,M;] —- 0 for i=n,+1,...,n 
and one of two equalities 
Mo(a,A,®,1,n;) = Mo(1,A,,1,n) = Me(B, A, ,n; + 1,n) (10.44) 
be valid. 
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If one of the following conditions 
(i) woo! is convex and y^! is operator monotone, 
(à) woo! is concave and — y^! is operator monotone 
is satisfied, then 
My(0, A,,1,n1) € My(1,A, ,1,n) < My(B, A, ,n, + 1,n). (10.45) 
If one of the following conditions 
(ii) yog`! is concave and y^! is operator monotone, 
(i) yoo! is convex and — y^! is operator monotone 
is satisfied, then the reverse inequality is valid in (10.45). 


Proof. We prove the case (i) only. Suppose that ¢ is a strictly increasing function. 
Since mly < A; € MIy,i=1,...,n,, implies @(m)Ix € @(Ai) € e(M)Ie, then 


(m,M) A [mi, Mi] = 0 for i=m+1,...,n 
implies 
(y(m),9(M)) n[e(m).e(Mi)] 20 fori-nm-L....n. (10.46) 
Also, by using (10.44), we have 


z 300040) = X04) = 5 Y ®; (¢(Ai)) . 
j=l i— 


i-nj-cl 
Taking into account (10.46) and the above double equality, we obtain by Theorem 10.5 


lYyo((on)zYeutea)zl Y e((cA) a047 


i=1 i=1 B i=n|+1 


for every continuous convex function f : J — R on an interval J which contains all 


[p(mi), e(Mi)] = e([m;, Mi]), i= 1,...;n. 
Also, if @ is strictly decreasing, then we check that (10.47) holds for convex f : J — R 
on J which contains all [p(M;), @(m;)] = @([mi, M;]). 


Putting f = yo! in (10.47), we obtain 
1 ny n 
i Y oi(v(A)) € Y ®; (y(Aj)) € 
i=l i 


Applying an operator monotone function y~! on the above double inequality, we obtain 
the desired inequality (10.45). 
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Remark 10.6 Let the assumptions of Theorem 10.6 be valid. 


(1) We observe that if one of the following conditions 
(i) woq-! is convex and y^! is operator monotone, 
(ii) woo! is concave and —y~' is operator monotone, 
is satisfied, then the following obvious inequality (see Remark 10.5 (1)) 


Mo(B, A, ,ni - 1,n) < My(B, A, 5, n; + 1,n) 


holds. 
(2) We denote by mg and Mg the bounds of Mo (1, A, 5, 1,n). If (mg, Mo) mi, Mi] = 0, 
i=1,...,m, and one of two following conditions 


(i) woo! is convex and y^! is operator monotone, 

(ii) woq-! is concave and — y~! is operator monotone, 

(i) wo! is operator convex and yw"! is operator monotone, 
(i?) woq-! is operator concave and — y! is operator monotone, 


is satisfied (see Theorem 9.17), then the double inequality (10.45) can be extended from 
the left side as follows 


Mo(1,A,®, 1,n) = Mo(1,A,®, 1,1) 
< My(0,A,9,1,11) < My(1,A,®, 1,n) < My(B,A,®,n) + 1,7). 


(3) If neither assumptions (my,My) N [mi, Mj] = 0, i= 1,...,21 nor yo Q^ is operator 


convex (or operator concave) is satisfied and if 1 <n, <n, then (10.45) can not be extended 
from the left side by Mg(1,A,®, 1,n1) as above. It is easy to check it with a counterexample 
similarly to Example 10.2. 


We now give some particular results of interest that can be derived from Theorem 10.6. 


Corollary 10.8 Let (A;,...,A;) and (,,...,0,), mi, M;, m, M, œ and D be as in Theo- 
rem 10.6. Let J be an interval which contains all mj, M; and 


(m,M)n[m,M;j] —0 for i=n+1,...,n. 
If one of two equalities 
Mo(a, A, e, 1,11) = Mo(1, A, 5, 1,n) = Mo(B, A, b, n, kg 1,n) 


is valid, then 


Y, (Ai) (10.48) 
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l is convex 


holds for every continuous strictly monotone function @ : J — R such that 9^ 
on J. But, if Q^! is concave, then the reverse inequality is valid in (10.48). 

On the other hand, if one of two equalities 

1 n 
== X (Aj) 


B i=n+1 


Y @;(A;) = Xo) 


is valid, then 
Mo(a,A,®, 1,71) X Mg(1,A,®, 1,n) X Mo(B, A, ,n, +1,n) (10.49) 


holds for every continuous strictly monotone function Q : J — R such that one of the fol- 
lowing conditions 


(i) @ is convex and ~~! is operator monotone, 


(i) @ is concave and — Q7! is operator monotone 


is satisfied. 
But, if one of the following conditions 


i 


(ii @ is concave and ~~ is operator monotone, 


1 


(i) @ is convex and —@~ is operator monotone, 


is satisfied, then the reverse inequality is valid in (10.49). 


Proof. The proof of (10.48) follows from Theorem 10.6 by replacing y with the iden- 
tity function, while the proof of (10.49) follows from the same theorem by replacing @ 
with the identity function and y with @. 


As a special case of the quasi-arithmetic mean (10.43) we can study the weighted power 
mean as follows. For a subset {Ap,,...,Ap,} of {A1,...,An} we denote this mean by 


l/r 
DB 
E Y 9; an) ; r € RMOJ, 
M,(y,A,®, pı, p2) = d 


1 P2 
exp E p» ®; toe) ; r=0, 


i=p 


where (Ap,,..-,Ap,) are strictly positive operators, (®,,,...,@p,) are positive linear map- 
pings ®; : B(H) — B(K) such that Y^, (In) = YI. 
We obtain the following corollary by applying Theorem 10.6 to the above mean. 


Corollary 10.9 Let (Aj,...,A,) be an n—tuple of strictly positive operators in B(H) 
and (®,,...,®,) be an n—tuple of positive linear mappings 9; : B(H) — B(K) such that 
Y a i(In) = Ix. Let m; and Mi, 0 < m; € Mi be the bounds of Ai, i=1,...,n. For 1 < 
nı <n, we denote m= min(m;,...,m,, }, M = max(Mi,..., Ms, } and Y; , Oi(In) = alk, 
JI ei O;(Iu) = B Ik, where a, p > 0, a+ B zl 
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(i) Ifeitherr < s, s > lorr € s € —Land also one of two equalities 
M,(0,ÀA,0,1,n1) = M,(L,A, ,1,n) = M.(B, A, ,n; + 1,n) (10.50) 
is valid, then 


M;(0,A,0,1,ni) < M((L,A,,1,n) < M;(B, A, ,n, + 1,n). (10.51) 


— 
pio 
=i 

— 


If either r < s, r € —lorl-zr < s and also one of two equalities 
M,(a,A,®,1,7,) =M,(1,A,®,1,n) = M;(B, A, ,ni + 1,n) 
is valid, then 


M,(a,A,®, 1,nj) > M,(1,A,®, 1,0) > M,(B,A,®,n, + 1,n). (10.52) 


Proof. We take Q(t) = t" and w(t) — t? or g(t) = t° and w(t) = t" for t > 0 and apply 
Theorem 10.6. We omit the details. 


10.5 Refinements 


In this section we present a refinement of Jensen's inequality (10.18) and a refined the 
general form of its converses (9.88). 
For convenience we introduce the abbreviation 


M 
= ) (10.53) 


By(mM) = fim) ai - 2; (73 


where f : [m, M] —^ R, m < M, is a continue function. It is obvious that, if f is convex 
(resp. concave) then à; > 0 (resp. 6¢ < 0). 
To obtain our results we need the following three lemmas. 


Lemma 10.1 Let f be a convex function on an interval J, m,M € J and pi, p» € [0,1] 
such that pı + p2 = 1. Then 


2 
< pif (m) + pof (M) — f(pim+ pM). (10.54) 


min{p1,p2} | f(m) + f(M) - 2f (=) 


Proof. These results follows from [208, Theorem 1, p. 717] for n = 2 and replacing x1 
and x2 with m and M, respectively. 
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Lemma 10.2 Let x be a bounded self-adjoint elements in a unital C* -algebra & of oper- 
ators on some Hilbert space H. If the spectrum of x is in |m, M], for some scalars m < M, 


then 
M1y — —ml 
f(x) € SA fim) + f(M) — ôl, M) (10.55) 


holds for every continuous convex function f : [m, M] — R, where 6¢(m,M) is defined by 
(10.53) and 


xd 1 m-- M 
SEE UM 2 


If f is concave, then the reverse inequality is valid in (10.55). 


w= Lii. 


Proof. We prove the convex case only. By using (10.54) we get 


f(pim+ pM) S pif(m) + p2f (M) — min[ pi, p2}ôp(m, M) (10.56) 


for every pi, p» € [0,1] such that p; + p2 = 1. Let functions pi, po : [m, M] — [0,1] be 
defined by 

|| M-z z—m 

|.M-m 


Than for any z € [m, M] we can write 


pi(z) 


M-z z—m 
f(a) =s (Fm Sm) = rinm enn). 
—m M—m 
By using (10.56) we get 
M-—z z—m 
M)-—Z M), 10.57 
FO € flim) + —™ fM) — jm. M). (10.57) 
where 
ad 1 m-4- M 
*723 M-m aa 
since 
M-—z z—m 1 1 m+M 
min ; A rM, E CL 
M-m M—m 2 M-m 2 


Finally by utilizing the functional calculus to (10.57) we obtain the desired inequality 
(10.55). 


In the following lemma we present an improvement of the Mond-Peécarié method. 


Lemma 10.3 Let (x;);er be a bounded continuous field of self-adjoint elements in an 
unital C*-algebra & with the spectra in [m, M], m < M, defined on a locally compact 
Hausdorff space T equipped with a bounded Radon measure u and (®,);er be an unital 
field of positive linear mappings ®, : & — ZB from & to another unital C* —algebra Z. 
Then 


] eant) <a [ odu) + Brik- 8j a f O(a) dn) p 
(10. 
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for every continuous convex function f : (m, M| — R, where 0; = 6¢(m,M) is defined by 
(10.53), 


m+M 


du. cm 1 
X = Xx, 0, (m,M) = 5lk- zu] (s = tl) du(t) (10.59) 


f(M) — f(m) p= Mf(m) —mf(M) 
M-m ` M— 
If f is concave, then the reverse inequality is valid in (10.58). 


and Of = (the same as in Chapter 9). 


Proof. We prove the convex case only. Since Sp(x,) C [m,M], then by utilizing the 
functional calculus to (10.57) in Lemma 10.2, we obtain 


—X x,—m z 
fæ) < Gf lm) + FM) -ôm M), 
where 
" li 1 B 
A —4hnu—-u—*-—. H) 


Applying a positive linear mapping ®,, integrating and using that fy ®,;(1q)du(t) = 1x, 
we get the first inequality in (10.58), since 


= 1 1 
[Gi du(t) = 5A - x | © (Ix -" 


Also, mly <x; < Mly, t € T, implies f; ®, (|x, — 3 15|) du(t) < “41x. It follows 
X > 0. Then the second inequality in (10.58) holds, since 0;x > 0. 


wl) duy 


Now, we present a refinement of Jensen's inequality. 


Theorem 10.7 Let (x;);er be a bounded continuous field of self-adjoint elements in a 
unital C*-algebra & defined on a locally compact Hausdorff space T equipped with a 
bounded Radon measure u. Let m; and M;, m; < Mi, be the bounds of x, t € T. Let 
(®,),er be a unital field of positive linear mappings ®, : e£ — B from «f to another 
unital C* —algebra £9. Let 


(m,,M,)Y[m,M;] =9, tET, and m « M, 


where my and My, my < My, be the bounds of the operator x = f ®;(x;)du(t) and 
T 


a—sup(M;: M, < m,t ET}, b=inf{m: m 2 M,,t ET}. 


If f :J = R is a continuous convex function provided that the interval J contains all m,,M;, 
then 


r([o0au0) < [ eitronauto - jm ns [ ofan ao 
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holds, where 5¢(m,M) is defined by (10.53), 


m+M 
2 


lk (10.61) 


and m € [a,m,], Mc [M;, b], m < M, are arbitrary numbers. If f is concave, then the 
reverse inequality is valid in (10.60). 


Proof. We prove only the convex case. Since x = fy ®;(x;)du(t) € Z is the self- 
adjoint elements such that mly < mk < fr o; (x;) du(t) X Mylx < M1x and f is convex 
on [m, M] C J, then by Lemma 10.2 we obtain 


F( [oant ) « EIEIO jy y et on) T vag) By, 
(10.62) 


where ôs = ój(m,M) and x are defined by (10.53) and (10.61), respectively. On the 
other hand, since (myx, Mx) N [m;, M;] = 0 implies (7m, M) n [m;, M; = 0 and f is convex 
on [m; , M;], then 


Applying a positive linear mapping ®,, integrating and adding —6/X, we obtain 


__ Mik- fr P(x) dult) ,, 
[O (6) dur) - 8j EE gm 


—m M—m 


[ du(t)—mlk .— 

ju dr Ole dU me K F(M)—àjx. 
(10.63) 
Combining two inequalities (10.62) and (10.63), we have LHS of (10.60). Also, since 
Of > 0 and x > 0, we have RHS of (10.60). 


Finally, we present a refinement of (9.88). 


Theorem 10.8 Let (x;)ier, ($;)ier, m, M, 6¢(m,M), x, e and By be as in Lemma 10.3. 
Let my and My, my < My, be the bounds of the operator x = f ®;(x;)du(t), and mz be the 
T 


lower bound of the operator x. 
Let f :|m,M| 5 R, g: [m Mx] 9 R, F:UxV — R, where f ([m, M]) CU, g([mx, Mx]) C 
V and F be bounded. If f is convex and F is operator monotone in the first variable, then 


P| [creo pant). of foda) 


ed lere ór(m, M)X, «(f ei6)4uio) (10.64) 
T 
< sup Floyz+ By — ôp(m,M)mzg(z)] lk € sup F [oz + Br. g(z)] 1x. 
My Sz<My mx<z<My 


If f is concave, then the opposite inequalities are valid in (10.64) with inf instead of sup. 
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Proof. We only prove the case when f is convex. Then ó;(m,M) > 0 implies 0 < 
ór(m, M) ms 1g < d¢(m,M) x. By using (10.58) it follows 


] Saut) < agx Dr — ór(m, M) x € px + By — ór(m, M) max < ax Dr. 


Taking into account operator monotonicity of F (-, v) in the first variable, we obtain (10.64). 


Example 10.4 We give examples for the matrix cases and T = {1,2}. We put F(u,v) = 


u — v, f(t) = t* which is convex but not operator convex, and g = f. As a special case of 
(10.64), we have 


$i (X1) - 5(X3) < (® (X1) +®2(X2))* Cb — (m, M)X < (1 (X1) + ®2(X2))*+Ch, 
(10.65) 


where 


_ GL Mm^ — mM* |] 
C= max 4 ———z4 ————— . 
m<z<M, | M—m M—m 


Also, we define mappings ,,4» : M3(C) > M»(C): d((aij)1eij«3) = 4 (ais) 1<i,j<2, 
D> = QD). 


I) First, we observe an example without the spectra condition. Then we obtain a refined 
inequality (10.65), but Jensen's inequality doesn't hold. 


101 100 10 
If X-2|001 and X,—-2|000], men x -2 (50) 
111 000 


and m, = —1.604, M, = 4.494, m = 0, M» = 2, m = —1.604, M = 4.494 (rounded to 
three decimal places). We have 


($i (X1) + ®2(X2))* = e B) z & — i (Xj) + 9» (x3) 


and 
(40 24) - CX) +2 (2) 
< t o A -» (12) + Che - 8j 
: Ci m = (®1 (X1) +®2(X2))t + Ch, 
since C = 227.758, 8 = 405.762, 3 = ("06 02092) 


II) Next, we observe an example with the spectra condition. Then we obtain a series of 
inequalities involving the refined Jensen’s inequality: 


(d; (X1) + 8» (32))* < Dı (XH) + (Xf) — 8j (m, M)X < i (Xt) +0 (X7) 
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and its converse (10.65). 


—4 1 1 5 -1-1 10 
IfXi—-| 1 -2-1|JandX;—|—1 2 1 |, thenxX=-= o o) 
1 —1-1 -1 1 3 


and m, = —4.866, Mı = —0.345, peu M» — 5.866, m — —4.866, M — 5.866, 


a= —0.345, b = 1.345 and we put m — a, M = b (rounded to three decimal places). We 
have 
(E 6) = (i) 0:09) 

< (2824 cass) Loa 05004) - Su 

< (85 255) =o e cost 

< (79459. 598) (o, 0) cosas rimas 

< (EA era 4og) = (9101) 6:09) Cb 
since Ór(a,b) = 3.158, X = E. A n ój(m, M) = 1744.82, X = Ge n 


and C = 872.409 . 


10.6 Notes 


The idea of Jensen's inequality without operator convexity is given by Mićić, Pavić and 
Pečarić [187]. The application on the power operator means is presented in [188]. Ex- 
tensions of the previous results are given by the same authors in [190]. A refinement of 
Jensen's inequality and its converses based on research by Mićić, Pecarié and J. Perić is 
presented in Section 10.5. The interested reader can find additional results in [186, 194, 
195, 196]. 


Chapter 1 1 


Bohr’s Inequality 


The classical inequality of Bohr says that |a + b? < pla|* + q|b|? for all scalars a, b and 
p, q > 0 with 1/p + 1/q— 1. The equality holds if and only if (p — 1)a = b. 

In this chapter, we observe some operator versions of Bohr's inequality. Using a gen- 
eral result involving matrix ordering, we derive several inequalities of Bohr's type. Fur- 
thermore, we present an approach to Bohr's inequality based on a generalization of the 
parallelogram theorem with absolute values of operators. Finally, applying Jensen's oper- 
ator inequality we get a generalization of Bohr's inequality. 


11.1 Bohr's inequalities for operators 


Let H be a complex separable Hilbert space and B(H) the algebra of all bounded operators 
on H. The absolute value of A € B(H) is denoted by |A| = (A*A)!/?. 
The classical inequality of Bohr [24] says that 


|a+b|? < pial? + qll? 
for all scalars a, b and p, q > 0 with 1/p + 1/q = 1. The equality holds if and only if 


(p — l)a — b. 
For this, Hirzallah [145] proposed an operator version of Bohr's inequality: 


299 


300 11 BOHR'S INEQUALITY 


Theorem 11.1 [fA and B are operators on a Hilbert space, and q > p > 0 satisfy 1/p+ 


1/q — l, then 
|A — BP (p — 1)A +B) € PAP +4] BI’. 


Afterwards, several authors have presented generalizations of Bohr's inequality. 


Theorem 11.2 /fA,B € B(H), + £= 1, and1 < p X2, ie. q > p > 1, then 


(i) |A— B? + (p — 1)A - BP? < p|A|? 4 


(ii) |A— BP - |A - (a - )BP > plAP? + q|BP. 
On the other hand, if p « 1, then 


(ii) |A — BI? + (p — 1)A +B) > plAl? + |B}. 


Theorem 11.3 /fA,B c B(H) and |a| > |p|, then 
1 2 IBIY i Joel ipo 
A — BP + — | |B|A + |o. B <(1+ Bar + 1+ J|B 


We note that it unifies the following inequalities: 


«(iur (reg) 


a E (+2) ars (148) ja. 


Next we state Bohr’s inequalities for multi-operators. 


(i) If œ > |B| = — , then 


lA— BP + + | Bla+al 


(ii) If0 < a < —p, then 


A+B 


|A—B) + 


n 
Theorem 11.4 Suppose that A; € B(H), andr; > 1 fori — 1,2,--- ,nwith Y, + =1. Then 
jc 


D iip". 


In other words, it says that K(z) = |z|? satisfies Jensen's (operator) inequality: 


n 
holds for t;,--- jt; > 0 with ¥ t; = 1. 


i=1 
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11.2 Matrix approach to Bohr's inequalities 


In this section, we present an approach to Bohr's inequalities by the use of the matrix order. 
For this, we introduce two notations: For x = (x1,::: ,Xn) € R”, we define an nx n 
matrix A(x) = x*x = (xjx;) and D(x) = diag(x1,--+ ,Xn). 


Theorem 11.5 Jf A(a) + A(b) € D(c) for a,b,c € R", then 


n 
E 
i=l 


for arbitrary n-tuple (A;) in B(H). Incidentally, the statement is correct even if the order 
is replaced by the reverse. 


pi | b; 
i=l 


2 an 2 
€ Y cilA:l 
i=l 


Proof. We define a positive mapping ® of B(H)" to B(H) by 
D(X) = (Aj: Aj)X "(A1 An), 
where -’ denotes the transpose operation. Since A(a) = (a1,--- ,dn)" (a1,:-- dn), we have 


®(A(a)) = (X aiAi) : (X aiAi) = X 


2 


so that 


? = e (A(a)--A(5)) < &(D() = $ eilai. 
i=l 


n 
> ajAj 
i=1 


The additional part is easily shown by the same way. 


2 n 
+ » biAj 
i=l 


The meaning of Theorem 11.5 will be well explained in the following theorem. 


Theorem 11.6 Lett c R. 


1 
(i) If O<t<1, then AE BI + rA BP < (1 42)AP?+ (14+—) 1B. 


1 
(ii) If t» lort «0, then A FBP A BI > (1+2)AP?+ (1+7) iB). 


Proof. We apply Theorem 11.5 to a = (1,1), b = (r, £1) and c = (1 +t,1 +1/t). 
Then we consider the order between corresponding matrices: 


(a TG) eG T) 


Since det(T) = 0, T is positive semidefinite (resp. negative semidefinite) if 0 < t < 1 (resp. 
t>lort<0). 
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Remark 11.1 /: is important that all of theorems cited in Section 11.1 follow from Theo- 
rem 11.6 easily. For instance, for (i) and (iii) of Theorem 11.2, we take t = p — 1. For (ii), 
we take t = q — 1 and permute A and B. Also, Theorem 11.3 follows taking t = |D|/ |o]. 


As another application of Theorem 11.5, we give a proof of Theorem 11.4. 


Proof of Theorem 11.4. We check the order between the corresponding matrices D — 
diag(ri,:::,r,) and C = (cij) where cj; = 1. All principal minors of D — C are nonnegative 
and it follows that C < D. Really, for natural numbers k < n, put D; = diag(ri,,--- ,ri,), 
C, = (cij) with cij = 1, i j = 1,...,k and Ry = F}; 1/ri, where 1 < ri « < Ty En. 
Then 

det(Dy — Cy) = (ri, ri (1 —Rg) > 0 for arbitrary k <n. 


Hence we have the conclusion by Theorem 11.5. 
In the remainder, we cite additional results obtained by Theorem 11.5. 
Corollary 11.1 /fa — (a1,a2), b = (bi, b3) and p = (pi, pz) satisfy 
pıžai+bi, pimayebh (pı— (af +bîi))(p2-— (a3 + b3)) > (ara + bib)’, 
then 
la1A +a2B|? + |b1A + bB[? € piJA[? + p2|B? 
holds all A,B € B(H). 


Proof. Since the assumption of the above is nothing but the matrix inequality A(a) + 
A(b) € D(p), Theorem 11.5 implies the conclusion. 


n 2 
Y ai Aj 
il 


Finally, we remark the monotonicity of the operator function F(a) — 


2 
Corollary 11.2 For a fixed n-tuple (A;) in B(H), the operator function F (a) = 


n 
X ai Ai 
i=l 
for a — (ai,**- ,an) is order preserving, that is, 
if A(a) € A(b) then F(a) < F(b). 


Proof. We prove this putting F(a) = ®(a*a), where ® is a positive linear mapping as 
in the proof of Theorem 11.5. 


Corollary 11.3 /fa — (a,,a2,a3) and b = (b,,b2,b3) satisfy |a;| € |b;| for i= 1,2,3 and 
ajb; = ajbi for iF j, then F(a) < F(b). 
Proof. It follows from assumptions that if i A l and j Z k, then 
aja; — bib; ajay — bib; o (sdb, h. f PED = 
aja; — bib aya, — bib | aybj (aibi bia) + a jb, (bia, aibi) =0. 


This means that all 2nd principal minors of A(b) — A(a) are zero. It follows that det(A(b) — 
A(a)) = 0. Since the diagonal elements satisfy |a;| < |b;| for i= 1,2,3, we have the matrix 
inequality A(a) < A(b). Now it is sufficient to apply Corollary 11.2. 
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11.3 Generalized parallelogram law for operators 


Next we give another approach to Bohr's inequality. In our frame, the following general- 
ization of the parallelogram law easily implies Theorem 11.6 which covers many previous 
results as discussed in the preceding section. 

Theorem 11.7 IfA and B are operators on a Hilbert space and t # 0, then 

1 1 
|A+ BP + ~|tA =B? = (1--t)lAP + ( + 3 |B|’. 
Proof. It is easily checked that 
1 
lA4- BP + “lta — B}? 


1 
= |A|? + |B|? +A*B + B'A - t|AP + 71B? -A*B— B*A 


- eia (1++) Bp. 


Remark 11.2 We immediately obtain Theorem 11.6 by noting the condition of t in Theo- 
rem 11.7. This means that Theorems 11.1 and 11.2 also follow from Theorem 11.7 . 


Next we extend Theorem 11.7 for several operators. 


Theorem 11.8 Suppose that A; € B(H) and r; > 1 with 24 == l fori=1,2,...,n. Then 


[Ti , En 
Proof. We show it by the induction on n. Note that it is true for n — 2 by Theorem 


11.7, because it is expressed as follows: Let A; € B(H) and r; > 1 for i = 1,2 satisfying 
+ 4 = 1. Then 


2 
ri P? 
ni rla- aro | Za- fI 


Now suppose that it is true for n = k, then we take A1, --- , Ay; 1 € B(H) andri, +- r4 1 


u^ P| SAP = 


i=l P» 


k+1 1 1 k 
satisfying P3 — = 1. Here we put rj = rj (1 — Il) fori=1,---,k and B= Y, A; for 
E Tl i-l 


[e 


— ]. Hence we have 


Me 


convenience, then rd > land a 
i-1^i 
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kl 2 


` ri|Ai? — 


i=1 


k+1 


$A 
i-l 


2 


k 
SAI + Acti 
i=l 


k 
= Y naf + repeal? — 
i-l 


M ye Ig x " 
= ( — >) X ril? — |B|? + (Trt — 1JAcaP + — Y nl? — BAY — Aj, 4B 
Tk-1/ j=] TRH j=] 


k 
/ ri " 
= (Yala M — Af RO TE B+ (ea — Dl 


1<i<j<k Vr B 
1cizjekl V Tj V ři 
LE un Ff. 
rj Fi 


Therefore, the required equality holds for all n € N. 


k 
D Ai? — B'Agi — At B+ AR? 
nl i=l li 


m aA 


k+1 
a 


1<i< j<k+1 


Remark 11.3 Theorem 11.4 is an easy consequence of Theorem 11.8. 


Incidentally, we note that the condition r; > 1 in Theorem 11.8 is not necessary. As a 
matter of fact, we can show the following. 


Corollary 11.4 Let A; € B(H) and r; Z 0 for i = 1,2,...,n with Y, + = 1. Then 
£n 


2 H 
pe c 


l<i<j<n 


n n 
x ri|Ai? = 
i=l i-l 


11.4 The Dunkl-Williams inequality 


Dunkl and Williams showed that 


xy Allx— yl 


lll] Ly Med + Ill 
for every nonzero element x, y in a normed linear space. 


11.4 THE DUNKL-WILLIAMS INEQUALITY 305 


Peécarié and Rajić gave the following refinement: For every nonzero element x,y in a 
normed linear space X 


Furthermore they generalized it to an operator inequality as follow: 


2|x — yll? + 2Cllxll — liy? 
max {|x| ||yll) 


mul: 


xl ly 


Theorem 11.9 Let A,B € B(H) be operators where |A| and |B| are invertible, and let 
“yp, 1 1. xs 
p,q > lwith sra 1. 
2 
AIAF! = BIBIT] < IAE" (pl - BP (lA - IBI) Al. 
The equality holds if and only if 


p (A-BJA[! —aB(IA[' — IB). 
Very recently, Saito-Tominaga improved Theorem 11.9 without the assumption of the 


invertibility of the absolute value of operators. 


Theorem 11.10 Let A,B € B(H) be operators with polar decompositions A = U|A| and 
B = V|B|, and let p,q > 1 with at i = 1. Then 


2 
(u-v)AI| < pA - BP--a(lAl - IB? 
The equality holds if and only if 
p(A-B)—-qV (|B|-|A) and V*V > U*U. 


In this section, we consider the Dunkl-Williams inequality for operators as an applica- 
tion of generalized parallelogram law of operators in Theorem 11.7: 


1 1 
lA — BP + ; IA Bl — (12-t)]AP + ( +7) |B|? 


for any nonzero t € R. 
The following lemma follows from it easily. 


Lemma 11.1 Let A,B € B(H) be operators with polar decompositions A = U|A| and 
B = V|B|. Then for eacht > 0 


1 
lA- BP « (+AA? + ( + 3 |Bp?. 


The equality holds for t if and only if tA + B = 0. 
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We prepare another lemma. 


Lemma 11.2 Let A,B € B(H) be operators with polar decompositions A — U|A| and 
B = V|B| and t > 0. If t(A — B) + V(|A| — |B|) = 0 is satisfied, then 


t|A — BP « |AP — |BP, 


and so |A| > |B| and U*U > V*V. 
In addition, if U*U = V*V, then t|A — B? = |A|? — |Bp". 


Proof. Since tA — (t+ 1)B = —V |A| by the assumption, we have 
rA — (t+ ))B[ = |A|V*VIAI. 
Adding t|A|? — (t + 1)|B[? to both sides, it follows that 
t(t+ 1)A - BP = |A|V*V|A| - t|AP? — (t+ 1)|BP? < (t+ 1) (JAP — |B’), 


so that 


0 « t|A — BP < |A}? — |Bp. 


Hence it follows that |A| > |B| and U*U > V*V. Moreover, if U*U = V*V is assumed, 
then V*V|A| = |A| and so 


t|A— B? = |A}? — |Bp. 


The following theorem is proved by the lemmas cited above, and it changes to Theo- 
rem 11.10 by taking t = p — 1. 


Theorem 11.11 Let A,B € B(H) be operators with polar decompositions A = U|A| and 
B = V|B|, and t > 0. Then 


Ku - y < c Dia Be (12) qal- 180? 


The equality holds if and only if 
t(A—B)—V(|B| -|A) and V*V —-U"U. 


Proof. We replace A and B in Lemma 11.1 by A — B and V(|A| — |B|), respectively. 
Then we have the required inequality, and the condition for which the equality holds is that 


(A—B)-V(|B| -|Al) and V*V =U*U. 


The latter in above is equivalent to |A|V*V |A| = |A|?, that is, V*V > U*U. By the help of 
Lemma 11.2, it becomes V*V = U*U. 
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Lemma 11.3 Let A,B € B(H) be operators with polar decompositions A = U|A| and 
B = V|B|, and t > 0. Suppose that V*V = U*U. Then 


t(A — B) = V(IB| - |A|) 


if and only if 
|A| = |B| - t| A — B| and A — B = —V|A — B]. 


Proof. Let t(A — B) = —V (|A| — |B|). It follows from Lemma 11.2 that 
rA — B|— [|| - I81| = |A] — IBI 


and moreover 


1 1 
A-B- -V(B| |A|) = ,Vl4 B| = -V|A- BJ. 
Conversely, let |A| — |B| = t|A — B| and A — B = —V |A — B|. Then 
t(A — B) - V(|A| — |B|) = -tV|A — B| + tV|A — B| = 0. 


Lemma 11.4 Let A,B € B(H) be operators with polar decompositions A — U|A| and 
B = V|B|, and t > 0. Suppose that V*V = U*U. Ift(A — B) = V (|B| — |A|), then 


IBA- B| + |A- B||B| = (1 — £)|A — B}. 
Proof. Put C = A — B. The preceding lemma ensures that 
t|C| = |B - C| - |B| and C = -V|C|. 


Then it follows that 
|B+C| = |B| +t|C], 


and that 
B*C = —B*V|C| = —((BIV*V)|C| = -|B||C]. 


Hence we have 
|B -- C = (|B| — |C|)? and |B +C}? = (|B| - :|C])?, 


so that 
(t+ 1) (IBIIC] + |C]IB]) = (1 = °)|C}?, 


which is equivalent to the conclusion. 


Theorem 11.12 Let A,B € B(H) be operators with polar decompositions A = U|A| and 
B = V|B|, and C = A — B = W |C] the polar decomposition of C. Assume that the equality 


Ku —vlAlf = (4-014 - BP4 ( | 2) (|Al - 18]. 


holds for some t > 0. 
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(1) Ift > 1, then A =B. 


(2) If0 € t € 1, then 


2 = 


and the converse is true. 


Proof. The preceding lemma leads us the fact that if positive operators S and T satisfy 
ST +TS = rS? for some r € R, then 


Gi) S=0 ifr«0, and (ii) S and T commute ifr > O. 


(Since S?T = STS — tS? is self-adjoint, S? commutes with T and so does S.) Thus we apply 
it for S = |A — B||C|, T = |B| andr = 1 — t. 


(1) Since r= 1 — t <0, we first suppose that r < 0. Then S = |A — B| = 0, that is, A = B, 
as desired. Next we suppose r = 0. Then S = |C| commutes with T = |B| and so ST = 0. 
Hence we have |C|V*V — 0. Moreover, since C — —V|C| by Lemma 11.3, it follows that 
IC? = |C|V*V|C| = 0, i.e. C — 0. 
(2) We apply (ii). Namely we have 
IB||C| = |C||B| = cP, 

so that 

B|C| = V|B||C| = ‘vier = cc\= ac] = alc 
It implies that 


2 t+1 
Aci = (+S) B|c| = —— BIC, 


and so 


t+1 
AW*W = —_Bw'W. 


Therefore we have 


t+1 2 
A — AW*W --A(I-W*W)— — BW W --B(I-W*W)—B (1+ ww) : 


For the second equality, it suffices to show that W*W commutes with |B| because 


P 2f i 
I— —W'Wi-I4—WW 
l-t l-t 
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is easily seen. For this commutativity, we note that C — A — B — 7 BW*W by the first 
equality, C — —V|C| by Lemma 11.3, and V*V > W*W by W*W < sup{V*V,U*U} and 
V*V = U*U. So we prove that 

1 


1-t ID-—t =f 


Incidentally the converse implication in (2) is as follows: We first note that the second 
equality assures the commutativity of |B| and W*W. Next it follows that 


2t x 
|A|- |B| = - —1BIW*w 


and 7 
t 
V|A|—B=V(|A|—|B|) = -72W Ww = —t(A — B) 


by the first equality. Hence we have 

(U —-V)IA|L =A- VIA| 2 A t(A — B) -B= (14-0)(A — B) 
and so 

Ku —v) Al? = (14-0? — Bp. 

On the other hand, since 
(la| — IBI? = (25) wow w 2a - nr 
we have 
(14-014 -B+ (1+ 2A - IB]? 


= (a+ 


which completes the proof. 


— 


1 
+ (1 + He) |A — B}? = (1--1)^|A — Bl? 


11.5 From Jensen's inequality to Bohr's inequality 


As an application of Jensen's inequality, in this section we consider a generalization of 
Bohr's inequality. Namely Jensen's inequality implies Bohr's inequality even in the opera- 
tor case. 

For this, we first target the following inequality which is an extension of Bohr's in- 
equality, precisely, it is a multiple version of Bohr's inequality in the case r — 2: 
Ifr > landa;,-::,a, > 0, then 


for all zj,---,z; € C. 
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We note that it follows from Holder inequality. Actually, p = — and q = r are conju- 
gate, i.e. i+ 1 = 1. We here set 


1 
1 E . 
uj — a ^, Wi-u; Zi (i= 1,2,---,n) 


and apply them to Hólder inequality. Then we have 


n r n r n T n T n d. r-1 n . 
|a — [È uw < ($ up) (£ belt)’ = (ye) Y all". 
i=1 i-l i=l i=l i=l i-l 


Now we propose its operator extension. For the sake of convenience, we recall Jensen's 
inequality (see also Remark 10.1 with conditions on spectra) for our use below: 

Let f be an operator convex function on an interval J, let T be a locally compact Haus- 
dorff space with a bounded Radon measure u, and let & and & be unital C*-algebras. If 
(Wi )rer is a unital field of positive linear mappings of «£ to B, then 


a [ veau) < fdu 


holds for bounded continuous fields (x;)ier of self-adjoint elements in £ whose spectra 
are contained in J. 


Theorem 11.13 Let T be a locally compact Hausdorff space with a bounded Radon 
measure u, and let & and & be unital C*-algebras. If 1 <r < 2, a: T — R is a bounded 
continuous positive function and (@;)er is a field of positive linear mappings Q; : 7 — ZB 
satisfying 
] «077&(au0 x f at) sant, (11.1) 
T 


T 
r-1 


( [ &bodut)) < ( [ als) au) [aoao aD 


holds for all continuous fields (x Jer of positive elements in «. 


then 


1 
Proof. We set y, = 40776. where M — Í alt) du (t) >0. Then we have 
T 


1 y(1)du(t)< 1. By a routine way, we may assume that f y(1)du(t)=1. Since 
T T 


f(t) = t" is operator convex for 1 < r < 2, then we applying Jensen's inequality cited 
above and obtain 


for every bounded continuous fields (%;);er of positive elements in «7. Replacing 5, by 
a(t) -V/ (0x, the above inequality can be written as 


(Saadan) ur f abe onanin 


which is the desired inequality. 
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Remark 11.4 We can obtain the inequality in a broader region for r under conditions on 
spectra. Let 


(my,My) [a(r) V 0-7?m,,a(r) V 0-0M]—0, — teT, 


where my and My, my < Ms, be the bounds of x = fr &(x;) du (t) and m, and M;, m, < M;, 
be the bounds of x, t € T. If the condition (11.1) is valid, then the inequality (11.2) holds 
for every r € (—%,0) U (1,9%). 


The following corollary is a discrete version of Theorem 11.13. 


Corollary 11.5 /f 1 <r € 2, a,,::: ,an > 0 and positive linear mappings $,--- ,Ọn on 
B(H) satisfy 


n 1 


n BE 
Yar’ ol) < Mall, 
i=1 


i=1 


then 


rl 


n r n 1 
(Xen) < (mal?) Faga) 
i=1 i=1 i=1 
holds for positive operators A,,:-- ,An 2 0 on H. 


For a typical positive linear mapping 9 (A) = X*AX for some X, the preceding corollary 
is written as follows: 


Corollary 11.6 /f 1 <r € 2, and a1,::- ,a, > O0 and Xi,--- , X, in B(H) satisfy 
n di n ll) 
Fa XX sa 
i=l i=l 


then 
n r n Ms r—1 n 
(exam) (Ma) XaxAx 
i=1 i=1 i-l 


holds for positive operators A1,::: , Aj 2 O on H. 


11.6 Notes 


The original inequality of Bohr [24] was established for scalars in 1929. Hirzallah [145] 
posed an operator version of it. Afterwards, Cheung-Pecarié [32], Zhang [295] and sev- 
eral authors have considered extensions of Bohr's inequality for operators. Very recently, 
such study has been done by Abramovich-Baric-Pecarié [1], and Fujii-Zuo [105], in which 
matrix order method is proposed. 
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The DunkI-Williams inequality in a normed space was established in [47]. Peécaric- 
Rajié [250] presented an operator version of it, which was generalized by Saito-Tominaga 
[256]. Moreover it was discussed in [39] from the viewpoint of generalized parallelogram 
law for operators. Such operator versions are regarded as applications of Bohr operator 
inequality. 

The results in 8.6 depend on [232], in which Jensen's inequality we used is appeared 
in [135]. 
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